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PREFACE

ODERN GEOMETRY, Part T (Matriculation (feometry)

comprises Books I to TV, which form the Matriculation
Course, Part I1 containing Book V (Solid CGleometry) only.
Each Book has been treated on the lines of the syllabus
prescribed under the new regulations of the Calcutta
University, and I have spared no pains to keep a steady
eye on simplicity and clecarness at every stage of the
students’ progress. Books I, IT, 1II, with the exception of
Sections 111 and IV of Book III, may be generally taken
to include the Compulsory Course for the Matriculation
FExamination, whilst Books T to IV may be taken to include
the Optional (or Additional) Course.

The order in which Propositions are numbered is not
the samein every treatise on modern Geometry. IHence,
in all answers meant for the Examiner, the student, while
giving a reference, should %ever quote the number of the
Proposition referred to, but simply point out its applica-
tion with clearness and precision. For instance, in proving
Théorem 1, Book IIT, Theorem 10 of the same Book has
to be referred to, but all that the student need do is
to write out the steps, as given in this treatise, taking care

to omuit “(Th. 10)” at the end of “.’. the ZADC=half the
L AOC".

Model Papers have been inserted at the end of the trea-
tise. The student is strongly recommended to attempt to
answer each Paper within the time allotted, and measure his
progress by the amount gf success attained in such endea-
vours. It is also advisable'that each of these Papers should
be answered oftener than once, for a gradually increasing
speed and facility may be acquired only by frequen# trials.

Any suggestions for the improvement of the work will be
thankfully received.

DAOCA; Jannary, 1911, K. P. BASU



PREFACE TO THE REVISED EDITION

IN this edition, the book has been revised according to the
syllabus prescribed by the Government of Bengal (Ministry
of Education) for secondary schools.

The sequence of propositions has, for this purpose, been
changed so far as it has been found necessary in following
the syllabus, and care has always becn taken to present the
subject-matter in a simple and attractive form, and in a
logical order. e

The subject has been divided into five sections, the fi
one dealing with the “lines and angles in rectilincal figur
the second with the “areas of rectilineal figures”, the t
with the “properties of circles”, the fourth with the “are
rectilineal figures connected to circles and the geomet
theorems corresponding to algebraical identities”, ana
fifth with the “ratio and proportion”. As the last one (vix.
‘ratio and proportion’) is prescribed, exclusively for Addi-
tional Course, by the Calcutta University, it has been

written in a separate book, the present volume containing
Books I—IV.

Numerous exercises (both theoretical and pr;:,ctical) have
been added, at intervals, to facilitate a thorough grasp of the
subject.

Every beginner in Geometry should, first of all, be familiar
with the Gteometrical instruments and should learn to use
them in drawing and measuring geometrical figures without
entering into the comparatively abstract theoretical proofs
thereof; and because that part of the work is included in the
syllabus of Class VI, it has teen left out of the present
work, which is meant for Classes VII to X.

It is aoped that this edition will be found more useful
and attractive than its predecessors.
N. N. SEN
CALCUTTA: March, 1933 M. DASGUPTA



Revised syllabus in Geometry prescribed by the Government of Bengal
(Ministry of Education) for Secondary Schools in Bengal.
[ Calcutta Gazette November, 13, 1928.]

COMPULSORY COURSE
Books I—IV
CLASS VII
PROBLEMS :
Bisection of angles, and straight lines
Construction of perpendieulars to straight

lines
Construction of an angle equal to a given
angle .
Construction of pamllels to a given straight
line .

THEOREMS :

Revision of the work done in Class VI, vir. :—
If a straight line stands on another
straight line, the sum of the two angles

s0 formed is equal to two right angles ;

and the converse v .

If two straight lines intersect, the verti-

cally opposite angles are equal

Ifspwo triangles have two sides of the one
equal to two sides of the other, each to
cach, and also the angles contained by
these two.sides are equal, the triangles
are congruent ...

If two sides of a triangle arc equal the
angles opposite to these sides are equal ;
and the converse

If two triangles have three sxdes of the one
equal to three sides of the other, each to
each, the triangles are congruent

If one side of a triangle is produced, the
exterior angle is greater than either of
the interior opposite angles ...

If two sides of a triangle are unequal
the greater side has the greater angle

”

... Prob.

”

.. Ths.

Th.

.. Ths.

Th.

”»

opposite to it ; and the converse oo Ths.
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... Probs. 1-2 50-b1

3-4 53-54
5 56
6 57
12 16-18
3 21

4 25
5-6 27-28
7 30
8 32
9-10 34-35
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THEOREMS : Pages
Any two sides of a triangle are together
greater than the third . Th. 11 36

Of all straight lines that can I)e drawn to a
given straight line from a given point out-
side it, the perpcmhcuhr is the shortest

When a straight line cuts two other straight
lines, if—

(1) a pair of alternate angles are equal, or,

(2) a pair of corresponding angles are
equal, or

(3) a pair of interior angles on the same
side of the cutting line are together
equal to two right angles ;

then the straight lmo% are parallel, and the

converse ... ... Ths. 13-14 4145
Straight lines which are pamllel to the same
straight line are parallel to one another ... Th. 15 47
CLASS VIII
PROBLEMS :
Division of straight lincs into any number of
equal parts v ... Prob. 12 94
Construction of tnangleﬂ and quadrilaterals {77—82,
with sufficient data ... Probs. 7-11, 13-16 t97-100
Construction of a triangle equal in area to a
given quadrilateral ... ... Prob, 1R 133
THEOREMS : .

The sum of the angles of a triangle is equal

to two right-angles ; and the two corollarics

thereto ... e Ths. 16, 17, 17a 59-65
If two triangles have two angles of the onc

equal to two angles of the other, each to

each, and also one side of the one equal to

the: corresponding side of the other, the

triangles are congruent .. Th. 18 68
If two right-angled triangles have thexr hypo-

tenuses equal and one other side of the

one equal to onc other side of the other,

the trlangles are congruent ey 19 69
The opposme sides and angles of a parallelo-

gram are equal ; each diagonal bisects the

parallelogram ; and the diagonals bisect one

another ... ...Ths. 23, 232 57-89
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THROREMS :

If there are three or more parallel straight
lines and the intercepts made by them on
any straight line that cuts them are equal,
hen the corresponding intercepts on any
er straight line that cuts them are also

equ'd e .. Th. 24
Parallelograms on the same or equal bases and

of the same altitude arc equal in area ey 27
Triangles on the same or equal bases and of

the same altitude are equal in area . 28
Equal triangles on the same or equal bases

are of the same altitude . R 30

CLASS IX
PROBLEMS @
The locus of a point which is equidistant
from two fixed points is the perpendicular
biscetor of the straight line joining the fixed
points v The 25
The locus of a point wlnch is equldlstant from
two intersecting straight lines consists of
the pair of straight lines which bisect the

angles between the two given lines vee 9 26
To hxsu,t a given arc of a circle ... . Prob. 24
Censtrustion of tangents to a circle and of
common tangents to two circles .. Probs. 32-33
Simple cases of the construction of circles
from suflicient data ey 26-31
THOEOREMS :

If a straight hne drawn from the centre of

a circle bisects a chord which does not pass

through the centre, it cuts the chord at

right angles ; and the converse ... «o Th. 33
There is one circle and on]y one which passes

through three given 'points not in a

straight line . os ey 34
Equal chords in a circle are equidistant from .
the centre ; and the converse ... T

The angle at the centre of a circle is double
of an angle at thg circumference standing
on the same are vee e 5 30

Pages
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207

218-219

209-215
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169

171

174
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THEOREMS : Pages

Angles in a same segment of a circle are
equal ; if the line joining two points sub-
tends equal angles at two other poinis on
the same side of it, the four points lie on a
circle ... ...Ths, 37-38 177-178

The opposite angles of any quadrilateral
inscribed in a circle are supplementary,
and the converse ... w5 39-40 180-181

The angle in a semi-circle is a right angle ; the
angle in a segment greater than a scmi-
circle is less than a right angle ; the angle
in a segment less than a semi-circle is grea-
ter than a right angle e 5y 41-42 183-184

In equal circles or in the same circle (1) if two
arcs subtend equal angles at the centre
they are equal, (2) conversely, if two arcs
are equal they subtend equal angles at the
centres. In equal circles or in the same
circle, if two chords are equal they cut off
equal arcs ; and the converse ... vy 43-44 186-189

The tangents at any point of a circle and the
radius through the point are perpendicular

to each other .. Th. 45 196
The perpendicular to the tangent at the point !
of contact passes through the centre we 5 45, Cor. 1. 196

The twoe tangents to a circle drawn from
an external point are equal; they subtend
equal angles at the centre

If two circles touch, the point of contact lies
on the straight line through the centre ... ,, 47 201

1f a straight line touch a circle and from the
point of contact a chord be drawn, the
angles which the chord makess with the
tangent, are equal to angles in the alternate
segments e 3 48 203

CLASS X

, 46 199

PROBLEMS :

To bisect a triangle by a straight line.drawn :
threugh a given point in-one of its sides ... Prob. 20 135
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PROBLEMS :
To trisect a triangle by straight lines drawn
from a given point in one of its sides ... Prob. 21

Construction of a triangle equal in area to a
Biven rectilineal figure ey 19

On a given straight line to describe a segment
of a circle which shall contain an angle
equal to a given angle e gy 34

THEOREMS @

Illustrations and explanations of the geo-
metrical theorems corresponding to the
following algebraical identities :—

Ha+b+e) = kat+lb+keonnnnninines ... Th. 49
(a+b)* = a?+2ab+b? 50
(@ —b)? = a®~2ab+0? 51
a® =0 = (a+b)(a—=b)eririiiiiniiiin » 52

The square on one side of a triangle is greater
than, equal to, or less than the sum of the
squares on the other two sides according as
the angle contained by those sides is obtuse,
a right angle, or acute. The difference in
the case of inequality is twice the rectangle
contained by one of the two sides and

Pages
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134

221

257
260
262
264

ploigetion on it of the other ... Ths. 31,53, 54, 144, 268, 269

If two chords of a circle intersect either
inside or outside the circle the rectangle
contained by the parts of thc one is equal
to the rectangle contained by the parts of
the other ... voo Th. 57

The medians of a traingle arec concurrent ..

274

Misc. Prop. 4, p. 111

The perpendiculars from the vertices of a
triangle to the opposife sides are concurrent

Misec. Prop. 3, p. 110
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Book V.
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MODERN GEOMETRY

BOOK I
CHAPTER I
FUNDAMENTAL IDEAS AND DEFINITIONS

1. Geometry deals with the position, shape and size
of the space occupied by bodies.

2, The space occupied by any body is called a solid.

a7

AL

|
BRICK

Consider the portion of space cut off by a brick. Clearly, it has
a certain length, a certain breadth and a certain thickness ; likewise,
any other solid also has length, breadth and thickness for even if
it be not of the form of a brick, it may be easily conceived to be
mostly made up of parts, large and small, which are all brick-shaped.

Thus, a solid has length, breadth and thickness.

|

SURFACE, LLINt AND PoixT
3. That which has leng® and breadth only, but no thick-
ness, is called a surface.
Obs. A solid is bounded by a surface or surfaces.
_For instance, consider a brick-shaped piece of weod. It may be
said to have six boundaries, every onc of which separates the space

occupied by the wood frem the rest of space. Each boundary
evidently possesses length and breadth, but it has no thickness ; for,
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if it had any, it would undoubtedly include a slice of the wood or a
thin layer of the surrounding air, or both, which it does not. Simi-
larly, the boundary of a ball-shaped body has 20 thickness, because
the boundary forms a part of neither the body nor that of the sur-
rounding air ; but it ~as length and breadth, in the sense that it may
be supposed to be divided into small portions, each of which ic similar
-in shape to one or other of the boundaries of a brick-shaped body.

The boundary between two portions of the same solid is also
a surface.

NotEe. It is evident therefore that a surface occupies 7o space.

4. That which has lergth only, but neither breadth nor

thickness, is called a line.

A line is traced out by moving the sharp end of a pencil
on a sheet of paper. DBut such a trace also has some breadth
and some thickness, however small these may be, and will
not, therefore, be a line according to our definition. The finer
therefore the mark is, the more nearly doesit resemble a line.

Example. The boundary between two portions of a
surface is a line.

For, such a boundary can have length only but neither
breadth nr { dickness. It cannot have thickness, as it lies
on the su ¥ ;; nor can it have breadth, as in that case it
would form a portion of the surface and would not be its
boundary.

Likewise, any given surface may be seen to be bounded
by a line or lines.

Also, surfaces meet in lines. Thus, the edges of a brick
or a box are lines.

5. That which has position only, but neither length nor
breadth, nor thickness, is called a point.

Thus, a point has position only .but no size, either as to
length, breadth or thickness.
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The picture of a point is a dot (. ); but it has still some
size and is therefore not a point according to our definition.
The smaller, however, the dot is, the more nearly does it
resemble a point.

Example. The boundary between two parts of a given
line is a point ; because, if the boundary had any length, the
two parts would be two distinct lines instead of being parts
of the same given line.

It is also clear that the extremities of a line are point$.

8. Thus, points, lines, surfaces and solids are related to
each other as follows :

(i) Boundaries of solids are surfaces.

(ii) Boundaries of surfaces are lines ; two surfaces
intersect in lines.

(iii) Boundaries (i.e. extremities) of lines are points:
two lines intersect in points.

Also, if a point moves from one position to another, a line
is generated, of which the two positions of the point are the
extremities. For example, (see § 4) a line is traced by moving
a sharp pencil point on a sheet of paper. Similarly, a moving
line traces a*surface and a moving surface traces a solid.

7. Of the three things—wviz. length, breadth and thick-
ness, each is called a dimension. That which possesses one
or more of these dimensions is called a magnitude.

Hence, (i) a solid is a magnitude of three dimensions ;
(ii) a surface is a magnitude of two dimensions ; (iii) a
line is a magnitude of one dimension ; (iv) a point is not
a magnitude, and it has no qimension.

STtrRAIGHT LINES

8. If two lines be such that in whatever manner they
coincide in two points they invariably become indistinguish-
able from one another, ea¢h of them is called a straight line
or a right line.
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Example. Let AB, CD be two lines, as in the following
diagram.

A B

(o] D

Suppose the line CD to be taken up and placed in such
a way that the points C and D fall upon the line AB; on
whatever points on the line AB and in whatever manner, the
points C and D may fall, if in every case the two lines
become indistinguishable one from the other, then each of
the lines AB and CD is a straight line.

In the following diagram the two lines AB and CD are
quite distinguishable from one another, even though they
coincide in two points.

In this case, therefore, the
lines AB and CD are not

straight lines. c b
A

ProOPERTIES OF STRAIGHT LINES

From the above definition the following conclusions are
evident :—

(1) Two straight lines cannot have more than one point
common.

For, if theyhad two points common, they would completely
become one and the same straight line. This is otherwise
expressed by saying that two 3traight lines cannot intersect
each other in more points than one.

(2) Bwo straight lines cannot have a common segment
(a part of a line is called its segment).

For, if they coincide partly, they certainly coincide in two
points, and therefore they must be irldistinguishable through=
out.
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(8) Through one given pnint an unlimited number of
straight lines may pass ; but only one straight line can pass
through two given points.

9. A straight line whose extremities are given is called a
finite or limited straight line, whilst one which may be
supposed to be extended to any length either-way, is called
an unlimited straight line.

10. The mid-point of a given straight line is the point
which divides it intc two equal parts.

11. One finite straight line is equal to another when either
of them may be made to coincide with the other.

12. A line which is neither straight,normade up of straight
lines, is called a curved line, or, more
simply, a curve.
The accompanying diagram is the
picture of a curved line.

‘When a point moves along a straight line its direction of
motion remains
unchanged, whilst
if a point is mov-
ing along a curve
its  direetion of
motion conStantly
changes. In the accompanying pictures the arrow-heads
shew the directions of motion.

MW ey
T ————————

13. The distance between two points is the length of the
straight line joining them.

* PLANE

14. If a surface be such that the straight line pasqmg
through any two points in i lies wholly in that surface, it is
<alled a plane surface, or, more simply, a plane.

If the surface be unlimited all round, the straight line
passing through the two points should also be considered as
unlimited in both the directions. This unlimited straight
line then, for all positions of the points, will be completely in
contact with the surface, if it is a plane.
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If two points be taken on the surface of a ball-shaped
body, the straight line passing through them does not at all
lie in that surface. Clearly therefore such a surface is not a
plane surface.

N. B. Henceforth, unless the contrary is stated, all points and
Uines shall be supposed to be existing in one and the same plane.

ANGLES

15. Two straight lines drawn from a point are said to
form an angle at that point.

The straight lines are called the arms of the angle and
the point at which they meet is called the vertex of the angle.

The angle contained by the straight lines OA and OB is
briefly expressed as “the angle AOB”, or “the angle BOA”, the
letter O being always put in the middle.

The size of the angle may be thus explained :

If two straight lines OA and OB be drawn from O, the
straight line OB may be supposed to have originally coincided
in direction with OA, and then to have moved from that
position into its present one by rofa- B
tion about the point O it is this
amount of rotation which is called the
angle contained by the straight lines
OA and OB. o

Note. Clearly, the size of an
angle does not at all depend upon g
the lengths of its arms. Thus, in
the accompanying diagram, the,
angle AOB is the same as the angle
A'OB!

A A

16. Two angles are said to be equal when the arms of the

one may be made to coincide with those of the other, each to
earh,
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17. The bisector of an angle is the straight line which
divides the angle into two equal parts.

18. Two angles are saidto ¢
be adjacent when they have a
common vertex and lie on oppo- =
site sides of a common arm.

Thus, the angles AOBand BOC
which are on opposite sides of the
common arm OB are adjacent. o

RicHT ANGLE
19. If a straightline OC standing upon another straightline

AOB make the adjacent angles

AOC, COB equal to one another, c

each of these angles is called a

right angle ; and either of the

two straight lines is said to be

perpendicular to the other, or,

at right angles to the other. B [e) A

If a right angle be supposed to be divided into 90 equal
parts, each part is called a degree ; a sixtieth part of a
degree is called a minute, and a sixtieth part of a minute is
callad a Second ; 7.c.,

1 right angle=90 degrees (90°)
1 degree =60 minutes (60’)
1 minute =60 seconds (60").

20. At any given point in a straight line there can be
only one perpendicular to it.

For,let AOB be any straight line,
and OC another which starting from
the position OA rotates Wbout Oin
the dircction of the arrow-head, as

9>—<--°
(o]

>

shewn in the accompanying diagram. 8

As OC goes on rotating, it is evident that the angle
AOC gradually increases whilst the angle COB gradually
decreases. Clearly thereforethereis one position of OcC, and
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one only,for which the angle AOC is equal to the right angle
COB ; and it is in this position that OCis perpendicular to AB.

NoTE. As OC rotates about the point O from the position OA
into the position OB, it turns through two right angles. Hence,

when the straight lines OA and OB arc in the same straight line but
in opposite directions, the angle AOB is equal to two right angles.

21. When OA and OBare in the same straight line but in
opposite directions, the angle AOB is called a straight angle.
Therefore, a straight angle=2 right angles=180°.

22. When two straight lines cross each other, the two
pairs of opposite angles are called vertically opposite.

Thus, the angles AOC and BOD
are vertically opposite ; and so
are the angles COB and DOA.

23. An angle which is less
than a right angle is called an
acute angle.

c B
>
A D
B
(o] LA
. B
An angle whichis greater than
one right angle butless than two
right angles, iscalled an obtuse
(o] A
j ;0 A
B

angle.

An angle which is greater
than two right angles but less
than four right angles, is called a
reflex or re-entrant angle.

{

24. Any portion of a plane surface bounded by one or
more lines, is called a plane figure.



FUNDAMENTAL IDEAS AND DEFINITIONS 9

The amount of surface enclosed by the boundaries of a
plane figure is called its area.

Note. In amore extended scnse, any combination of points and
lines is called a figwre. The picture of a figure is called a diagram.
Real points and lines can never be constructed ; so whatever is drawn
on paper is only a picfure of the real thing. From this it is clear that
when a figure is drawn_on paper it is the diagram that is really
drawn, and the finer the diagram the more nearly docs it represent
the figure intended.

25. A cirele is a plane figure p
bounded by one line which is such
that all straight lines drawn to it
from a certain point within the
figure are equal to one another.

D
N
>

The bounding line of a circle is called its circumference.

The point within a circle from which all straicht lines
drawn to the circumference are equal, is called the centre
of the circle.

Any straight line drawn from the centre of a circle to the
circumforence is called a radius of the circle.

.
Hence, all radii of the same circle are equal to one another.

Any straight line drawn through the centre of a circle
and terminated both ways by the circumference is called a
diameter of the circle.

Thus, in the above figure, O isthe centre, AOBis a diameter,
each of OP, OA, OB is ‘a radius. Fvidently, a diameter=
2 x radius.

26. A semi-circle is‘ the figure
bounded by a diameter of a circle and
the part of the circumference which it
cuts off.

Every diameter divides a circle into two semi-circles.



CHAPTER II

EXPLANATIONS OF TERMS : POSTULATES
AND AXIOMS

27.» Plane geometry -deals with the properties of lines,
angles and figures drawn on a plane surface.

28. A complete discussion of a geometrical truth, or of a
geometrical construction, is called a Proposition.

29. Propositions are of two kinds :—Theorems and Problems.

80. A proposition in which a geometrical truth is stated
and proved is called a Theorem.

81. A proposition in which a geometrical construction is
proposed and effected is called a Problem.

82. A proposition consists of four parts :—(i) the General
Enunciation ; (ii) the Particular Enunciation ; (iil) the Cons-
truction and (iv) the Proof.

(i) The General Enunciation is the statément in
general terms of what is to be proved, or of what is to be done.
It consists of two parts :—
(1) What is assumed tobe true—called Hypothesis,
and (2) what is requiied to be proved—called Conclusion.

(ii) The Particular Enunciation is the statement of
what is to be proved, or of what is to be done with special
reference to a particular diagram. ¢

(iii) The Construection directs the drawing of such
straight linns and circles as may be required to prove the truth
of a theorem, or to accomplish the object of a problem.

(iv) The Proof shows that the fruth of a theorem has
been established or the object of a problem has been attained.
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Nore. In the case of a theorem, the ,construction may be
regarded as forming a part of the Proof.

33. A geometrical truth which can be easily deduced from
a theorem is called a corollary to the theorem.

PosTtuLATES AND HYPOTHETICAL
CONSTRUCTIONS

84, Forthe purpose of effecting geometrical constructions
certain constructions that may be easily admitted as possible
are made the foundation of others which are not so obYious.
These simple and easily admissible constructions are called
postulates. They are three in number :—

(1) A straight line may be drawn from any one point to any
other‘ point.

" (2) A finite (or terminated) straight line may be produced to
any length along that straight line.

(8) A circle may be drawn with any point as centre and
with a radius equal to any finite straight line.

Note. The first two constructions may be practically carried out
with the help of a flat ruler, whilst the third requires the use of a.
pair of compasses which may be so adjusted as to transfer a distance
fprom one position to another.

35, Some constructions which are not so obvious as the
postulates, and which, in fact, may have to be performed with
‘the help of one or more of them, may as well be taken for
granted for the purpose of establishing a geometrical truth. A
construction, which is thus assumed before itis shewn how it
can be performed, is called a hypothetical construction. It
is clear therefore that a gonstruction which is hypothetical in
one place is not necessarily so in another. The following
constructions will be assumed before they are formally
proved :—

(1) A perpendicular may be drawn to a given straight line
from any given point tn that straight line.

(2) A straight line may be drawn to bisect any giz‘;en angle.
(8) A finite straight line may be bisected at a point.
N. B. For another su¢h hypothetical construction see Art. 60.
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AxioMs

86. An axiom is a self-cvident truth. The following
axioms are useful in geometrical proofs.

1. Things which are equal to the same thing are equal to
one another.

2. If equals be added to equals the sums are equal.

3. If equals be taken from equals the remainders are
equal.

4. If equals be added to unequals the sums are unequal.
B. If equals be taken from unequals the remainders are
unequal.

6. Things which are doubles of the same thing, or of
equal things, are equal to one another.

7. Things which are halves of the same thing, or of equal
things, are equal to one another.

8. Magnitudes (lines, angles or figures) which can be
made to coincide with one another are cqual.

Note. The process of taking up one magnitude from its posi-
tion and placing it upon another is called superposition ; and the
former magnitude is said to be applied to the latter.

9. The whole is greater than its part.
N. B. 1tis also obvious that the whole is equal to the sum of its
yarts.
10. Two straight lines which coincide in their extremities
coincide completely.

N. B. This is equivalent to saying  that “two straight lines can-
not enclose a surface.”

This follows from Art. 8.
11. Allwright angels are equal.

This follows from Art. 19.
N.B. For Axiom 12, see Art. 59. ‘
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EXERCISE 1

1. Define a point, a line, a surface and a solid. How are they
related to one another ? What are their dimensions ?

2. Is a very small ink-spot on paper a point ? If not, why ?

3. Is a straight line drawn on paper really a geometrical straight
line? If not why ?

4. TIf a finite straight line be supposed to be divided into a very
large number of equal parts, has any of these parts any démegsion ¢
If so, what ?

5. What kind of magnitude is the boundary between the calm
water of a tank and the air above ? and why ?

6. Define a straight line. Show that two straight lines cannot
meet in more points than one.

7. Define a planc. On a plane surface how many straight lines-
can be drawn through (i) one point ; (ii) through two points ?

8. If two planc surfaces have two points A and B in common,
prove that the straight line drawn from A to B is also common to
the two places. * -

9. If the cxtremities of one finite straight line fall upon those-
of anothar, two lines are equal. Why ?

4

10. If the paper on which a straight line AB is drawn be so folded .
that the point A comes upon the point B, and if C be the point on
AB through which the ercase passes, then C is the middle point of
AB. Why?

11. Define an angle. Does the size of an angle depend on the-
length of its arms ? .
When does one angle coincide with another ?
12, Define a right angle, aveflex angle and adjacent angles.

If the paper on which a straight line AB is drawn be 8o folded'
that one portion of the line falls upon another, and if Opbe the point.
on AB through which the crease passes, and if C be any other point
on the crease, prove that OC is perpendicular to AB.

13. Define a straight angle. Show that a straight angle is equak
to 180°.
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14. If astraight line starting from the position OA continually
rotates about O in the same direction until it comes back to its old
position, it turns through four right angles. How ?

15. AB and CD are two finite straight lines of which AB is greater
than CD. Show how the third postulate can be applied in cutting off
from AB a part equal to CD.

16. Show how the postulates can be applied in drawing from a
given point A a straight line equal to a given straight line BC.

17. Two finite straight lines AB and CD are equal to one another.
If E be a point on AB and F be a point on CD such that AE is equal
to CF, then EB is also equal to FD. Quote the axiom by which this
is proved.

18. If one angle ABC be applied to another angle PQR so that
B coincides with Q and BC falls upon QR, it is found that BA
occupies an intermediate position between QR and QP. Quote the
axiom by which it is proved that the angle ABC is less than the
angle PQR.

19. AOB is an angle. If the paper be folded so that OA falls
on OB and if the straight line OC marks the crease, then OC is the
bisector of the angle AOB. How ?

20. What are the four parts ef a proposition ? Explain the object
of each part.

21. Define Hypothesis, Conclusion, Corollary, Postulales and
Azioms.

22, Distinguish between a theorem and a | problem.
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SYMBOLS AND ABBREVIATIONS USED
IN GEOMETRY

37.
used in writing out propositions :—
<. for therefore.
A because.

”»

L 9
Rt. 2
A ”
Par! (or II) ,,
Perp. or, L,
® ”
Qce 9
> "

< ”»
Pt. "
Str. ”
Parm. ”
Sq. ”

Rect. ”

equal to ;

{is, or are,
equal to.

angle.

right angle.

triangle.
parallel.

perpendicular.

circle.

circumference.

is, or are,

{greater than ;

{

greater than.
less than ;

is, or are,
less than.
Point.
Straight line.

Parallelogram.

Square. .
Rectangle.

Rectil. for

Diff. ”
Opp. ”
Adj. »
Diag. »
Def. ”
Post. »
Ax. ”
Cons. »
Hyp. »
Equilat.
Isos. ”
Quadl. "
Reqd. "
Int. ”
Ext. ”
Prop. "
Th. ”
Cor. "
Join AB

The following symbols and abbreviations may be

Rectilineal.
Different.
Opposite.
Adjacent®
Diagonal.
Definition.
Postulate.
Axiom.
Construction.
Hypothesis.

Equilateral.
Isosceles.
Quadrilateral
Required.
Interior.
Exterior.
Proposition.
Theorem.
Corollary.
Draw the
straight line
from A to B.



CHAPTER III
THEOREMS ON ANGLES AT A POINT
THEOREM 1

If a straight line stands on another straight line, the
sum of two adjacent angles, so formed, is equal to tiwo
right angles.

Ok---------0

B A

Let the straight line OC stand on the straight line AB and
form the adjacent angles AOC, COB.
It is required to prove that
L AOC+ £ COB=2 right angles.

Construction. Suppose OD is drawn perpendicular to
the straight line AB.

Proof. LAOC+ LCOB= /LAOC+ LCOD+ £DOB.
Also, ZAOD+ £DOB=/AOC+ £COD+ £DOB,

o LAOCH+ L COB=LAOD+ £ DOB.
But, by construction, £ AOD and £ DOB areright angles,
A L AOC+ £COB=2 right angles. Q. E. D.*¥
Another Proof.
L AOC+ Z cOB=the straight anglc AOB
=two right angles. (§ 21)

Q. E. D.

*The letters Q. k. D. which are found at the end of a theorem
stand for the Latin words Quod Erat Demonstrandum, meaning
“which was to be proved”.
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COROLLARY 1. If two straight lines cut one another, the
four angles thus formed arc together equal to four right angles.

Thus, LAOC+ £ COB+ £BOD+ £ DOA=4 right angles.

COR. 2. TIf any number of straight lines diverge from a
given point, the sum of the consecutive angles so formed is equal
to four right angles.

In this case, LAOB+ /BOC+ ~COD+ /DOE+ ZEOA
=4 right angles.

For, if any one of the lines be c
produced, the sum of the angles B
on each side of this line=two rt.

L';and .. LAOB+ £BOCH+ o) A
£ZCOD + £ DOE + ZEOA= the

sum of the Z* on Dboth sides= E

four right angles. D

38. When two angles are together equal to two right
angles, each of them is called the supplement of the other,
and the two angles arcsaid to be supplementary to each other.

Thus, in the diagram of Theorem 1, each of the anglc§
AOC and COB is the supplement of the other. Likewise, 50
1s supplementary to 180°, because 50°+ 180° = 180°.

39. When two angles are together equal to one right
angle, each of them is callgd the complement of the other, and
the two angles are said to be complementary to cach other.

Thus, in the diagram of Theorem 1, cach of the angles
AQQ and COD is the complement of the other. In like manner,
30° is complementary to 60°.

COR. 8. (i) Supplements of the same angle or of equal

angles are equal. .
(ii) Complements of the same amgle or of equal
angles arc equal. .

Ex. Show that supplement of an acute angle is obtuse and that

of an obtuse angle is acute.

2
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THEOREM 2

If two adjacent angles are supplementary, their exterior
arms are in the same straight line.

..
~——
-

o — A

Let the adjacent angles AOC and COB be supplementary.

It is required to prove that OB is in the same straight line
with AO.

Proof. Now, OB may be either in the same str. line with
AOQ, or not so.

Suppose OB is nof in the same str. line with AO, and that
OD, which is different from OB, is the produced part of AO.

Now, since OA and OD are in the same str. line,
£ AOC+ £COD=two right angles.

But, by hypothesis, ZAOC+ £ COB=two right angles,
S, LAOC+ LCOD=LAOC+ LCOB.

From these equals, take away the common Z AOC;
S, LCOD=/COB;
1.6, a part is equal to the whole, which is impossible.

Thus, it is absurd to suppose that OB is nof in the same
straight line with AOQ,

.’. OB is in the same str. line with AO.
Q. E. D.

If two theorems be so related that the hypothesis of each is
the conclusion of the other, then either of them is said to be
the converse of the other.

40. Now, in Theorem 1, the hypothesis is that the arms,
OA and OB of the adjacent angles AOC and COB are in the
same straight line and the conclusion is that the angles AOC
and COB are supplementary.
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But, in Theorem 2, the hypothesis is that the angles AOC
and COB are supplementary ; and the conclusion is that the
arms, OA and OB, are in the same stratght line. Clearly there-
fore the hypothesis and conclusion of Theorem 2 are respect-
ively the conclusion and hypothesis of Theorem 1. Hence,
Theorem 2 is the converse of Theorem 1.

41. The method of proof used in this proposition is called
the Indirect Method or reductio ad absurdum.

Tt is quite clear that the straight line OB must eithere be in
the same straight line with AO, or not; hence when the
second supposition is proved to be absurd, the inevitable
conclusion is that the first is correct. Thus, the indirect
method consists in proving the truth of a theorem by
proving the absurdity of the supposition that the theorem is
not true. Ttis generally employed in proving the converse
of an established theorem.

EXERCISE 2

1. Write down the supplements of (i) 30°; (i) 45°; (iii) 67° ;
{iv) 120°; (v) #of art.angle; (vi) 115¢ 23'; (vii) 25°50' 35"
{vili) 135° 31'47"; (ix) % of a str. angle.

2. Wiite down the complements of (i) 30°; (i) 45°; (iii) 60°;
(iv) J of art.angle; (v) #of art.angle; (vi) 5 of a str. angle ;
(vil) 35°50'; (viii) 61°32'15"; (ix) 81° 17 47",

3. If, in the figure of Theorem 1, ZAOC be (i) 45°, (ii) 60°,
or (iii) 85° 3%, find £ BOC in each casc.

4. TIf, in the figure of Theorem 1, ZCOD is (i) 30°, (ii) 15°,
or (iii) 45°, find ZAOC in cach case.

5. 1If, in the figure of Theorem 1, ZBOC is (i) 120°, (ii) 135°,
or (iii) 150°, find £ COD in each case.

6. If each of the straight lines OC, OD, OE meet the straight

line AB, on the same side of it, at O,
find the sum of the angles AOC,

D
€
‘COD, DOE and EOB. C
If LAOC=25°, /DOE=35°
and /. EOB=30°, find £COD.
8 0 A
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7. If two straight lines cut one another and if one of the four
angles so formed be a right angle, prove that cach .of the other three
angles is also a right angle.

8. Prove that the internal and external bisectors of an angle are
at right angles to each other.

Nore. The bisector of an angle and that of its supplement
obtained by producing one of its arms are called the internal and
external bisectors of the angle,

Tﬁus, in the figure, OD and OE are e
the internal and external bisectors of E.\ D
the ZAOC.
B (o] A

9. Show that in the above diagram (i) £ZAOD and £BOE
are complementary ; (ii) ZAOE and LCOE are supplementary ;
(iii) £ BOD and £COD are supplementary.

10. In the diagram of Cor. 2 (Th. 1), if ZAOB=230° £ BOC
=60°, £/ DOE=135° and £ EOA=75°, find ZCOD.

11. If four straight lines OA, OB, OC, OD diverge in order, from
a point O, so that each of the £* AOB, BOC, COD, DOA is a right
angle, prove that AO, OC are in the same stmxght Liae, and 80
are BO, OD.

12. Prove that the bisectors of the four angles made by two
intersecting straight lines form two perpendicular straight lines.

13. If two straight lines OC, OD diverge on opposite sides of the
straight line AOB, so that the Z AOC=the £ BOD, prove that OD
is in the same straight line with CO.

14. If four straight lines OA, OB, OC, OD diverge from a
point O, so that the LAQOB=the LCOD and the /BOC=the
£LDOA, prove that AO, OC are in the same straight line, and
80 are BO, OD.
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THEOREM 3

If two straight lines intersect, the vertically opposite

angles are equal.
C 8
<
A D

Let the straight lines AB, CD intersect at the point O.

It is required to prove that
(I) £ZAOC=/BOD
and (2) 24coB=/DOA.
Proof. Because OC stands on the straight line AB
S L AOCH £COB=two rt. angles ;
and because OB stands on the straight line CD
. L COB+ £BOD=two rt. angles ;
s, LAOC+ LCOB=/LCOB+ £LBOD.
From these equals, take away the common Z COB.
o s /£ AOC= /BOD.

Similarly, ZCOB= /DOA. Q. E. D.

EXERCISE 3

(In the diagram of Theorem 3)

G 1. If £ AOC=30°, find each of the remaining angles by calcula-
ion.
2. If £LCOB=120° write down the values of cach of the remain-
ing angles.
3. If ZAOC+ /£ BOD=90°, find all the angles by calculation.
4. If LAOC+/BOC+ £LAOD=270° find ~BOC and £ BOD.
5. Two straight lines AB, CD cut one another at O. Prove that

the bisector of the £ AOC, when produced through OPalso bisects
the £ BOD.

6. Prove that the bisgetors of two vertically opposite angles are
in one and the same straight line.
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ON TRIANGLES

42. A plane figure which is bounded by straight lines only
is called a plane rectilineal figure.
The bounding straight lines are called the sides of the
figure.
The sum of the sides of a plane rectilineal figure is called
its perimeter ; and the portion of the surface enclosed by the
sides is called its area.

A
43. A planefigure, bounded by
three straight lines is called a

triangle.
g s c

Any angular point of a triangle is called a vertex of the
triangle, so that a triangle has three vertices.

But when a particular side is spoken of as the base of the
triangle, it is then the opposite angular point alone that is called
the vertex. Thus, in the above diagram, when the side BC is
regarded as the base of the triangle, the angular point A is
called the vertex.

In any triangle the straight line drawn from a vertex to
the middle point of the opposite side is called a median.

44. A triangle whose three sides
are equal is called an equilateral
triangle.

45. A triangle which
has two sides equal is

called an  isosceles I
triangle. \

In an isosceles triangle the point of intersection of the
equal sides is generally spoken of as its vertex and the
opposite side as the base. The angle contained by the equal
sides is called the vertical angle of the triangle.
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46. A triangle, which has three
unequal sides is called a scalene
triangle.

47, A triangle one of whose
angles is a right angle, is called a

(o]
right-angled triangle. l\
A B

In a right-angled triangle, the side opposite to the right
angle is called the hypotenuse.

Thus, in the above diagram, the side BC is the hypotenuse
of the triangle ABC which is right-angled at A.

48. A triangle one of whose
anglés is an obtuse angle, 1s
called an obtuse-angled triangle.

49, A triangle of which all
the angles are acute, is called an
acute-angled triangle.

50. A plane figure bounded

A
by four straight lines is ocalled a 8
quadrilateral. ;
(o] D

A straight line joining two opposite angular po'mts of a
quadrilateral is called a diagonal of the quadrilateral.

Thus, in the above diagram, the straight lines AC and BD
are diagonals.
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51. A plane figure bounded by more than four straight
lines is called a polygon.

52. A polygon of five sides
is called a pentagon.

A polygon of six sides is
called a hexagon.

53. A rectilineal fizure is called equiangular, when all
its angles are equal, and equilateral, when all its sides are
equal ; and regular, when it is both equilateral and equi-
angular.

Ox THE CONGRUENCE OF TRIANGLES ™

b4. Fvery triangle has siz parts, namely the three sides
and the three angles. Iach triangle has an area also.

Two triangles are said to be equal in all respects when all
the six parts of the one are reapectwely equal to.all the six
parts of the other.

If a triangle can be so placed on another as to exactly
coincide with it, clearly they are equal in all respects and
their areas are also equal. Two such triangles are said to be
identically equal or congruent.

In congruent triangles, sides opposite to equal angles are
called corresponding sides and angles opposite to equal
sides are called corresponding angles.
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THEOREM 4

If two triangles be such that two sides and the
ancluded angle of one are respectively equal to two sides
and the tnclided angle of the other, then these two triangles
are equal in all respects.

A D
8 C E F
Let ABC, DEF be two triangles such that
AB= DE,
AC=DF,

and the included £BAC=the included ZEDF.

It is required to prove that the A ABC=the ADEF,in all
respects.
Proof. Apply the A ABC to the ADEF, so that A falls on
D and AB on DE. Then, because the ZBAC=the £ EDF, Hyp.
AC must fall upon DF.

Now, since AB falls on DE, and AB=DE,
B falls on E

and, since AC falls on DF, and AC=DF,
S C falls on F,
BC voincides with EF.

Thus, the sides AB, AC, BC coincide respectively with DE,
OF, EF H .
and .’. the A ABC coincides with the ADEF.

Hence, the AABC=the ADEF, in all respects. ,
Q. E. D.

Note. When we say that the triangles are equal vn all respects,
this certainly includes.the three equalities which form the
hypothests AB=DE, AC=DF, LA=/D. Hence, to make a clear
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distinction between hypothesis and conclusion, we should say that
the conclusion is that BC=EF, £ B=/E, £ C=/£F, and thearea of
AABC=the area of ADEF. That is, of the seven equalities possible,
if the above three hold good, the other four necessarily follow.

N. B. Notice that in two congruent triangles, angles opposite
to equal sides (5. e., corresponding angles) are equal, as is evident
from the above diagram.

EXERCISE 4

1. Prove that the bisector of the vertical angle of an isosceles
triangle bisects the base and is also perpendicular to it.

2. AB is a given straight line. Another straight line CD passes
through the middle point of AB and is also perpendicular to it. If
P be any point on CD, prove that PA=PB.

3. Two lines AB, CD bisect each other at O. Prove that the
triangles BOD and AOC are equal in all respects ; and the triangles
BOC, AOD are equal in all respects.

4. Through D, the middle point of the side BC of the triangle
ABC, AD is drawn and produced to E such that DE=AD. Prove
that

(i) the triangles BDE and ADC are congruent ;
(ii) the triangles COE and ADB are congruent.

5. The diagonals AB, CD of the quadrilateral ACBD bisect each
other at right angles. Prove that the sides of the quadrilateral are
equal,

6. In the triangle ABC, the sides AB, AC are bisected at D
and E. If DO and EO are drawn perpendiculars to AB, AC res-
pectively, meeting each other at O, prove that OA=0B=0C.

7. In the quadrilateral ABCD, the sides AB, CD are equal and
LABC=/BCD. Prove that its diagonals are equal.

8. If ABCDEbea regular pentagon, prove that the triangle
ACD is isosceles.
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THEOREM b
If two sides of a triangle are equal, the angles opposite
to these two sides are equal.
A

B D C
Let ABC be a A, having the side AC=thoe side AB.
It is required to prove that the /£ ABC=the L ACB.
Construction. Let AD bisect the £ BAC, and let it meet
BCin D.
Proof. In the A®* BAD, CAD,
AB=AC

AD is common to both triangles,
and the included ZBAD=the included £ CAD.

S the A‘are equal in all respects, Th. 4.
+ 8o that, the £ZABD=the ZACD
* i.e.. the £ ABC=the £ ACB. Q. E. D.

COR. If a triangle is equilateral, it is also equiangular.

EXERCISE 5

1. If the equal sides AB, AC of the isosceles triangle ABC be
produced to D and E respectively, prove that ZBCE=/CBD.

2. The isosceles trianglds ABC, DBC stand on the same base
BC, show that L ABD=/ACD.

3. ABCD is a quadrilateral with all its sides equal. Prove that.
LBAD=/BCD and ZABC="2ADC.

4. On the base BC of the isosceles triangle ABC, two points P

and Q are taken such that BP=CQ. Prove that the triangle APQ
is isosceles. *

5. Prove that the triangle formed by joining the middle points.
of the sides of an isosceles triangle is also isosceles.

6. Prove that the triamgle formed by joining middle points of
the sides of an equilateral triangle is also equilateral.
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THEOREM 6

[CONVERSE oF THEOREM 5]

If two angles of a triangle are cqual, the sides opposite
4o these two angles are equal.

= C

Let ABC be a A, having the Z ABC=the £ ACB.
It is required to prove that the side AC=the side AB.

Proof. Suppose, AC 1is not equal to AB. Then one of
them must be greater; let AB > AC, and from BA cut off
8D=AC.

Join DC,
Then in the A® DBC, ACB,
because DB= AC,
BC is common to both,
and the included £ DBC=the included LACB; Hyp.
.~. the ADBC=the AACB; Th. 4.

i.e, a partis equal to the whole, which is impossible.

Thus, it is absurd to suppose that AC is not equal to AB.
b s AC=AB.
Q. E.D.

COR. If a triangle is equiangular, it is also equilateral.
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EXERCISE 5A

1. The base BC of a triangle ABC is produced both ways. If
the exterior angles at B and C are equal, prove that the triangle is-
isosceles.

2. Prove that the angles opposite to unequal sides of a triangle

are also unequal.

3. Bisectors of the base angles Z ABC, £ ACB of an isosceles-

triangle mcet at O. Prove that OB=0C, and AO bisccts BC at
right angles,

4. In Ex.1, of Exercise 3, if the hiscctors of the angles BCE
and CBD mecet at O, prove that the triangle BOC is isosceles and
that AO bisccts BC at right angles.

5. ABCD is a quadrilateral such that the sides AB, AD arc
cqual and the angles ABC and ADC arc equal. Prove that the
triangle BCD is isosceles.

6. The bisectors of the angles ABC, ACB of a triangle ABC
meet at O. If BO and CO arc equal, prove that the triangle ABC
is isosceles.

7. In Ex. 6, if the external hisectors of the angles ABC, ACB
mecet at O, such that BO and CO are cqual, prove that the triangle
ABC is isosceles.

8. The equal sides AB, AC of an isosccles triangle are produced
to D and E respectively, such that BD=CE ; if thc bisectors of the.
angles CBD, BCE meet at O, prove that OD=0E.
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THEOREM 7

If two triangles be such that the three sides of one are
respectively equal to the three sides of the other, the two
Iriangles are equal in all respects.

A

O

rd
-
[0 R P
~

Let ABC and DEF be two A‘, having
AB=DE,
AC=DF,
and BC=EF.

It is reguired to prove that the two A* are equalin all
respects.

Proof. Of the sides ofthe ADEF,let EF be tha} which is
-not less than either of the other two. .

Apply the AABC to the ADEF, so that BC, which =EF,
may coincide with EF, and so that A may fall on that side of
€F which is remote from D.

Let the AGEF be the new position of the AABC.

Join DG.
Then since, EG=ED, Hyp.
.. the LEDG=the LEGD; Th. 5.
and since FG=FD, Hyp.
. the ZFDG=the {FGD. Th. 5.
Hence, the whole Z EDF=the whole L EGF ; Az. 2.

t.e. the LEDF=the £ BAC.
Now, in the A% ABC, DEF, we have
AB=DE,
AC=DF,
and theincluded £ BAC=the included ZEDF;
.. ‘the AABC=the ADEF in all respects. Q. E. D,
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Note. In Theorem 7, it is proved that in the two A* ABC and
DEF, if it be géven that AB=DE, AC=DF, and BC=EF, then it
necessartly follows that LA=/D, /B=/E, £C=/F, and the
area of the AABC=the area of the ADEF.

N. B. It must be remembered that those angles are equal which
are opposite to equal sides.

EXERCISE 6

1. Prove that the straight line drawn from the vertes of an
isosceles triangle to the mid-point of the base bisects the vertical
angle and is also perpendicular to the base.

2. If P be a point equidistant from the ends of a straight line
AB, and O, the middle point of AB, prove that PO is at right angles
to AB.

3. ABC and DBC are two isos. A®°on the same base BC and on
the same side of it. Prove that if AD be joined, and produced to
wmeet the base, it will bisect the vertical angles of the A*and be
also perpendicular to the base.

4, ABC is an isos. A on the base BC ; if the bisectors of the
base angles meet at D, and if AD be joined, prove that AD bisects
the £ BAC,

5. In the quadrilatera]l ABCD, AB=CD and AD=BC. Prove
that / ABC=/ADC and £/ BAD=/BCD.

6. The sides of a quadrilateral ABCD arc equal. Prove that the
diagonal AC bisects the angles at A and C and the diagonal BD
bisects the angles at B and D.

7. On the circumference of a circle, points A, B, C are taken
such that AB and BC are equal. If O be the centre of the circle,
prove that OB bisects the AAOC.

8. Two circles with centres A and B meet at the points C and D.
Prove that AB bisects CD at gight angles.
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THEOREM 8

If one side of a triangle be prodiced, then the exterior
angle is greater than either of the interior opposite angles.

Let one side BC of the A ABC be produced to D.

It is required 1o prove that the exterior L ACD is greater than
either of the interior opposite £ * BAC, ABC.

Let E be the middle point of AC.

Join BE ; and produce it to F, making EF=BE.
Join CF.

Proof. In the A* AEB, CEF, we have
AE =CE,
EB=EF,
and the Z AEB=the vertically opp. £ CEF.
.. the two A are congruent.

Hence, the ZBAE=the ZECF, being opp. to the equal
sides BE, EF.

But the ZECD is greater than the ZECF ;

.. the L ECD is greater than the £ BAE ;
.e., the £ ACD is > the Z BAC.

In the same way, producing AC to G and joining A to the

middle puint of BC, it may be proved that the £BCGis
greater than the ZABC.

But the £BCG=the vertically opp. ZACD};

¢. the LACDis > the / ABC. Q. E. D.
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COR. 1. Any two angles of a triangle are together less than
two right angles.

For, in the above diagram, the / ABC is less than the
L ACD; .. the L ABC+the L ACB is less than the ZACD
+the L ACB, and is ... < twort. 2"

COR. 2. Only ome perpendicular can be drawn to a given
straight line from a given point outside it.

For, if PN, PX be two perpen- P
diculars from P upon AB, each
of the £*PXB, PNX isart. £.
But the ext. £ZPXB of the
APNX MY
> /PNX, A N X B

i.e. a rt. L > art. Z, which is impossible.

COR. 3. In every triangle, there must be at least two acute
angles. )

This easily follows from Cor. 1.

EXERCISE 7

1. The two £*of any A are together less than two right angles.
Prove this by joining any point of a side to the opposite vertex.

2. Prove that in a triangle one angle of which is either right or
obtuse, cach of the other two angles is acute.

3. If in a AABC, the 2 BAC be greater than the £ ABC, prove
that the angle ABC is acute.

4. D is any point within a AABC ; if BD and CD are joined,
prove that the angle BDC if greater than the angle BAC.

5. Prove that from a given point outside a given straight line
there can be drawn to it tao and only fwo straight lines that are
equal to one another.

6. The £BAC of the AABC is bisected by AD meeting BC
at D. Prove that ZADC > ~DACand LADB > L DAB.

7. Prove that the sum of any two exterior angles of a triangle
is greater than two right angles.

8. Prove that the base angles of an isosceles triangle must be
acute.

3
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THEOREM 9

If one side of a triangle be greater than another, then
the angle opposite to the greater side is greater than the
angle opposite to the less.

Let ABC be a A, having the side AC > the side AB.

It is required to prove that the £ ABC is > the L ACB.
From AC cut off AD=AB,.
Join BD.
Proof. Because AB=AD,
L. the L ADB=the ZABD.

But the ext. Z ADB of the ABDC is greater than the int.
opp. Z DCB, i.e., greater than the 2 ACB.
. the LABD is > the ZACB.

Much more, then, is the Z ABC greater than the Z ACB.
G. E. D.

EXERCISE 8

1. If ABCD is a quadrilateral such that AB is the greatest
and CD is the least of its sides, prove that £ BCD > / BAD and
LADC > LABC. '

2. If the sides of a triangle are unequal, 80 are its angles.

3. The angles at the extremities of the greatest side of a triangle
are acute.

4. In a triangle, the angle opposite to the greatest side is the
greatest,

5. AB, AD are the equal sides of an isosceles triangle ABD. The
side AD is produced to any point C and BC is joined. Prove that
ZLABC > LACB.
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THEOREM 10
[CoNVERSE oF THEOREM 9]

If one angle of a triangle be greater tham another,
then the side opposite lo the greater angle is greater
than the side opposite to the less.

A

B c
Let ABC be a A, having the Z ABC greater than the Z ACB.
It is required to prove that the side AC > the side AB.

Proof. If AC is not greater than AB, then it must be
either = AB, or less than AB,
(1) If AC=AB,
then the Z ABC=the L ACB;
which is impossible, by hypothesis.
(2) If AChe < AB,

then the £ ABC is less than the / ACB,
whigh is also impossible, by hypothesis.

Thus, ACis neither equal to, nor less than AB H
) AC > AB. Q. E. D,

EXERCISE 8A

1. ABCisa A, AD bisects the £ BAC andmeets BC at D. Prove
that AB > BD, and CA > CD. Hence show that AB+AC > BC.

2. Prove that in a right-angled triangle the hypotenuse is the
greatest side. .

3. Prove that in a triangle, the side opposite to the greatest
angle is the greatest.

4, If the angles of a triangle are unequal, so are the si(fes.

5. AB, AD are two equal sides of a AABD ; if AD is produced
to any point C and BC is joined, prove that DCis < BC. Hence
deduce a construction for proving that the difference of any two sides
of a triangle is less than the third side.
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THEOREM 11

Any two sides of a triangle are together greater than
the third side. ’

;‘,'D
A,.o" !
B c

Let ABC be a triangle.

It is required to prove that any two of its sides, AB and AC,
are together greater than the third side BC.

Produce BA to D, making AD=AC.
Join DC.

Proof. Because AD=AC.
.. the ZACD=the/ ADC.

But the £ZBCD is > the LADC;
the £BCD is also > the £ACD,
that is, the £~ BCD is > the ZBDC.

Hence, from the ABDC, we have
BD greater than BC.

But BA and AC are together=BD ;
BA and AC are together > BC.

Q. E. D.

COR. The difference of any two sides of a triangle is less
than the third side.

For, AB~AC is < BC, if AB < AC+BC, and this latter is
true.

s

[Fora direct proof of the Corollary, see Ex.1 of Exercise (9).]

NoTe. A stiraight line may be regarded as the shortest distance
between its extreme points. From this point of view, the above
theorem is self-evident.
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EXERCISE 9

1. The difference of any two sides of a triangle s less than the
third side.

[It can be proved directly as follows.

Make a construction as in the figure of Th.9 ; and prove
DC < BC, 4., AC—AB < BC.]

2. D isany point within a AABC;if BD and CD are joined,
prove that AB+AC > BD+DC.

3. If O is any point within a AABC, prove that the sum of the
lincs OA, OB, OC is less than the sum, but greater than half the
sum, of the sides of the triangle.

4. Pisany point within the equilateral triangle ABC. Prove
that the sum of any two of the straight lines PA, PB, PC is greater
than the third.

5. If A is the greatest angle of the AABC, show that AB+AC
is > BC but < 2BC, and deduce that it is not possible to construct
a triangle with sides equal to 2BC, CA and AB.

6. If D is the middle point of the side BC of the AABC, prove
that AB+AC > 2AD.

[Hint. Produce AD to E such that AD=DE and join EC. Then
EC=AB. But EC+AC > AE, 4., AB+AC > 2AD.]

Deduce that ¢n any triangle the sum of the medians vs less than
the perimeter.

7. Show that any three sides of a quadrilateral are together
greater than the fourth side.

8. Prove that the sum of the diagonals of any quadrilateral is
less than the sum, but greater than half the sum, of the sides of the
quadrilateral.

9. Ifany point be taken within a quadrilateral, prove that the
sum of its distances from the vertices :is greater than half the sum
of the sides of the quadrilateral.

10. Find the point within a quadrilateral such that the sum of
its distances from the vertices is the least. [The pt. of intersection
of the diagonals is the reqd. pt.]
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THEOREM 12

Of all the straight lines that can be drawn to a given
straight line from a given point outside t, the perpendi~
cular is the shortest.

Let OC be the perpendicular from the given point O to
the given str. line AB.

Let OP be any other str.line from O meeting the given
str. line at P,

It is required to prove that OC < OP.

Proof. Because the side PC of the A OCP is produced toB,
.*. the int. opp. LOPC < the ext. £ZOCB.

But the £0CB=the £ OCP, each being a right angle.
.. the LOPC < the £OCP.
Hence OC < OP.
Q. E. D.

COR. 1. Two straight lines OP, OQ which meet AB at
equal distances from the foot of the perpendicular are equal.

For, let OP, OQ meet AB at P and Q such that cQ=CP.
Now, in the A* OCP and OCQ,
CP=CQ,
. CO common,
and the LOCP=the £0CQ};

.*. the two triangles are congruent.
Hence 0Q=0P.
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COR. 2. Of the two straight lines OQ, OR,if OR cuts AB
at a greater distance from the foot of the perpendicular, then
OR 18 greater than OQ.

For, let CR > CQ.

Then, in the AOCQ, the ext. £ZOQR is > the int. opp.
£0CQ;
.. the £ OQR is obtuse.

Also in the A OQR, theext. £0QC is > theint. opp. ZORC ;
.. the £ ORC is acute.

Hence, the £ 0OQR is > the ZORQ;
»s. OR > OQ.
Q. E. D,

The slanting lines OP, 0Q, OR are called obliques from O
to AB.

DEeFINITION

55. The length of the perpendicular from a given point
upon a given straight line is called the distance of the point
from that line.

EXERCISE 10

1. Of all straight lines drawn frem a given point O to a given
straight line AB, the straight line OC is the shortest. Prove that
OC is perpendicular to AB.

2. AC is the hypotenuse of the right-angled triangle ABC. If
points D and E be taken on BC and BC produced respectively, prove
that AC > AD but < AE.

3. Prove that themedian is the shortest of all lines that can be
drawn from the vertex to the base of an isosceles triangle.

4, ABCisan equilateral triangle. Show that the shortest line
that can be drawn from A to BC bisects the Z BAC.

5. In atriangle ABC, the ZACB is the greatest. If N be the
foot of the perpendicular from A on BC, prove that BN > CN,

[ ]
6. BCis the greatest side of the AABC. If AN is drawn per-
pendicular on BC, prove that AB > BN and AC > CN.

Hence deduce Theorem 11.




CHAPTER 1V
PARALLEL LINES

56, Straightlines which are in the same plane and which
do not meet, however far they may
be produced either way, are called
parallel straight lines.

NOTE. It should be noted that parallel lines wust lie in the same
lane and must not mect cven when produced both ways. 'Two straight
{)ines which do not meet arc not necessarily parallel. For example.” a
horizontal line and a vertical line at some distance from it would
never meet ; but since they cannot be made to lie in the same plane,

they are not parallel.

Two straight lines which cannot be madec to lie in the same plane
are called skew lines.

57. Any straight line which cuts two or more given lines
is called a transversal.

Thus, EF is a transversal. E

When a  transversal B8
meets two straight lines, 2\ 2

altogether eight angles are
formed. Of these

(i) the angles 1,2, 7,8 a5
are called exterior angles ; c NG D
(ii) the angles 8, 4, b, 6 \
are called interior angles ; F
(i) angles 8 and D are called alternate angles. Also
4 and 6 are alternate angles ; v

(iv) angles 4 and 5 aro called interior angles on the
same side of the transversal EF. So also angles 3 and 6
are interior angles on the same side of EF ;

(v) angles 1 and 5 are said to be corresponding angles.
Of these 1'is called the exterior angle and 5, the interior
opposite angle on the same side of EF.

So also 2 and 6, 7 and 3, 8 and 4 are pairs of corresponding
angles.
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THEOREM 13
If a straight line, culting two other straight Ilines
makes,
(7) the alternate angles equal ;
or (i) an exterior angle equal to the interior oppostte
angle on the same side of it ;
or (i) the interior angles on the same side equal to
two right angles ;
then those two straight lines are parallel.

liet the str. line EF cut the two str. lines AB, CD at G
and H.
(1) Let the alternate £ ® AGH, GHD be equal to one another.

Ttis required to prove that AB and CD are parallel.

Proof. If AB and CD are not parallel, they will meet
when produced either towards B and D, or towards A and C.

Suppose, when produced towards B and D, they meet at
the point K.

Then KGH is a 2, of which the side KG has been
produced to A

.. the ext. ZAGM is > the int. opp. £ GHK.
But this is contrary to the hypothesis ;

.. AB and CD cannot meet when produced towards
B and D.

Similarly, they can neither meet towards A and C.
Hence, AB and CD are parallel.
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(i) Let the ext. £EGB be=the int. opp. Z GHD,
It is required to prove that AB and CD are parallel,

Proof. Because the ZEGB=the £ GHD,
and the Z EGB=the vertically opp. / AGH ;
~. the LAGH=the LGHD;
and these are alternate angles.
‘. AB and CD are parallel,

(iii) Let the two int. 2* BGH, GHD; on the same side of
EF, be together=two rt. 2*.

It is required to prove that AB and CD are parallel.

Proof. Because the ZBGH+the £ GHD
' =twort. £4
and also the ZBGH+the ZAGH
=twort. £°;
.. the LBGH+the L GHD
=the £ BGH+the L AGH.

Hence, the £ GHD=the LAGH ;'
and these are alternate angles.

. AB and CD are parallel. Q. E.D.

COR. Iftwo straight lines are perpendicular to the same
stratght link, they arc parallel to one another.

Note. There are three diffcrent hypothesis, and in each case the
conclusion is one and the same. Hence, the proposition might
very well be split up into three separate propositions,



PARALLEL LINES 43

58. Parallel lines have same direction.

If any fixed and un- 7\
Q

limited str. line PQRS cuts B

any two str. lines AB, CD
at Qand R, ABis |l to CD /4
R

when the £° AQP and
CRP are equal. Hence, if [§) /
S

AB and CD be both sup-
posed to be initially on
the fixed line PS, and then to turn in the watch-hand way,
AB about the point Q and CD about the point R, they wil}
become parallel when they have undergone the same amount

of turning. Hence, two str. lines are parallel when they have
the same direction.

Note. In ordinary language we would say that the lines AB.
and BA have opposite directions ; but in Geometry they are said to-
have the same dircction but opposite senses in that direction.

Since, CD is parallel to AB as well as to BA, it follows
that two parallel lines must have the same direction ; but.
same or opposite sense.

59. Playfair's Axiom.

Let a str.line EF cut a str.
line AB at G. Let another
str. line CD rotate about, the
pt. H on EF, starting from
a position of coincidegce
with EF. Then, it is evident
that the ZEHD gradually
increases, whilst the £ZDHF
gradually decreases. Hence,
there is one position of CD
viz., ¢d, and one only in which the £ EHD= the LEGB, and in
this position CD is parallel to AB.
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Consequently, through a point H one and only one straight
Yine viz., ¢d can be parallel to AB i.c.,

Through a given point one and only one straight line can be
drawn parallel to a given straight line.
Hence, follows the Playfair’s Axiom viz.,

Two intersecting straight lines cannot both be parallel to the
same straight line.

Ror, if two intersecting lines, CD and c¢d say be parallel
to the same straight line AB, then through the point H
we shall have two straight lines parallel to AB, whichis
impossible.

60. Hypothetical Construction.

From the above, it follows that the following geometrical
-construction also may he ascumed for establishing a geome-
trical truth, viz.

Through any given point a straight line may be drawn
Parallel to a given straight line.

See Art. 35.
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THEOREM 14
[CoNvERSE or THEOREM 13]
If a stradght line culs two parallel str. lines, it makes,.
(i) the alternate angles equalto one another ;

(i) the exterior angle cqual to the interior oppo-
sile angle on the same sude of it ;

and (iii) the lwo interior angles on the same* side
together equal to twwo 7ight angles.

Let the str. line EF cut the || str. lines AB, CD at the pts.
G and H.

(¢) It is required to prove that the L AGH=the alternate
£ GHD.

Proof. If the £ AGH be not equal to the ZGHD, let the
£ KGH be equal to it.

Now, since the ~* KGH and GHD are alt. Z°, and equal
to one another. .
.. KG is parallel to CD.
But, by hypothesis, AB is parallel to CD;

.~ the two intersecting str. lines AG, KG,”are both I
to CD, which is impossible. Playfair's Axiom.

Thus, the Z AGH cannot be unequal to the £ GHD ;
% the ZAGH=the Z GHD.
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(¢6) It is required to prove that
the ext. /£ EGB=the int. cpp. £ GHD.
Proof. Because the ZAGH=the / GHD,
already proved.
and also the Z AGH=the vertically opp. ZEGB;
the ZEGB=the £ GHD.

(i43) It s required to prove that the two intertor £* BGH,
QHD are together =two rt. £.°.

Proof. Because the ZEGB=the £ GHD,
proved above.

. the LEGB+the ZBGH=the / GHD+the £ BGH.
But the 2* EGB, BGH are together=two rt. Z*,

» the £*BGH, GHD are together=two rt. £°.
Q.E. D.

COR. Two angles having parallel arms are either equal or
supplementary.

B

Fig. 1. Fig. 2.
The arms OA, OB of the £ AOB are parallel ' respectively
10 the arms PC, PD of the angle L CPD. ‘
It is eaéy to prove that in fig. 1, the ZAOB=the ZCPD;
whilst in fig. 2, the £ AOB is supplementary to the £ CPD.

Norte. Notice that in fig. 1, arms OA and PC have the same
gense, but in fig, 2, their senses are opposite,
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THEOREM 15

Straight lines which are parallel lo the same straight
Line are parallel to one another.

Let the straight lines AB, CD be each parallel to EF.
It is required to prove that AB is parallel to CD.

First Method : Draw any straight line PT cutting AB,
CD and EF in the points Q, R and S respectively.

Proof. Since AB is |l to EF, and PT cuts them,
.. the ZAQS=the alt. ZQSF.

Again, since CD is || to EF, and PT cuts them,
.. the ext. ZQRD=the int. opp. ZQSF.
Hence, the ZAQR=the £ QRD.
But these are alternate £°;
.. ABis || to CD. Q. E. D.
Second Method : If AB is not [ to CD, they will meet
when produced ; and then we have two intersecting str. lines
both parallel to a third stra.ight line, which is impossible.
Playfair’'s Adxiom.
Hence, AB and CD cannot meet, and .°. they are parallel.
v Q. E D

NoTE. If EF lies between AB and CD, the truth of the theorem
becomes obvious. For, if AB and CD were to meet, one of them
would cpt EF, which is impossible. Hence, AB and CD cannot
nmeet, afd .. they are parallel,
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EXERCISE 11
(On Theorems 13-15)

1. If a straight line intersecting two other straight lines make
two exterior angles on the same side of the line together equal
to two right angles, prove that the two straight lines are parallel.

2. Two straight lines which are perpendicular to a third straight
line are parallel to each other,

3. In the triangle ABC, AB=AC. A straight line DE meets AB
and AC at D and E such that / ADE=/ZACB. Prove that DE is
paraliel to BC.

4. If n quadrilateral ABCD be such that the diagenals AC, BD-
bisect each other, prove that the opposite sides of the quadrilaterals
are parallel.

5. If in the diagram of Th. 15, Z AQP =120, find the remaining
eleven angles.

6. If a str. line cuts two parallel str. lines, prove that the bisectors
of any pair of alt. angles are parallel.

7. ABC is an isosceles triangle. DE is drawn parallel to the base
BC cutting the sides AB, AC at D and E. Prove that the AADE
is also isosceles.

8. DE is drawn parallel to the side BC of any AABC and meets
the sides AB, AC at D and E. Prove that the A’ ABC, ADE are
equiangular.

9. Through each angular point of a triangle a str. line is drawn
parallel to the opposite side ; prove that the triangle formed by these
three str. lines is equiangular to the given triangle.

10. I1f through the vertex of an isosceles triangle, a straight line
be drawn parallel to the base, prove that it bisects the exterior
vertical angle.

11. If the side BC of a triangle ABC be produced to D, show
that the bisectors of the angles BAC, ACD cannot be parallel.

12. If two straight lines be such that one of them is perpendicular
to a given straight line while the other is not, prove that they must
intersect each other.

13. 1If a straight line is perpendicular to one of two parallel str.
lines it is also perpendicular to the otHer.

14. If any two straight lines be drawn perpendicular to two
given intersecting straight lines, prove that they must intersect.

15. The opposite sides ot a quadrilateral are parallel. Prove that

(i) if one of its angles be a right angle, the other three
angles alse are right angles ; .

(ii) its opposite angles are equal ;
(iii) the sum of its angles=360°.



CHAPTER V
PROBLEMS

The preceding theorems can be applied to solve some easy
problems, to which we shall now pass on.

61. A problem is a proposition in which certain geom‘etri-'
cal construction is proposed and performed. The construc-
tion is to be actually traced out in each case by the student
and the only geometrical instruments to be used for the purpose
are (i) a flat ruler and (ii) a pair of compasses.

Figures drawn must be strictly accurate and all lines
necessary for the construction must be shewn clearly.

A formal proof is appended to every problem to indicate
that the proposed construction has been correctly effected.
But the accuracy of the drawing should also be tested by
actual measurement.

Any additional lines, which may be necessary for supply-
ing the proof, should be dotted to distinguish them from the
lines required for the construction.

For numerical applications of the problems and also fore
verifying the constructions mentioned above, the student
should, however, provide himself with the following instru-
ments :

(1) Dividers.
(2) Pencil Compasses.

(8) Two Set-Squares; one with angles of 45° and the
other with angles of 60° and 30°.

(4) A graduated Flat Ruler ; shewing inches and tenths
of an inch on one side, and centimetres and tenths of a centi-
metre on the othe;r.

(6) A semi-circular protractor.
4
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PROBLEM 1

To bisect a given angle.
A

Let BAC be the given angle.

It is required to divide it into two equal parts.

Construction. With centre A, and any radius, describe
an arc of a circle cutting AB, AC at D and E respectively.
‘With centre D, and radius DE, describe an arc of a circle,

on the side of DE remote from A ; also with centre E, and
radius ED, describe another arc cutting the former at F.

Join AF.
Then AF is the bisector of the ZBAC.
Proof. Join DF, EF.
In the A’ DAF, EAF, we have
AD=AE, (radii of the same circle)
DF =EF, (each being=DE)
and AF common ;
.. the two A’ are equal in all respects.

Hentce, the 2~ DAF=the £ EAF ;
that is, the ~BAC is bisected by AF. Q. E.I*

* The letters Q. E. ¥. at the end of a problem stand for the Latin
words Quod Erat Faciendum, that is, which was to be done.
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PROBLEM 2

To bisect a given finite straight line.

Liet AB be the given finite str. line.
It is required to divide it into two equal parts.

Construction. With centre A, and radius AB, describe
two arcs, one on each side of AB.

With centre B, and radius BA, describe two other arcs
cutting the former at C and D.
Join CD, cutting AB at E.
Then E is the middle point of AB.

Proof. Join AC, BC, AD, BD.
In the A® ACD, BCD, we have
AC=BC, (cach being=AB)
CD commuon,
and AD=BD, (each being = AB)
the two A’ ame equal in all respects.

Hence, the [_/;\CD=the £.BCD.
Again, in the A’* ACE, BCE, we have
AC=BC,
CE common, .
and the £ ACE=the /BCE ; proved above.
+. the two A*® arc equal in all respects.
Hence, AE=EB ;
i.e, ABis bisected at E. Q. E. F.«
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Nore. This proposition furnishes a method of drawing =a
straight line bisecting a given straight line at right angles. Thus,
in the above figure the straight line CD is the perpendicular bisector
of AB.

EXERCISE 12

1. Draw angles on a sheet of paper and bisect them., Test the
accuracy of the constructions with a protractor.

2. Divide an angle into four equal parts. Hence, divide an
angle into two parts one of which is three times the other. Check
your result with a protractor.

3. Divide an angle into two parts one of which is seven times
the other. Verify the result by measurement.

4. Draw an acute angle and construct its internal and exter-
nal bisectors. Find the angle between the two biscctors with a
protractor.

5. Draw a triangle on a sheet of paper and bisect its angles. Do
these bisectors meet ?

6. Draw straight lines and bisect them. Check the result in
each case by measurement.

7. Divide a straight line into 4 equal parts. Hence divide a
straight line into two parts one of which is 3 times the other. Verify
the result with the dividers.

8. Divide a straight line into 2 parts such that one is 7 times
the other.

9. Draw a triangle. Trace the perpendicular bisectors of its sides.
Do they meet ?

10. Trace the medians of a triangle. Do you find them con-
current ?
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PROBLEM 3

To draw a straight line perpendicular to a given
straight line from a given point in i,

Let AB be the given str. line, and C the given point in it.
It is required to draw through C a str. line L to AB.

Construction. With centre C, and any convenient radius,
describe a circle cutting AB at D and E.

With centres D and E, and radius DE, describe two arcs
cutting each other at F.

Join CF.
Then CF is perpendicular to AB.

Proof. Join FD, FE.

In the A’ FDC, FEC, we have
FD = FE, (each being=DE)
DC=EC, Cons.
and FC common H
.. the two A®arerequal in all respects.

Hence, the ZFCD=the 4LFCE.
But these are adjacent angles ; hence each of them is a

right angle.
~. CFis -L to AB.

Q. BE. F.
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Note. If Cis close to an extremity of AB, the line AB may be
produced as in the figure below.

13

‘"6{ A C \JE B

N. B. For other methods of construction, see Exs. 14 and 15 of
Exercise (14).

PROBLEM 4
To draw a straight line perpendicular to a given
straight line from a given point outside it.
C

T
’ N,
-, ‘N
4 S

R4
A \1;/’ H \\\ \/ B
E\ e
\ L

Let AB be the given str. line and C the given pt. outside it.
It is required to draw from C a sltmight line L to AB.

Construction. Take any point D on the side of AB
remote from C.

‘Withentre C, and radius CD, describe a circle cutting
AB at E and F.

‘With centres E and F, and radius EF, describe two arcs,
on the side of AB remote from C, cutting each other at G.
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Join CG cutting AB at H.
Then CH is L to AB.

Proof. Join CE, CF, GE, GF.
In the A® CEG, CFG, we have
CE =CF,
EG=FG, (each being =EF)
and CG common ;
.. the two A* are equal in all respects.

Hence, the L ECG=the /FCG.
Again, in the A* CEH, CFH, we have
CE =CF,
CH is common,
and the ZECH=the £FCH;
.°. the two A‘ are equal in all respects.

Hence, the £ CHE=the ZCHF; and these are adjacent
angles.
.*. each of them is a rt. angle.
.. CHis L to AB. Q. E. F.

Note. If the point C is nearly opposite to one end of AB, the
line AB may be produced as in the diagram below.

(o]

N. B. For another method, see Ex. 16 of Exercise (14).
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PROBLEM 5

At a given point in a given straight line to make an
angle equal to a given angle.

Let A be the given pt. in the given str. line AB, and CDE
the given angle.

It is required to make at the pt. A in the str. line AB an
angle equal to the / CDE.

Construction. With centre D, and any radius, describe a
circle cutting DC and DE at F and G respectively.

‘With centre A, and radius DG, describe an arc cutting AB
at H; with centre H, and radius GF, describe an arc cutting
the former at K.

Join AK.

Then, KAH will be the reqd. angle.

Proof. Join FG, KH.
In the A’ KAH, FDG, w* have
AH= Dfs, Cons.
AK=DF, ' Cons.
and HK=GF; Cons.

.S the two A’ are equal in all respects.

-

Hence, the £~ KAH=the £FDQ.
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PROBLEM 6

Through a given point to draw a straight line parallel
to a given straight line.

HL c
\
\

A D F B

Let C be the given point, and AB the given straight line.
It is required to draw through C a straight line parallel to AB.

Construction. Take any point D in AB, and join CD.

‘With centre D, and any radius, describe a circle cutting
CD at E and DB at F.

‘With centre C, and radius DE, describe an arc, on the
side of CD remote from B, cutting CD at G.

With centre G, and radius FE, describe an arc cutting
the former at H.
Join CH.
Then CH is parallel to AB.

Proof. Join EF, HG.
In the A® CH'§, DFE, we have
C‘—I = DF, Cons:
CG=DE, Cons.
and GH=FE ; Cons.
.. the two A°are equal in all respects.
Hence, the Z GCH=the ZEDF and these are alternate
angles ;

. CH is parallel to AB. Q. E. F.
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EXERCISE 13

1. Take any point on a shect of paper and at it construct an
angle of (i) 90°, (ii) 45° and (iii) 135° without using a protractor.
Check the results with a protractor.

2. Draw a right-angled isosceles triangle, one of the equal sides
being 2 inches. Find the angles of the triangle by measurement.

3. Bisect an angle AOB by OC and draw OD at right angles to
OC. Show by measurement that OD bisects the angle AOB ex-
ternally.

4. Construct a triangle whose base is 3 ems. long and whose
base ahigles are each 45°. Measure its vertical angle with a pro-
tractor.

5. Draw a circle and take two points A and B on 1it. Construct
the perpendicular from the centre on AB and show by measurement
that AB is bisected by this perpendicular.

6. Construct any triangle and draw perpendiculars from the
vertices to the opposite sides. Do they meet in a point ¢

7. From any two points P and Q outside a given straight line
AB, draw lines equally inclined to AB.

8. The angle ABC is a rt. angle. Through any point D within
the angle draw a str. line parallel to AB and BC. Show by measure-
ment that opposite sides of the quadrilateral thus constructed are
equal.

(On Problems 5 and 6)

9. Construct angles equal to given angles and check your result
by measurement. .

10. Construct the supplement of the angle AOB (i) at O and
(ii) at some other point P.

11. Given an acute angle AOB. Construct its complement (i) at
O and (ii) at another point P.

12. Find the two angles whose sum and difference are the two
given angles ABC and PQR.

13. Draw a triangle whose base is b ¢ms. and angles at the base
equal to two given angles.

14, Through given points draw lines parallel fo a given line.

15. From a given point outside a given straight line, draw a line
making an angle with the given line equal to a given angle.

16. Comrbtruct a triangle of which the base angles shall be equal
to two given angles and the perpendicular from the vertex to the
base equal to a given straight line.




CHAPTER VI
THEOREMS
I. Angles in a rectilineal figure
THEOREM 16

The sum of the angles of a triangle is equal lo .two
yight angles.

Let ABC be a triangle.

It is required to prove that L BCA+ L CAB+ £ ABC=2 right
angles.

Produce BC to any point D and suppose CE is drawn
paralle] to BA.
Proof. Because CE is par’ to BA
and AC meets them ;
.°. the ZACE=the alternate ZCAB.
Again, because CE and BA are par' and BD meets them ;

.’ the ext. £ ECD=the int. opp. £Z ABC
.. the whole ZATD=/CAB+ L ABC......cevevunen (a)

To each of these equals\ add the £ZBCA
LBCA+ LACD=/£BCA+ £ CAB+ £ ABC.
But since BCD is a str. line
LBCA+ LACD=2 rt. angles.
s LBCA+ L CAB+ £ ABC=2 rt. angles.

COR. 1. If any side of a triangle is produced, the exterior
angle is equal to the sum of the two interior opposite angles.
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This important property has been directly deduced in the
course of the above proof.

Thus, from (a), the exterior Z ACD= / CAB+ £ ABC.

COR. 2. If two angles of one triangle are respectively equal
to two angles of another, the third angle of the one is equal to the
third angle of the other.

COR. 8. The sum of any two angles of a triangle is less
than two right angles.

GOR. 4. If one angle of a triangle is equal to the sum of
the other two, the triangle is right-angled.

COR. B. In any right-angled triangle the two acute angles
are complementary.
Note. If A, B, C be the angles of a triangle in degrees,
A+ B+4C=180°.
Ex. 1. Each angle of an equilateral triangle=60°.

For, the angles of an equilateral triangle are equal to one
another.
.. If A denote any angle, we have

A+ A+ A=180°
or, 3A=180"
i.e, A=60°

Ex.2. Each of the acute angles of a right-angled isos-
celes triangle is 45°.

The triangle being isosceles, the two acute angles are
equal ; also, their sum=90°, Th. 16, Cor. 5.

.. Each of them=45°.

Ex. 3. Two angles of a triangle are 55° and 102°. Find

the third angle. .
If A=the third angle, we h we A+55°+102°=180°,
or, A+157°=180°; .. A=180"-1567°=23"

EXERCISE 14

1. Inun isosceles triangle, the vertical angle is 72°. Find the
base angles.

2. Find the magnitude of the vertical angle of an isosceles tri-
angle each of the base angles of which is double of the vertical angle.
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3. Two angles of a triangle are 50° and 70°. Find the third
angle.

4. 1If one angle of a triangle is double the sum of the other two,
find it.

5. Of the three angles A,B, C of a triangle, B is the double of A
and C is three times B. Find each.
6. 1n the figure of Th. 16,
(i) if LCAB=45° and ZABC=50°, find LACD ;
(ii) if LACD=125° and 2 ABC=48°, find L CAB;
(iii) if ZACD=130° and ZCAB=81", find ZABC.
7. Prove that the sum of the angles of a quadrilateral is equal
to four right angles.

8. If one angle of a triangle be greater than the sum of the
other two, prove that the triangle is obtuse-angled.

9. 1f the exterior angles formed by producing one side of a tri-
angle both ways be 106° and 125°, find all the angles of the triangle.

10. The three exterior angles formed by producing the sides of a
triaugle in order are together equal to four right angles.

11. Prove that the sum of the angles at A, B, C, D and E in the
figure formed by the str. lines AB, BC, CD, DE and EA is two
right angles. Apply Cor. 1of Th. 16.

C

A N V B
D
12. Prove that the straight line bisecting any of the angles

exterior to the vertical angle of an isosceles triangle is .par‘to the
base,

13. If A is the vertex of an isosceles triangle ABC and BA is
produced to D, so that AD=AB and if DC is joined, prove that.
BCD is a right angle.
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14. Explain the following method of constructing a perpendi-
cular to a given straight line AB from any point C in it.

Construction. Take any point F
O outside AB. With centre D,
and radius DC, describe a circle

cutting AB at E. Join ED, and o

produce it to meet the circle at F.

Join CF. A \ 8
E

Then CF is .L to AB.

[ Proot. Join DC.
Since DE=DC, ». the LDCE=the /ZDEC.

Also ' DF=DC, .. the LDCF=the L DFC.
». the whole £ ECF=the / FEC+the LEFC
=the ext. Z BCF.
Th. 16, Cor. 1.

But £’ ECF, BCF are adjacent angles, ... each of them=art. /,
<., CF is .L to AB.]

N.B. This method is applicable when C is near or at one end
of AB.

15. Explain the following method of constructing a perpen-
dicular to a given straight line AB from any pt. C on it.

Construction. With centre C and any radius, draw an arc of a
<circle cutting CB in D. With centre D and the same radius draw an
arc cutting the first arc at E. With centre E and the same radius
draw an arc cutting the first arc at F. With centres E, F and the
same radius, describe two arcs cutting each other at G. Join CG.

Then CG is L to AB. >G<

[Proot. It is easy to see that
Z' DCE, ECF are angles of
equilateral triangles DCE, ECF.

s LDCE=LECF=60°.
Also, CG biscets the £ ECF,
¢ Prob. 1,
& LECG=30°
< LDCG=LDCE+ LECG=90°
te. CGis L AB.]
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16. Explain the following method of constructing a perpendi-
cular to a given line AB from any external point C.

~ Construction. Take any point C

D in AB. Join DC and bisect it \k\

at E. With centre E, and radius \E

EC, describe a circle cutting AB "

at D and F. \‘\\

Join CF. A\ * \~\ B
Then CF is .L to AB. D F
[ Proot.  Join EF. .

Since ED=EF, .. the LEFD=the L EDF.

Also, since EC=EF, .. the LEFC=the LECF,
the whole £/DFC=the £ CDF+the LDCF
=the ¢xt. ZBFC. Th. 16, Cor. 1.
But the /* DFC, BFC are adjacent /* and ... each of them is a
right angle, Hence, CF is _L to AB.]
17. ABC, ABD,ACE are equilateral triangles. Prove that the
points D, A, E are in the rame straight line.

18. BC is the hypotenuse of a right-angled triangle ABC. If AD
be drawn to meet BC, so that the Z BAD is equal to the ZABD,
prove that D is the middle point of BC and that AD is half of BC.

_19. Tf two straight lines are perpendicular to two other straight
lines, cach to each, the acute angle betwcen the first pair is equal
to the acute angle between the second pair.

20. The angles ABC, ACB of AABC are bisected by BO and
CO. Prove that 2~ BOC=90°+%x /. CAB.

21. The sides AB, AC of the AABC are produced and the
ext. /* at B and C are bisected by BO and CO. Prove that
£ BOC=90°-%/CAB.

62. A rectilineal figure is said to be convex when it
has no re-entrant angle.

The first is a convex polygon but not the second.

63. A regular polygon is one with all its sides equal and
all its angles equal.
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THEOREM 17

If the sides of a convex rectilineal figure are produced
tn order, then the sum of the exterior angles so formed is
equal to four right angles.

Let the sides of the rectilineal figure ABCDE be res-
pectively produced in the directions shown by the arrow-
heads.

It is required to prove that the exterior £* A, B, C, D,E are
together = four right L°.

Take any point O, and suppose the str. lines OA’, 0B’, OC/,
OD', OE’ are drawn par' respectively to the sides EA, AB, BC,
CD, DE ; each being drawn in the sense in which the corres-
ponding side is produced. ‘

" Proof. Since OA’is par' to EA produced, and OB’ is
par’ to AB,
.. the ext. ZA=the £ A'OB".
the ext. ZB'=the £B'OC/,
the ext. £C=the £C'OD’,
the ext. £ D=the £ D’OE’,
the ext. ZE=the ZE'OA".
Hence, the sum of the ext. 2* A, B, C, D, E

=the sum of the £*at O
=four right angles.

Similarly,

Q. E. M.
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THEOREM 17A

The sum. of the interior angles af any rectilineal figure,
together with four right angles is equal to twice as many
right angles as the figure has sides.

Let ABCDE be a rectilineal figure of # sides.

It is required to prove that
the angles of the figure +4 rt. L°=2nrt. L".

Take any point O within the figure and join O to each of
its vertices.

Pro;)f. The figure has been divided into » triangles, and
the sum of the three angles of each triangle=2 rt. £°.

.*. ‘the sum of all the angles of the n triangles=2n rt. £,

But the sum of all the angles of the = triangles=the
angles of the figure+ the angles at O ; . .
and the angles at O =4 rt. £°.

.’. the angles of the fizure+4 rt. Z*=2nrt. L'
Q. E. D.

64. Inferences from Theorems 17 and 17A.

1. Whatever be the number of sides of a convex recti-

lineal figure, the sum of its ext. £’ is always=4 rt. £*, i.e. 360"
[ ]

2., If n be the number of sides of a regular rectilineal

figure, each of its ext. £ = % rt. L'=3§;?—.

b
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3. The sum of the interior angles of any rectilineal figure
of n sides=(2n—-4) rt. £L°.
4. An 1nter10r angle of a regular rectilineal figure of n

Zn-d g0

2n e
sides ——"— rt. £°= m

Ex. 1. Find the sum of the interior angles of a heptagon
(a rect. figure of 7 sides).
"The sum of the int. Z* of a fig. of n sides=(2n—-4) rt. Z°.
.*. Putting =7, the sum of the int. £* of a heptagon
=@2x7~-4)rt. £*=10rt. £°*=900°.
Ex. 2. If the sum of the angles of a rect. fisure=8 rt.2",
find the number of its sides.

Let n=no. of sides reqd.

The sum of the int. £Z°=2n—4) rt. L*=81rt. £*,
or, 2n—-4=8,

or, 2n=8+4=12,

n=0. '
Ex. 3. Yind, in degrees, an interior angle of a regular

pentagon.
A regular pentagon has got five equal int. 2°.
s All the five ext. £*=4 rt. £°=360",
cach ext. £Z= '%Q—= 72°,

Hence, each int. £ =supplement of the ext. Z =180"-72°
=108".

Otherwise thus :

. o — o
An int. £ of a regular polygon of n s1des=ln——4f.90 .

.

.. Putting n=D5, we have an int. Z of aregular pentagon

2x5-4 o0 6x90
=220 = 2%

5 = 108°.
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Ex. 4. An exterior angle of a regular polygon is 30°.
Find the number of its sides.
If n=number of sides reqd.,, each ext. £ =*---=30°,

. The number of sides reqd.=n= ~%v°-=12.

Ex. 5. An interior £ of a regular polygon is 120° find
the number of its sides.

Evidently, an ext. £ of the fig.=180)"-120°=60°,

If n=no. of sides reqd., an ext. 2 _§%Q =60%

o 91:=",530'=6.

EXERCISE 15
1. Find the sum of the interior angles of a polygon of (i) 5 sides ;
(ii) 9 sides ; (iii) 8 sides ; (iv) 11 sides ; (v) 15 sides.

2. (iiven the sum of the interior angles of a rect. figure to be
i) 180° ; (ii) 360° ; (iii) 540° ; (iv) 720°; (v) 20 rt. £ find the num-
ber of the sides of the figure in each case.

3. TFind an ext. £ of a regular polygon of (i) 9 sides ; (ii) 12
sides ; (iii) 15 sides ; (iv) 14 sides.

4. Given an ext. Zof aregular rect. figure to be (i) 20° ; (ii) 36°;
{iii) 40° ; (iv) 90° 3 (v) 120°, find the number of its sides.

5, Given an int. Z of a regular rect. figure to be (i) 60° : (ii) 90°
{iii) 108° ; (iv) 144°; (v) 150°, find the number of its sides.

6. Four angles of a pentagon are equal and are each double
the fifth angle. Find the angles.

"7 Anext. Z of a regular rect. figure is double of am int. /.
Find the number of its sidcs.

8. The sum of the interior angles of a rect. figure is equal to the
sum of its ext. £°, Find the number of its sides.



68 MODERN GEOMETRY

II. Congruence of Triangles—(Conid.)
THEOREM 18
If two angles and a side of one triangle are respectively

equal to two angles and the corresponding side of another,
then these two triangles are congruent,

A
v
B C E F
Let ABC, DEF be two triangles in which
LA=/D
LB=/LE

and the side BC=the corresponding side EF.
It is required to prove that the two A* are congruent.

Proof. Because the sum of the angles of a A=21rt, £*.
LA+ LB+ /LC=/D+LE+ LF.
But, Z/A=/4D and /B=LE,
. S LC=/LF .
Apply the A ABC to the ADEF so that B may be on E and
BC on EF.
Then, because BC=EF,
. C must coincide with F,
Now, since the ZB=the LE,

.. BAmust fall on ED;
and since the £ C=the LF,

.. CA must fall on FD.

Thus, the point A falls both on ED and FD ;
s Afalls on D which is the point in which ED and FD
intersect.

Hence, the two A’ coincide, and are .. congruent.
Q. E. D.
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THEOREM 19

Two right-angled triangles which have thesr hypo-
lenuses equal, and one side of the one equal to one side of
the other, are equal in all respects.

B cC a E F

Let ABC and DEF be two right-angled A°* in which the
hypotenuse AC=the hypotenuse DF, and the side AB=the
side DE.

Itis required to prove that the two A* are equal in all
respects.

Proof. Apply the AABC to the ADEF so that AB may
coincide with DE to which it is equal, and C may fall on that
side of DE which is remote from F.

Thus, let DEG be the new position of the A ABC.

Now, since each of the Z* DEF, DEG, is art. Z,

.. EG is in the same str. line with FE.

Hence, DGF is a A, and since DF=DG. Hyp.
.. the £ DGF=the L DFG.

Hence, in the A* DEG, DEF, we have

the ZDEG=the ZDEF, being rt. £L*;
the £ DGE =the / DFE, proved above.
and DE common ;

.. these two A‘are equal in all respeocts.

That is, the A* ABC, DEF are equal in all respects.
Q. E.D.
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EXERCISE 16
(On Theorem 18)

1. If the bisector of the vertical angle of a triangle is also
perpendicular to the base, prove that the triangle is isosceles.

2. Prove that any point on the bisector of an angle is equidistant.
from the arms of the angle.

3. If a straight line AB is bisected at O, prove that the perpendi--
culars from A and B upon any other straight line through O are
equal.

4. Prove that perpendiculars drawn from the extremities of the
base of an isosceles triangle upon the opposite sides are equal.

5. ABCD i8 a quadrilateral such that the diagonal AC bisects
each of the angles BAD, BCD. DProve that AC bisects BD at right.
angles.

(On Theorem 19)

6. Prove that the perpendicular from the vertex to the base of
an isosceles triangle bisects the vertical angle and the base.

7. The distance of any point P from two lines AB, AC are cqual.
Prove that the str. line AP bisects the Z BAC. '

8. If the perpendiculars from the vertices B and C of the
AABC upon opposite sides are equal, prove that the triangle is.
isosceles.

9. If Aand B be two points taken on a circle, prove that the
perpendicular from the centre on AB bisects AB.

10. If A, B, C, D be four points on a circle such thatthe perpendi--
culars from the centre on the str. lines AB and CD are equal, prove
that AB=CD.

11. The bisectors of the angles at B and C of the AABC mect
at O. Prove that AO bisects the £ BAC.

12. Ay two equal chords of a circle are equidistant from its.
centre.

13. Perpendiculars drawn from a point to the arms of an angle
are equal. Show that the point is on the bisector of the angle.
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THEOREM 20%

If two triangles have two sides of the one respectively
equal to two sides of the other, and have also the angles
opposite to one pair of equal sides equal, then the angles
opposite to the other pair of equal sides are either equal
or supplemenitary.

A D

B C E F
Let the A* ABC, DEF be such that AB=DE, AC=DF, and
the Z ABC=the £ DEF.
It is required to prove that the £° ACB, DFE are either cqual
or supplementary.

Proof. The angle BAC must be either equal to the ZEDF
or not.
Case I. When the £ZBAC=the L EDF.
In the A°® ABC, DEF, we have,
AB=DE,
AC=DF,
and the /ZBAC=the L EDF;
. the two A®are congruent.
Hence, the £ ACB=the /DFE.

Case II. When the ZBAC is not equal to the ZEDF.
A D

\
)

\

\

\

\

\

2\ S
B8 ¢ E F A

On the same side of DE as F, suppose the ZEDG is made

equal to the ZBAC, and let EF, produced if necessary, meet
DG in G.
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Then, in the A* ABC, DEG, we have
the £ ABC=the L DEG,
the LBAC=the L EDG, Cons.
and AB=DE ;
.. the two A*‘are congruent.

Hence, DG=AC=DF;
and also the ZDGE=the LACB,
.. the ZDFG=the /DGE[".® DG=DF
=the Z ACB.

9
But, the 2 DFG is supplementary to the Z DFE ;
.~ the £ ACB is supplementary to the £ DFE.
Q. E. D.

Nore 1. It is possible for the angle ACB and DFE to be
supplementary only when one of them is acute and the other obtuse.

Nore 2. Clearly, the two triangles ABC, DEF are equal in all
respects if £* ACB and DFE are equal but they are not so when
/' ACB and DFE are supplementary. In the construction of
triangles this is called the Ambiguous Case. The ambiguity
disappears if £ ABC or ZDEF is a rt. Z(See Th. 19) or an obtuse £,
in which cases the triangles are clearly congruent.

EXERCISE 16A

1. If the perpendiculars from the middle point of the base of &
triangle to the other two sides be equal, the triangle is isosceles.

2. ABC is a triangle and D is the middle point of the base BC ;
if DE and DF are perpendiculars drawn from D to the sides
AB and AC respectively and if BE=CF, prove that the triangle is
isOsceleB. ‘

3. In a quadrilateral, ABCD, if the angles ABC, BCD be two
equal obtuse angles and the diagonals AC, BD equal, prove that
AB=CD.
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NoTteE oN THE CONGRUENCE OF TRIANGLES

65. Every triangle has six parts viz, three sides and
three angles.

It has been shewn that triangles are equal in all respects
if the following three parts of the one are equal to the cdrres-
ponding three parts of the other.

1. Tuwo sides and the included angle. (Theorem 4)
2. Threc sides. (Theorem T)
8. Two angles and a corresponding side. (Theorem 18)

4. Two sides and an angle not included and mot acute.
(Theorems 19 and 20)

[We have noticed in Th. 20 that if the angle is acute, the
triangles may or may not be congruent—which is the ambi-
guous case.)

Two triangles are not necessarily congruent when three angles

of the one are equal to the A
three angles of the other.

As for instance, if DE
is par' to BC, the A* ADE, = S8 cccaa..
ABC are equiangular but
not congrucnt.

B8/ZX c

For the congruence of two triangles, we must have three
parts of the one equal to the three parts of the other, and
these must be chosen in one of the four ways mentioned
above.
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THEOREM 21%

If two triangles be such that two sides of the one are
respectively equal to two sides of the other, but the angle
contained by the two sides of the one s greater than the
angle contained by the two sides of the other ; then the
base of that which has the greater angle is greater than the
base of the other.

Let ABC, DEF be two A° such that
AB=DE,
AC=DF,

but the 2 BAC is greater than the £ EDF.

It is required to prove that the base BC is greater than the
base EF.

Proof. Apply the A ABC to the ADEF so that A may fall
on D and AB on DE.

Then, since AB=DE, .. B coincides with E.
Let DG, EG be the new positions of AC, BC.
Since, ZBAC > £ EDF, DF must be within the ZEDG.
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Case I. Tf EG passes through F as in fig. (1), then EG
js > EF ;d.e, BCis > EF.

Case II. If EG does not pass through F, as in fig.(2), sup-
pose the £ FDG is bisected by DH which meets EG at H.
Join FH.

Then, in the A* FDH, GDH, we have
FD=GD,
DH common,
and the ZFDH=the ZGDH;
. the two triangles are congruent.
Hence, FH=GH,
and .. EG=EH+GH=EH+FH.

But, the two sides EH, HF of the AEHF arc together> EF;
. EG > EF,
that is, BC > EF.
Q. E. D.

COR. If two triangles ABC, DEF be such thal AB is equal
{o DE, AC is equal to DF, but the base BC is greater than the
basc EF then the angle BAC is greater than the angle EDF.

For, the ZBAC cannot be less than the £EDF ; for then
BC would be less than EF, which is impossible.

Nor can the £BAC be equal to the £ EDF ; for then BC
would ‘be equal to EF, which also is impossible.

.. the £ BAC must be > the LEDF.



CHAPTER VII
PROBLEMS
CONSTRUCTION OF TRIANGLES

66. We have noticed that two triangles are equal in all
respects (i.e., exactly same in shape and size) if three parts of
one triangle are equal to the corresponding three parts of the
other, provided these parts are chosen as described in § 65.

Hence, it follows that a triangle of a definite size and shape
can be constructed with any one of the following combinations
of three parts or with any three data equivalent to any one
of these combinations ;

(1) The three sides ;
(2) Two sides and the contained angle ;
(8) Two angles and a side ;

(4) Two sides and an angle opposite to one of these sides,
provided that the angle is not acute, (If the angle be acute, two
triangles can be constructed with such given parts as shown
in Prob. 10 ; hence, the shape and size of the triangle are not
definite. This is called the Ambiguous Case).
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PROBLEM 7

To construct a triangle having its sides equal to three
given straight lines, any two of which are together greater
than the third.

b e
l c

A s D

a

Let a, b, ¢ be three given str. lines, of which a is the
greatest, and any two of which are together greater than the:
third.

It is required to construct a triangle having its sides equal to
the straight lines a, b, c.

Construction. Take any str. line AD, and from it cut off"
AB equal to a.

‘With centre A, and radius b, describe a circle.

‘With centre B, and radius ¢, describe another circle cutting
the former at C.

Join AC, BC.
Then, ABC is the reqd. A ; because, by construction,
AB=gq,
AC=D,
and BC=c. Q. E. P,

Nore 1. If b and ¢ were together not greater than g, then the
two circles would not cut each other, and the construction would
fail, which is also evident from Th. 11.

Note 2. The circles would also cut at & point on the other side
of AD. Hence, with the given parts, fwo triangles can be constructed.
one on either side of AD.
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PROBLEM 8

To construct a triangle having given two sides and the
encluded angle.

—
o

A_ | N

Cc A ! B E

Lict a, b be two given str. lines, and ¢ a given angle.

Tt is required to construct a triangle having two of its sides
equal to a and b, and having the angle included between these
two sides equal to the £ ¢.

Construction. Take any str. line AE.
At the point Ain the str. line AE make the ZEAF=the Le.

From AE cut off AB=a and from AF cut off AD=0.
Join BD.

Then, ABD is the A required,
for AB=uq,
AD=D),
and the / BAD=the £Z¢.
Q. E. F.

EXERCISES (Numerical)

1. Construct a triangle two of whose sides are 5 ems. and
4 e¢ms. and the included angle is 45°.

2. Construct a triangle two of whose sides are 6” and 3” and the
included angle is 60°.

Verify that it is a rt.-Zed triangle.
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PROBLEM 9

To construct a triangle having given two angles and
the side adjacent to them.

H G
Z< K
ALl Bb.
C— d X
e F e

Let A and B be two given 2% and C, a given str. line.
Ea

It is required to construct a A having two of its £° equal
to the £* A and B, and the side adjacent to these angles=the
straight line C.

Construction. Take any str. line DE, and from it cut off
DF=C.
At bhe pl. D in the str. line DF, make the ZFDG=the ZA,
At the pt. F in the str. line FD, make the ZDFH=the /B.
T.ot FH cut DG at K.

Then evidently, KDF is the A reqd.
Q. E. .

EXERCISES (Numerical)

1. Construct an cquiangular triangle.
2. Construct a triangle ABC having given,
(i) AB=3", LCAB=/CBA=45°;
(ii) BC=) ems., L ABC=0(0°, LACB=30°,
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PROBLEM 9A

To construct a triangle having given lwo angles and a
side opposite to one of them.

A//"( B/\
C

Let A and B be the two given angles and C, a given str.
line.

[»} F E

It is required to construct a triangle having two of its angles
equal to the angles A and B, and the side opposite to onc of these
angles, say, the angle which is equal to the given angle B, cqual
to the given line C.

I

Construction. Take any str. line DE and from it cut off
DF=C.

At the points D, Fin DE, make £*EDG and EFG’ each
equal to the Z A.
At F on FG’, make £ G'FH equal to the 4B.
Let FH cut DG at K.
Then, KDF is the A yeqd.

Proof. Because, the ext. ZEFG'=theint. opposite Z EDG.

Cons.
FG’ is par’ to DG.
Hence, Z DKF=the alt. ZKFG" = £B. Cons.
Hence, in the AKDF,
LFDK= LA,
LDKF= /B,

and the side DF=C,
.. KDF is the A reqd.
Q. E F.
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PROBLEM 10

To construct a triangle having given two sides and the
angle opposite to one of them.

F

P —
b
C 5 =

G
H—

Let a, b be two given str. lines, and C the given angle.

It is required to construct a A having two of its sides equal
to @ and b, and having the £ opposite to the latter side=the £ C.

Construction. Take any str. line DE.

At the pt. D in the str. line DE, muke the ZEDF=the £C.

From DF cut off DG=a.

With centre G, and radius b, describe an are of a © cutting
DE at H and K.

If H ahd K are on the same side of D, as in the above dia-
gram, join both GH and GK.

Then, evidently each of the A* GDH and GDK is the A
reqd. Q. K. F.

Nork 1. There are two solutions to the problem, as above, only
when b is less than @ but greater than the perpendicular fiom G on
DE. This is known as the Ambiguous Case.

The cases when b=, or, > a admit of one solution, each, which
the student can easily verify.

Nore 2. When b is less than p, the perpendicular from G on
DE, the construction fails ; or, in other words, the problem #oes not
admit of a solution.

Again, if b=p, there is only one triangle satisfying the given
conditions.
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PROBLEM 11

To construct a right-angled triangle having given the

hypotenuse and one side.
C

3
I 1
v

A B '

D

Let a be the given hypotenuse and b the given side.

Construction. Take any str. line AD, and from it cut off
AB=Db.

At B, construct the perpendicular BC upon AD.

‘With centre A, and radius cqual to a, describe a circle

cutting BC at C.
Join AC.

Then, evidently ABC is the A reqd.
Proof. By construction, AC=aq,
AB=b,
and the £ ABC is a rt. angle.
Note. Evidently, there is another A on that side of AB remote

from C.
Q. E. F.

ALTERNATIVE METHOD

Construction. Take any str. line AD cut off, from it,
AB=nthe hypotenuse. Biseot AB at O and draw a ® with
O as centre and OA or OB as radius. Again, with B as centre
and b (the given side) as radius draw a ® to cut the former
at C. Then the AACB is the reqd. one.
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EXERCISE 17
(On the Construetion of Triangles)

1. Construct a triangle whose sides are
(i) 8cm., 6em.and 4 cem,;(ii) 5in, 2in. and 4in.;
(iii) 1'6in.;3in.;24 in.; (iv) 4 em., 52 cm. ;33 cm.
2. Construct a triangle two of whose sides and the angle between
them are, respectively,
(i) Hem., 2cm.;00°; (ii) 4in.,3in.;45°;
(iii) 6 cm., 8 cm.; 135°; (iv) 200 cm. ;41 c¢m. ; } rt. angle.
3. Construct a triangle of which two angles and the side
adjacent to them are
(i) 50°,65°; 3 em.; (ii) 90°, 30° ;6 cm. ; (iii) 75°, 60° ; 5 in.
4. Construct a triangle of which two angles and a side opposite
to the first of these angles are
(i) 30°, 45°; 3 em. ; (ii) 60°, 90° ; 2 in. ; (iii) 75°, 62° ; 35 in.
5. Construct a triangle of which two sides and the angle opposite
to the first of these sides are

(i) 6 em., 4 em.; 120° (ii) 8em., 7cm.; 135°;
(iii) 3in., 353 in.; 60°; (iv) 32in., 3:'7in.;30°;
(v) 7ecm., 5 cm.; 45°.

6. Construct a right-angled triangle the hypotenuse and a side

of which are
(i) 3b6em.,2cm.; (i) 4'7in.;32in.; (iii) 9em., 5cm.

7. Takea strmght line one inch in length, and construct an
equilateral triangle on it. Hence, construct angles of 60° and 30° at
a given point.

8. ABC is a right angle. Through B draw a straight line
BD within the angle, so that the angle ABD may be equal to one-
third of the angle ABC.

9. Trisect a right angle.

10. Take a straight line one and a half inches long, and on it

construct an isosceles triangle having each of the two sides 2} inches
in length.

11. AB is a given straight line. Show how to draw a strmght line
AC, g0 that the angle BAC may be equal to 30°.

12. On a given straight line as hypotenuse, construct a right-
angled triangle of which the acute angles are 30° and 60°.
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13. Construct an isosceles triangle having given the vertical angle
and the length of the perpendicular from the vertex to the base.

14. Construct a triangle of which the two sides and the perpendi-
cular from the vertex to the base are given,

15. Construct an equilateral triangle having given the perpendi-
cular from the vertex to the basc.

16. Construet a triangle having given thc base, one of the angles
at the base, and the sum of the sides.

17. Two sides of a triangle are respectively 3 inches and 2 inches
in length, and the angle opposite to the latter side is equal to 30°;
construct the triangle.

Also construct the triangle when the length of the latter side is
31 inches.

Show that in the former case there are two solutions, whilst in
the latter there is only one.

18, If the side BA of triangle ABC be produced to D, so that
AD=AC, and if DC be joined, prove that the angle BDC is half the
angle BAC. Hence, show how to construct an acutc-angled triangle
having given a base aungle, the vertical angle, and the sum of
the sides.

1). ABC s a triangle. If D be taken on CB produced such that
BD=AB, and if E be taken on BC produced such that CE=AC, and
if AD and AE be joined ; prove that the angle ADE is half of the
angle ABC, and the angle AED is half of the anglc ACB. HMHence
show how to construct a triangle having given the perémeter and
the base angles.



CHAPTER VIII
PARALLELOGRAMS
67. A quadrilateral whose

opposite sides are parallel is
called a parallelogram.

68. A parallelogram of which
one angle is a right angle, is
called a rectangle.

Norsk. Tt will be proved hereafter that if one angleof a parallelo-
gram be a right angle al/ 1ts angles are right angles.

69. A quadrilateral whose
sides are equal, buat whose
angles are not right angles, is
called a rhombus.

70. A rectangle of which
two adjacent sides are equal, is
called a square.

71. A quadrilateral which
has one pair of opposite sides
parallel, is called a trapezium.
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THEOREM 22

If a quadrilateral be such that two of its opposile
sides are equal and parallel, then the other two sides also
are equal and parallel.

A B

v
D (o}

Let ABCD be a quadrilateral such that two of its opposite
sides AB, DC are equal and parallel.

It is required to prove that the other two sides AD, BC are
also equal and parallel.

Proof. Join BD.
Then, because AB and DC arc parallel, and BD meets.
them,
the £ ABD=the alt. £BDC.

Now, in the A* ABD, CDB, we have
AB=CD,
BD common,
and the ZABD=the LCDB;  proved above.
.. the two A’ are congruent.
Hence, AD=CBjuccovrrerrirneennninnnnennnna(i)
and the Z ADB=the £~ CBD.

But these two are alt. 2*;
AD and BC are parallel.....cc....ueuens oo (1)

.
Thus, from (i) and (ii), AD and BC are both equal and
parallel.
Q. B. D.
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THEOREM 23.

The oppostte sides and angles of a parallelogram are
equal to one another, anwd each diagonal bisects the
parallelograne.

A B

X
D C

Let ABCD be a parallelogram, of which AC is a diagonal.
It is required to prove that
(i) AB=DC;
(it) AD=BC;
(%) the L ABC=the L ADC;
(i) the LBAD=the LBCD;
(v) the AABC=the AADC, in arca.

Proof. Because AB, DC are parallel, and AC meets them,
.. the £ BAC=the alt. £ZACD.

Also, because AD, BC are parallel, and AC meets them,
.. the £ DAC=the alt. ZACB.

Hence, in the A* ABC, ADC, we have

the ZBAC=the £ ACD,
the ZBCA=the £/ CAD,
and AC common ;

proved above.

.. the two A’ are congruent. Th. 18.

AD=BC,
the £ ABC=the £ ADC
and the AABC=the A ADC in area.

Hence, AB=DC, }
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Also, since the /BAC=thc £ ACD, }
and the £ DAC=the LACB;

.. the whole ZBAD=the whole ZBCD. Q. E. D.

proved above.

COR. 1. A rectangle has all its angles right angles.

Let ABCD be a rectangle. Then

by definition, (i) it is a parallelogram A B
and (i1) it has one angle, say the /B, AN
a right angle.

Since AB and DC are [, the / B+
the ZC=21rt. £*; hence. the £Cis a 5 c

ri. L.

Again, because ABCD is a par™, the £ZB=the £D, and the
£ C=the £ A; hence, the £* A and D also arc rt. Z°.

<. All the angles of the rectangle are right angles.

COR. 2. A square has all ils sides equal and all its angles
right angles.

Let ABCD be a square; then by

definition, (i) it is a rectangle and A B
(ii) has two adjacent sides, say, AB
and BC, equal.

Since, it is a rectangle, ... all its £°*
arert. L°.

Again, since the square is also a 5 e
par”;

.. AB=DC and BC=AD.
But, AB=BC, by hypothesis.
Hertce, all the sides of the square are equal.

COR. 8. Parallel straight lines are always equidistant from
one another.
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THEOREM 23A
The diagonals of o parallelogram bisect one another.

A B

N7
N

D C

Let the diagonals AC, BD of the par™ ABCD intersect at O.
It is required to prove that AO=0C, and BO=O0D.

Proof. In the A’ AOD, COB, we have
the £ OAD=the alt. £ZOCB,
the L ODA=the alt. £L0OBC,
and AD=BC;
.. the two A’ are congruent.

Hence, AO=0C, and BO=0D.
Q. E. D.

EXERCISE 18

1. Tf one of the angles of a parallelogram is (i) 60° ; (ii) 135°;
(iii) 150°, writc down its other angles.

2. 1f in the figure of Th. 23, L BAC=30° and £ZDAC=45¢°,
write down the values of all the other angles in the figure.

3. A quadrilateral is a parallelogram (i) if its opposite sides are
equal ; or (ii) if its opposite angles arc cqual ; or, (iii) if the diagonals
of a quadrilateral bisect each other.

4. ABCD is a parallclogram ; if E and F are the middle points

of AB and CD respectively, prove that the quadrilateral AECF is a
parallelogram.

5. The bisectors of two adjacent angles of a parallelegram meet
at right angles.

6. ABCD is a parallelogram. Tf CD is bisected at O and the
L AOB is art. Z, prove that AB=2BC.
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7. If the diagenals of a parallelogram are equal, prove that it is
a rectangle.

8. From any two points on a straight line perpendiculars are
drawn to a parallel straight line ; prove that these perpendiculars
are equal.

9. ABC and A'B'C’ are two triangles, such that AB, AC are
respectively equal and parallel to A’'B’, A'C’. Prove that BC also
is equal and parallel to B'C'.

10. Prove that the diagonals of a rhembus bisect each other at
Tight angles.

11. If in a trapezium the non-parallel sides are equal, prove that
the angles adjacent to either of the parallel sides are equal.

12. If the sum of the distances of any angular point of a quadri-
lateral from the other three is the same for all four, the figure is a
rectangle,

13. If from any point on the diagonal of a rhombus lines are
drawn parallel to the sides, show that each of the two parallelograms
so formed about the diagonal of the rhombus is also a rthombus.

14. The diagonals of a quadrilateral are equal and biscct one
another at right angles. Prove that the quadrilateral is a square.

15. The diagonal AC bisects the /BCD of the pai™ ABCD.
Prove that the par™ is a rhombus.

16. Auny str. line drawn through the point of intersection of the
diagonals of a parallelogram and terminated by a pair of opposite
sides of the par™ is bisected at that point.

17. The str. lines bisecting two opposite angles of a par™ arc either
parallel or coincident.

18. The bisectors of the angles of a par™ whose sides are not all
equal form a rectangle.
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THEOREM 24
If there are three or more parallel straight lines, and
the intercepts made by themn on any straight line that

cuts them are equal, then the corresponding intercepts on
any other straight line thatl cuts them are also equal.

NV

c Q/\L \ D
E R/\ \R' F
A

Let AB, CD, EF be parallel str. lines. Let a str. line
PR cut them in P, Q, R respectively, so that the intercepts
PQ, QR are equal.

Let any other str. line P'R’ cut the par' lines in P/, Q/, R’.

It is required to prove that P'Q’=Q/R’.

Suppose PL, QM are drawn par’ to P’'R’, meeting CD in L
and EF in M.

Proof. Since CDis || to EF, and PR mects them,
.. the ZPQL=the corresponding ZQRM.,

Also, PL. and QM are parallel, each being || to P'R’;
.~ the £QPL=the corresponding Z RQM.

Then, in the A* PQL and QRM,
the £ PQL=the £ QRM,
the £QPL=the £RQM,

and PQ=QR;
. the two A’ are congruent.

Hence, PL.=QM.
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Now, the quadrilateral PLQ'P’ is a par™ since its opp.
sides are |l.

.. PL=the opposite side P/Q’.

Similarly, the quadl. @QMR’Q’ being a par™,
amM=Q'RrR’.
But, PL=QM, proved.
. PQ’=Q'R.
Q. E. D.

.

COR. 1. If D be the middle point of the side AB of a triangle
ABC, then the straight line drawn through D parallel to BC will
bisect AC.

TLiet the str. line through D

1 to BC intersect AC at E. M A N
It is required to prove that L\

AE=EC. If through A a str. line D E

MN be supposed to be drawn ||

{0 BC, then the parallels MN, DE,

BC are cut by the two str. lines 8 F o

AB, AC.

Hence, the intercepts made on AB being equal, the corres-
ponding intercepts on AC must be equal, too.
Hence. AE=EC.

COR. 2. If D and E be the middle points of the sides AB
and AC of a triangle ABC, then DE s parallel to BC and is half
of BC.

For, if DE be not || to BC, let DE’ be || to it, meeting AC
in E'. Then E’ is the mid-point of AC, which is impossible.
Hence, DEis || to BC. '

Again, it is required to prove that DE=14.BC.

Draw EF par' to AB meeting BC at F.
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Since, E is the mid-point of AC and EF is par' to AB,
.. BF=FC Cor. 1.
i.e, BF=3.BC.

But, BDEF is a par™, its opposite sides being par’.
.. BF=the opposite side DE.
Hence, DE=1.BC.

COR. 8. 1If one side of atriangle be divided into any number
of cqual parts, and if through the points of division, straight
lines be drawn parallel to the base, then the points tn which these
parallels meet the other side will divide that side inlo the same
number of equal parts.

If the points, P, Q, R divide
the side AB of a triangle ABC
into four equal parts; and if
PP, QQ, RR' drawn || to BC
meet AC in P, Q. R/, then AC R

also is divided into four equal [ ., \ \, \
parts at these points. s > AN
B r q p c
Subposing MAN to be drawn | to BC, we find that the five-

parallels make equal intercepts on the line AB which cuts
them.

Hence, the intercepts made by them on another line AG,.
which cuts them, must also be equal.

If, through P, Q;R lines Pp, Qq, Rr be drawn || to AC,
they will also divide BC into four equal parts, each of
which is equal to PP.  Further, it is evident that QQ’=2PP/,
RR'=3PP, i.e. PP'={.BC, QQ'=}.BC, RR’=48C.

Similarly, if AB is diﬁded into % equal parts by the par’ lines,.
)
PP/ = 71&— BC, QQ’=—n<.BC ; and so on.
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PROBLEM 12

To divide a given straight line into any number of
equal parts (say five).

Let AB be the given str. line.
It is required to divide it into five equal parts.

Construction. From A draw a str. line AC, of unlimited
length, making any angle with AB.

From AC cut off successively five equal parts of any length,
AP, PQ, QR, RS, ST.

Join TB ; and through P, Q, R, S draw PP/, QQ’, RR/, S8’
each | to TB, meeting AB in P’, Q', R’, S’ respectively.

Then, AB is divided into five equal parts at the points
PI) Q’.. R’, SI.

Proof. Since, the side AT of the AATB has been divided
into five equal parts at the points P, Q, R, S, and through the
points of division PP/, QQ/, RR’, S8’ have been drawn || to
the base TB;

.. the points P/, @, R/, 8’ also divide the other side AB
into five equal parts.

3 Q. E. F.

NoTEe. 1In the above figure, AP’=§.AB,‘\Q'=§.AB, etc. Hence,

the above construction may also be used to cut off a given fractional
part from a line.
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PROBLEM 12. SECOND METHOD

To devide AB into five equal parts.

Construction. Through A, draw the str.line AC at any
angle with AB. Through B, draw BD par' to AC.

From AC, cut off equal parts AP, PQ, QR, RS.
Also, from BD, cut off parts Bp, pq, gr,7s equal to the parts
taken on AC.
Join Sp, Rg, Qr, Ps.
These lines divide AB into five equal parts.
Because RS and pq are equal and parallel by construction.
L. Rgis par' to Sp. Th. 29.
Similarly, Qr is par’ to Rg and Ps is par’ to Q.

<. Ps,Qr, Rq and Sp are par’ to one another.
Next apply Th. 24, Cor. 3, for the proof.

EXERCISE 19

1. The str. line drawn through the middle point of a side of a
triangle parallel to the base bisects the remaining side. Prove this
without applying Th. 24.

[In the AABC, if D be the middle point of AB and DE is drawn
par’ to BC meeting AC in E, it is required to prove that AE=EC.

Through E draw EF par’ to AB meeting BC in F, and then prove
that the A’ ADE and EFC are congruent.}

2. The str. line joining the middle points of two sides of a tri-
angle 1s parallel to and haolf of the third side. Prove this without
applying the indirect method.
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[In the AABC, let D, E bethe mid-pts. of the sides AB, AC.
To prove that DE is par! to BC and =1.BC.

Produce DE to F such that EF=DE and join CF. Then, prove
that the A* ADE, ECF are congruent and the quadrilateral BDFC
is a par™ .}
3. If the middle points of the sides of a triangle be joined, prove
that the triangle is divided into four congruent triangles.
4. 1f through the middle point of a side of a triangle a str. line
be drawn parallel to the base, prove that it bisects any str. line
drawn from the vertex to the base.
5. D is the mid-point of the hypotenuse BC of the right-argled
triangle ABC. Prove that BC=2AD. [Join D with mid-point of
AB.]
6. If the middle points of the adjacent sides of any quadrilateral
arc joined, prove that the figure thus formed is a parallelogram.
7. Straight lines joining the middle points of the opposite sides
of a quadrilateral bisect cach other.
8. The str. lines joining the middle points of opposite sides of a
quadrilateral, and the middle points of the diagonals, meet in a
point, which is the middle point of all the three lines.
9. The str. line joining the middle points of the oblique sides of
a trapezium is parallel to the parallel sides and is equal to half their
sum.
10. C is themiddle point of the str. line AB. [f Aa, Bb, Ce be
drawn perpendiculars from A, B, C on the str. line ach, prove that ¢
is the mid-point of «b.
11. Show how to construct a triangle given the three middle.
points of its sides.
12, Divide a str. line into (i) 9 equal parts ; (ii) 11 equal parts ;
(iii) 7 equal parts.

13. From a str. line cut off a portion equal to (i) # of the line ;
(ii) % of the line ; (iii) +% of the line.

14. Construct an equilateral triangle whose perimeter is given.

15, Divide a given straight line into two parts one of which is
(i) % of the other ; (ii)  of the other ; (iii) 2 of the other.

16. Dividea given str. line into 3 parts, such that the first part_is
double of the second and half of the third.




CHAPTER IX
THE CONSTRUCTION OF QUADRILATERALS

72. We have noticed that three independent data are re-
quired for the construction of atriangle ; but it will be evident
from the following examples that five independent data are
necessary to construct a quadrilateral.

PROBLEM 13

To construct a quadrilateral having given the lengths
of the four sides and one angle.

C\/ c . \'LD
b d
X x
X B S a A

Let a, b, ¢, d be the lengths of the four sides and X the
angle between the sides, equal to a and b.

o oW

Construction. Take a str. line AB and cut off from it a
portion AB=a.

Make the ZABC=X and from BC cut off BC=b. With C
and A as centres and radii equal to ¢ and d respectively, draw
two arcs intersecting at the point D.

Join DC, DA.
Then, ABCD is the quadrilateral reqd. ,

Proof. By construction, the sides of ABCD are equal to
a, b, ¢, d and the Z ABC=X.

Q.EF.
7



98 MODERN GEOMETRY

PROBLEM 14

To construct a quadrilateral having given the four
sides and a diagonal.

X0 o

Let a, b, ¢, d be the lengths of the four sides and z, the
length of the diagonal.

Construction. Take a line AC=2.

With A and C as centres and radii equalto a and b respec-~
tivoly, draw two arcs intersecting at B. ’

Again, with A and C as centres and radii equal to d and ¢,
draw two other arcs intersecting at D.
Join BA, BC and DA, DC.

Then, ABCD is the quadrilateral reqd.
Proof. By construction, the sides of the quadrilateral
ABGD are equal to 4, b, ¢, d and the diagonal AC=a.
Q. E.F.
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PROBLEM 156

To construct a parallelogram having given two ad-
Jacent sides and the tncluded angle.

2 Jc

Let a and b be the two given sides, and X the given angle.
Construction. Take aline AB and from it cut off AB=aq.
Make the angle BAD =X and from AD cut off AD=5.
‘With centres B and D, and radii equal to b, a respectively,
draw two arcs intersecting at C.
Join CB, CD.
Then, ABCD is the par™ reqd.

Proof. Join DB.

In the A* ABD, DBC,
AB=CD
AD=BC
and BD is common.
.. the two A®are congruent;
so that, the £ ABD=the L CDB
and the ZADB=the /DBC.
But these are pairs of alternate angles.

»’. ABis | to CD and AD is || to BC
z.e. ABCD is a par™.

Q. E. F.
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PROBLEM 16

To construct a square on @ given side.

D C

Let AB be the given side.

Construction. At A draw AD perpendicular to AB and
cut off from it AD= AB.

‘With B and D as centres and with radius AB, draw two
arcs cutting at C.
Join CB, CD.
Then, ABCD is the square required.

Proof. Join DB. As in Prob. 15, ABCD-may be shewn to -
be a par™

Begause the ZBAD is a rt. Z and also by construction the
sides of the figure are equal.

<. ABCD is a square.
Q. E. F.
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EXERCISE 20

(On Problems 13-16,)

1. Construct a quadrilateral having given
(i) four sides and an angle ;
(ii) three sides and two diagonals ;
(iil) three sides and the two angles between them ;

(iv) thehtwo segments of each diagonal and the angle between
them ;

(v) two adjacent sides and three angles.

2. Construct a parallclogram having given
(i) two adjacent sides and a diagonal ;
(ii) two adjacent sides and the angle between a diagonal and
one of the two sides ;
(iii) a side and two diagonals ;
and (iv) two diagonals and the included angle.

3. Cunstruct a trapezium having given the parallel sides, and the
other two.

[If ABCD is the trapezium with AB || to CD, through B draw
BE | to AD to meet CD at E. Then, clearly the sides of the ACEB
are known and ABED is also a known par™.]

4. Construct a thombus having given
(i) aside and an angle ;
(ii) a side and a diagonal
and (iii) ' two diagonals.

5. Construct a rectangle having given
(i) two adjacent sides ;
(ii) a diagonal and a side
and (iii) a diagonal and the angle between the diagonals.
6. Construct a square having given a diagonal.

[Diagonals of a square are equal and bisect each other at rt.
angles.]



CHAPTER X
LOCI

73. When a point moves and its motion is restricted by
some given condition, the path traced out by the point is
called the locus.

e

For instance, when a point P moves so that its distance
from a fixed point O, is always the same, say, 2 ems., its locus
is evidently the circumference of a circle of which the fixed
point O is the centre and the given distance (viz. 2 cins.), the
radius.

‘When any number of points, each of which satisfies a given
condition, lie on a particular line (straight or curved), that
line is also called the locus of those points. From this point.
of view, the locus of points, each of which lies at a given
distance from a given point, is the circumference of the circle
which is described with the given point as centre and the
given distance as radius.

74. 1In order to show that the locus of a point is a certain
line (straight or curved), it must be proved that (i) every point
which sdtisfies the given condition lies on the line ;

and (i) every point on the line satisfies the given condition.

In many cases, however, when the first part is proved, the
second part becomes evident, and is not, therefore, established.
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THEOREM 25

The locus of a point which is equidistant from two
fixed points is the perpendicular bisector of the straight
line joining the two fixed points.

[=]

Let A and B be two fixed points.
It is required to prove that the locus of a point equidistant
from A and B is the perpendicular bisector of AB.
Cf. Fig., Art. 73.
i.e. to prove that (i) if any point s equidistant from A and B,
it is on the perpendicular bisector of AB ;
and (ii) if any point lies on the perpendicular bisector of
AB, it is cquidistant from A and B.
(i) Let P be any point equidistant from A and B, so that
PA=PB.

It is required to prove that P lies on the perpendicular bisector
of AB.
Proof. Let C=the mid-pt. of AB.
Join PC.
In the A" PCA, PCB,
PA=PB
CA=CB
and PC is common.
.. The two A°® are congruent.

Hence, the £ ACP= /BCP.

.. CPis perp. to AB,
i.e. P lies on the perpendicular bisector of AB,
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; (ii) Let P be any point on PC, the perpendicular bisector
ol AB.

It is required to prove that P is equidistant from A and B.

Proof. In the A° PCA, PCB,
AC=BC,
PC is common,
and the / PCA=the £ PCB, each being a rt. £Z.

. The two A°® are congruent.

Hence, PA=PB.
i.e, Pisequidistant from A and B.

. From (i) and (ii), the required locus of P is the per-
pendicular bisector of AB.
Q. E. D.

EXERCISE 20A

?1. Prove that the locus of a point which nioves in such a manner
that its distance from a given straight linc is always the same, con-
sists of two straight lines parallel to the given line, one on cither
side of it.

2. Find the locus of the vertex of an isosceles triangle on a
given base AB.

3. Str. lines are drawn from the vertex A to the base BC of the
AABC. Find the locus of their middle points.

4. The locus of the vertices of right-angled triangles described
on a given hypotenuse AB, is the circle on AB as diameter.

5. A straight rod PQ of fixed length slips between two fixed

rods OA, OB at rt. angles to each other. The locus of the middle
point of PQ is a circle with centre O and radius=4.PQ.

6. Find the locus of the centre of circles passing through two
given points.
7. The locus of a point which is equidistant from two given

par! liness is the line par' to each of them and lying half way
between them.

8. Find a point in a given straight line at a given distance from
another given straight line.
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THEOREM 26

The locus of a point which is equidistant from two
entersecting straight Lines consists of the pair of straight
lines which bisect the angles between the two given lines.

H

Let AB, CD be two given str. lines which intersect at E.

It is required to prove that the locus of a point equidistant
from AB and CD is the pair of lines which bisect the angles
between AB and CD.

e, to prove that

(?) if any point is equidistant from AB and CD, it lies on
either of the biscctors of the angles between AB and CD ;

and (i) ¢f any point lies on any of the bisectors of the angles
between AB and CD, it is equidistant from AB and CD.

(i) Let P be any point equidistant from AB and CD, so
that the perp. PM on AB=the perp. PN on CD.

It is required to prove that the / PEM=the L PEN,

Proof. In the right-angled A* PEM, PEN,
the hypotenuse PE is common.
and PM=PN ;
.. The two A’ are congruent.
Hence, £ PEM= £ PEN.
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(ii) Next, let P be any point on the bisector of any one
of the angles between AB and CD.

It is required to prove that P is equidistant from AB and CD.

Proof. From P draw PM and PN L to AB and CD res-
pectively.

In the A®* PEM, PEN, we have
the £ PEM=the / PEN, Hyp.
the Z PME=the ZPNE., Rt. £s.
and the side EP common ;
.°. the two A’ are equal in all respects.
Hence, PM=PN.
1.e. P is equidistant from AB and CD.

From (i) and (ii), the locus of a point equidistant from
AB and CD is the pair of lines which bisect the angles
between AB and CD. Q. E. D.

IxTERSECTION OF Loci

75. When a point satisfies more than one geometrical
condition it can be found out conveniently by the method of
loci, as in the following illustrations.

Ex. 1. Find the point in a given str. line X, so that its
distances from two given points A and B outside the line X
may be equal.

[»]

~|

C
Since the locus of all the points equidistant from A and B
is the perpendicular bisector, CD, of the line AB.
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.*. the required point must lie on CD.
But it is also on X.

Hence, the reqd. pt. is common to both CD and X, i.e., the
point of their intersection, viz. P.

Ezx. 2. Find a point equidistant from three given points
A, B, C.

Since the point required
is equidistant from A and
B, it must be on the per-
pendicular bisector, X, of
the line AB.

Again, since the point
is also equidistant from A B c
and C it must be on the perpendicular bisector, Y, of the line
AC.

Hence, the point required must be common to both X and
Y, %.e., the point of intersection O of the lines X and Y.

Ex.3. Tind a point equidistant from the sides BC, CA,
AB of the A ABC.
A
The locus of points equi-
distant from BC, AB 1is the
bisector BO of the ZABC.

Similarly, the locus of
points  equidistant from
BC, CA is the bisector, CO

of the ZBCA. /

B c

Hence, the point common to BO and CO must satisfy
both these conditions, 7., O, the point of intersection of BO
and CO must be equidistant from BC, CA, AB.
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EXERCISE 21

1. What is the locus of points which arc equidistant from two
given points ? Construct an isosceles triangle on a given base AB
and having its vertex on a given line.

2. What is the locus of points which are equally distant from
two intersecting straight lines ?

Find a point in a given straizght line, so that it may be equally
distant from two intersecting straight lines.

3. Find a point which is equally distant from two fixed points
and is also at a given distant from a third fixed point.

When is this problem impossible ?
4. Find a point which is equally distant from two fixed straight
fines and is also at a given distance from a fixed point.

5. Find a point which is equally distant from two fixed straight
{ines and from two fixed points.

6. Find a point which is at a distance of 5 cms. from two fixed
intersecting lines.

7. Find the centre of a circle passing through three given
points.

8. Drawa circle passing through twogiven points and having
a given radius.

9. Find a point which is at a distance of 2 inches from one
fixed point and 3 inches from another.

When is this problem impossible ?

10. AB and AC are two fixed and unlimited straight lines. Find
a point whichis at a distance of 2 inches from AB and 3 inches
from AC.



CHAPTER XI
MISCELLANEOUS PROPOSITIONS (I)

1. The bisectors of the angles of a triangle meet at a point.

B (s} o [
Let ABC be a A, and let the bisectors of the Z*Band C
meet at O.
Join AO.
It is required to prove that AO is the bisector of the £ A.
From O draw OD, OE, OF L to BC, CA, AB respectively.
Proof. Because BO bisects the /Z ABC,
<. any pt. in BO is equidistant from BC and BA ;
i S. OD=OF.
For a similar reason, any pt. in CO is equidistant from CB.
and CA;
OD=O0E.
Hence, OF=OE.
<. Ois on the bisector of the ZBAC;
t.e.,, AO is the bisector of the LBAC.
Thus, the bisectors of the £° A, B, C meet at a pt.
Q E.D.
76. When three or more straight lines meet at a point,
they are said to be concurrent.
So the above proposition might be stated asefollows s
The bisectors of the angles of a triangle are concurrent.
When three or more points lie in the same straight line
they are said to be collinear.
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2. The perpendiculars drawn to the sides of a triangle
from their middle points are concurrent.

A

IS
D [¢]
Let ABC be a A, and D, E, F be the mid-points of BC, CA,
AB respectively.
From F and E draw L' to AB, AC meeling at O.
Join OD.
It is required to prove that OD is L {0 BC.
Join OA, OB, OC.
Proof. Because O is on the perpendicular bisector of AB
S, OA=0B.
For a similar reason, OA=OC.
Hence, 0B=0C;
and .. O is on the -L bisector of BC.
Hence, OD is L to BC. Q. E. D.:
3. The perpendiculars drawn from the vertices of a triangle
o the opposite sides are concurrent.

F A E

A
N

Let ABC be a A, and let AP, BQ, CR, when produced, be L
to BC, CA, AB respectively.
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It is required to prove that AP, BQ, CR (when produced) are
concurrent.
Through A, B and C, draw str. lines || to BC, CA and AB
respectively, thus forming the ADEF. )
Proof. Since FE is || to BC, and FD is |l to AC.
~. AFBC is a par™.
.. FA=BC.
Similarly, AE=BC.
Hence, FA=AE ; and .". A is the mid-point of EF.
Similarly, B is the mid-pt.of FD, and C is the mid-pt. of DE.
Now, since BC is || to FE, and AP produced is L to BC,
.. AP1s also L to FE.
Similarly, BQis L to FD and CR is L to DE.
Thus, AP,BQ and CR are -L to the sides of the AEFD at
their middle points ; and .°. they are concurrent.
Q. E. D.
4. The medians of a triangle arc concurrent,; the common
point divides each median into two parts, of which the part
nearer the vertex is double the other.

A

8 W C
H
Let E, F be the mid-pts. of the sides CA and AB of the
AABC, and let the medians BE, CF intersect at G.
Join AG, and produce it to meet BC at D.
It is required to prove that D is the mid-pt. of BC.
Through B draw BH | to FC, and produce AD to meet

BH at H.
Join CH.
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Proof. (1) In the AABH, Fis the mid-pt. of AB, and FG

is |l to BH
S G is the mid-pt. of AH.

Again, in the AAHC, G and E are the mid-pts. of the
sides AH and AC.
S GEis |l to HC.
Thus, the opp. sides of the quadl. BGCH are ||, and ..
BGCH is a par™.
But the diagonals of a par™ bisect one another ;
.*. D is the mid-pt. of BC.

Thus, the three medians AD, BE, CF meet at the point G.

Q. E.D.
(2) Since D is the mid-pt. of GH.
s, GH=2GD.
But AG=GH, .. AG=2GD.
Also, BG=HC=2GE ; } o
and, CG=HB=2GF, Th. 24, Cor. 2.
Q. E. D.

77. The point of intersection of the medians of a triangle
is called the centroid of the triangle.

Thus, in the above figure, the point G is the Centroid of
the A ABC.

5. A and B are two points on the same side of an unlimited
straight line CD. P is a point in CD such that the angles APC and
BPD are equal. Prove that, of all points on the straight line CD,
P is that the sum of whose distances from A and B is the least.

' B

A

F
Let Q be any other pt. in CD.
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Join AQ, BQ.
It is required to prove that AQ+ QB > AP+ PB.

Produce BP to F, making PF=PA ; join AF, cutting CD inE.
Join FQ.

Proof. Inthe A’ APE, FPE, we have
AP =PF,
PE common,

and the ZAPE=the LEPF
(*.* each of them=tho £ BPD),
.. the two A’ are congruent.
Hence, AE=EF, and EP is -L to AF.

Thus, CD is the -L bisector of the str. line AF.
Hence, QA=QF;
and .. AQ+QB=FQ+QB.

Also, AP+PB=FB. Cons.
But, FQ+QBis > FB,
AQ+QBis > AP+ PB. Q. E. D.

MISCELLANEOUS EXERCISES

1. A straight line AB is bisected at C. If any point P be taken
en AB produced, prove that AP+ BP=2CP.

2. A straight line AB is bisected at C and any point P is taken
in BC, show that AP - BP=2CP.

3. Decfine adjacent angles.
POA, POB are angles on the same side of OP. If OC bisects
£ AOB, prove that ZPOA+ £ POB=2/PCC.

4. AOP, BOP are adjacent angles, of which AOP is the greater.
If OC bisects £ AOB, prove that ZAOP -~/ BOP=2/COP.

5. If, in the diagram of Th. 1, LAOC is one-third of £ BOC,
find £COD.

6. If the straight line joining the middle points of two opposite
sides of a quadrilateral be perpendicular to each of these sides, prove
that its other sides are equal.

7. If the bisector of the vertical angle of a triangle also bisects
the base, prove that the triangle is either isosceles or obtuse-angled.

8
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8. The equal sides AB, AC of an isosceles triangle ABC are
produced to D and E respectively, such that BD=CE. Prove that
BE=CD.

9. BC is the greatest side of the AABC, and E, F arc any points
in CA, AB respectively, prove that BC > EF.
10. No straight line can be drawn within a triangle greater than
the greatest side.
11. In any triangle any two sides are together greater than twice
the median which biscets the remaining side.

Hence, deduce that ¢ any triangle the sion of the medians s
less than the perimeter.

12.  The diameter is the greatest chord of a eirele. [The straight
line joining any two points on the circumference of a circle is called
a chord.]

13. The angle made by two straight lines joining any point on a
circle to the ends of a diameter is a rt. angle.

14. The angle between the bisector of the vertical angle of a
triangle and the perpendicular from the vertex to the base is equal
to half the difference of the base angles.

15. ABC is an equilateral triangle, aud D is a point within it.
Show that it is possible to construct a triangle with its sides equal to
DA, DB, DC.

16. ABCD is a quadrilateral, such that the biscctors of £° ABC, .
BCD make a rt. angle. Yrove that AB is parallel to CD.

17. In a certain triangle the three angles are in the ratio 4 :3: 2.
Find the number of degrees in each angle.

18. 1In a right-angled triangle, onc acute angle exceeds the other
by 30°. Find the angles.

19. IIow many sides has a regular polygon whose interior angle
is 19 times as great as its exterior angle ¢

20. If the sum of the interior angles of a polygon is 24 rt. angles,
find the number of its sides.

21. If each interior angle of a regular polygon be 11§ rt. angles,
find the number of its sides.

22. ABCDE is a regular pentagon, and AC is joined. Prove that
the bisector of the £ ACB is at right angles to CD.

23. Yrove that the triangle formed by joining the middle peints
of the sides of an equilateral triangle is also equilateral.

24. If a quadrilateral has all its sides equal, prove that its
diagonals bisect each other at right angles.
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25. ABC is a triangle of which the side AB is greater than the
side AC, if D is the middle point of BC and AD is joined, prove
that the Z ADB is obtuse.

26. If, in Ex. 25, E be any point on AD, prove that BE is greater
than CE.

27. Any point P is taken within a circle with centre O and
straight lines PA, PB are drawn to the circumference. If £ POA>
£ POB, prove that PA > PB and conversely.

28. Through any point X within a circle the diamecter AB is
drawn, such that the centre of the circle lics on AX. Prove that AX
and BX are respectively the greatest and the least of all the straight
lines that can be drawn from X to the circumiference.

20. Tn the AABC, the sides AB, AC are produced to D and E
respectively. such that BD=CE. If CD > BE, then AB > AC and
coneersely, if AB > AC, then CD > BE.

30. ABCD isa quadrilateral in which AB=CD and AC > BD.
Prove that ~ ABC > /£ BCD.

31. ABC is a triangle of which the side AC is greater than the
side AB. AD is drawn bisecting the angle BAC, and mecting BC
in D. DProve that CD is greater than BD.

32. Through a given point draw a straight line, such that the
perpendiculars on it from two fixed points may be on opposite side
of it and cqual to cach other.

33, ABCD is a parallelogram ; E and F arc the mid-points of AB
a regpectively, 1f DE, BF intersect the diagonal AC at G
and . ¢ that AG=GH=HC,

34. Prove that the medians of a triangle meet at a point which is
a point of triscction on each of them. Hence, find a method of
trisecting a given straight linec.

35,  Qonstruct a triangle having given the base, the perpendicular
from the vertex to the base, and the line joining the vertex to the
mid-point of the base.

36. ABC is a triangle. 1f AB, AC be produced to D and E res-
pectively, prove that the biscctors of the angle DBC, ECB meet at a
point which lies on the bisector of the angle BAC.

37. Construct a right-angled triangle having given the hypo-
tenuse and the sum of the sides.

88. Prove that the locus of the vertices of all right-angled
triangles which have a comimon hypotenuse is a circle.
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39. Construct an isosceles triangle having given the base, and the
::)n:;l oé one of the equal sides and the perpendicular from the vertex
e base.

40. AB, AC are two given straight Iines ; through a given pt. D
between them, draw a straight line meeting AB, AC in G and H, so
that GH may be bisected at D.

41. OA, OB, OC are three given straight lines, of which OB lies
between OA and OC. Draw the straight line terminated by OA and
OC, and bisectgd by OB,

42. ABCD is a parallelogram, and MN is an unlimited straight
line outside jt. If AP, BQ, CR, DS be perpendiculars to MN,
prove that AP+ CR=BQ+DS.

43. Construct a triangle, having given the base, an angle at the
base, and the difference of the sides.

44. BC is the base of an isosceles triangle ABC. EAD is drawn
parallel to BC, and any point P is taken on AD. Prove that
BP+PC > BA+AC.

Prove also that if Q be any point above the line DE, BQ+QC
> BA+AC.

Hence, prove that if R be any point abore BC, such that
BR+ RC=BA+AC, then R must be below DE,

45, Of all triangles which stand on the same base and which
have their vertices in a straight line parallel to the base, prove that
the triangle which is isosceles, has the least perimeter.

46. Prove that any side of a triangle is greater than the differ-
ence of the other two sides. Hence, prove that if P is a point in an
unlimited straight line MN, such that PA and PB are equally
inclined to it, where A and B are two fixed ﬁoints on opposite sides
of MN, then of all points in the given straight line, P is that the
difference of whese distances from A and B is the greatest.

47. Construct a triangle having given the threc medians.

be [To the ﬁgclinje of Mise, Prop. No. 4 ; notice that the ABGH can
constructed.

48, If two of the medians of a triangle arc equal, the triangle is
isosceles,

49. Find the locus of a point which moves, so that the sum or
difference of its distances from two intersecting str. lines at rt.
angles to each other is always a constant.

50, If the sides of & triangle are unequal, prove that the bisector
of the vertical angle lies between the median and the perpendicular
from the vertex to the base. ‘
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BOOK 1II
AREAS

CHAPTER I
DEFINITIONS

1. The area of a figure is the amount of surface enclosed
by its bounding lines.

2. A square inch is the area of a square described on a
side one inch long.

A square centimetre is the area of a square described on a
side one centimetre long.

Square
Inch.

Sq

Cm.

Similarly, the terms a square foot, a square yard, a
square mile, etc. are used in the same sense.

8. The unit of area is the area of a square on a side of
one unit length.

Thus, if the unit of length is an inch, the unit of area is a
square inch; if the unit of length is a centimefre, the unit of
area is a square centimetre ; etc.

4, To measure the area of a figure is to find how often
the figure contains the unit of area.

5. The area of a rectangle.

Let PQRS be a rectangle of which the length PQ=4 units
and the breadth QR=3 units.
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Divide PQ into four equal parts and QR into 3 equal parts
and through the pts. of division Q P
in either side, draw lines para-
1lel to the other; then the whole
rectangle is divided into 3 rows
of squares, a side of each square
being equal to the unit of length.
There are 4 squares in each row ;
the total number of squares=3
times 4=12, and hence, the arean R s
of the rectangle =12 units of area.

Similarly, if the length=ga units and the breadth =5 units,
the area of the rectangle=a x b units of area.

Hence, if the side of a squarc=a units,
its area=a x a units of area
=¢? units of area,
or, briefly, the area of a rectangle =length x breadth ;
the area of a square=side X side.

NoTaTION

6. The square on the side AB is written as AB?2, or
8q. on AB.

A rectangle is said to be contained by any two of its'
adjacent sides. Thus, the rectangle ABCD is contained
by AB and BC and is briefly written as “the rect. AB, BC”,
or “AB. BC".

A four-sided figure is very often named by the two letters
at opposite corners. Thus, the rectangle ABCD might be
named the rect. AC or the rect. BD.

DEeriNITION

7. Any side of a parallelogram or a triangle may be
called the base. '

The altitude (or height) of a parallelogram with reference
to a given side as base is the perpendicular distance between
the base and the Qpposite side.
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Thus, in fig. 1 below, CM is the altitude of the par™ AC
with reference to AB as base.

The altitude (or height) of a triangle with reference to

a given side as base is the perpendicular distance of the
opposite vertex from the base.

For cxample, in fig. 2 below, CM is the altitude of the
A ABC with reference to AB as base.

8. Parallelograms or triangles which are between the same
parallels have cqual altitudes.

D [ H G F
5 i ;
' H '
E : :
i : : :
A M B N F A M B8 O N E
Fig. 1. Fig. 2.

Thus, in fig. 1, the parallelograms AC, EG are between the
same parallels AF and DG. The ficure CMNH is clearly a
rectangle.

S CM=HN.,

Also, in fig. 2, the A° ABC, DEF are between the same
parallels AE and CF. The ficure CMNF is evidently a
rectangle.

CM=FN.



CHAPTER 11
THEOREMS
THEOREM 27

Pagrallelograms on the same base and between the same
* parallels (hence, of the saine altitude) are equal in area.

A D E E

8 Cc

Let the par™ ABCD and EBCF be on the same base BC
and between the same parallels AF, BC.

It is required to prove that the par™ ABCD and EBCF are
equal in area. ,

Proof. Since DCis Il to AB,
.. the £ FDC=the int. opp. ZEAB.

Again, since EB is | to FC,
. the ZDFC=the ext. LAEB.

Thus, in the two A’ FDC, EAB, we have
the LFDC =the L EAB,
the £/ DFC =the £ AEB,
and DC=AB; opp. sides of a par™.
<. the two A’ are equal in all respects. Th. 18.

Hence, the whole quadl. ABCF minus the AFDC

=the whole quadl. ABCF minus the A EAB.
»"» the par™ ABCD=the par™ EBCF.
Q. E. D.
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9. Area of a Parallelogram.

Let ABCD be a par™ on the base F A E D
8C. Draw CE L {0 AD; then ECis
the altitude of the par™.

Draw BF | to CE, meeting DA
produced in F. Then, FBCE is a
rectangle, and it is contained by BC
and CE. 8

C

Now, since FC and AC are par™ on the same base and
between the same parallels,

.. area of the par™ ABCD
=garea of the rect. BCEF
=BCXEC
=hage X altitude.

COR. Parallelograms on equal bases and of equal allitudes
are equal in area.

This follows easily, because the area of a par™ depends
only on its base and altitude.

Ex. Find the area of a par™ whose base is 5 ft. and
altitude 3 ft.

Area reqd. = base x altitude =53 sq. ft.=15 sq. t.

EXERCISE 1

1. Divide a given parallelogram into four equal parallelograms.

2. A parallelogram and an cqual rectangle stand on the same
base and are on the same side of it. Show that the perimeser of the
parallelogram is greater than that of the rectangle.

3. Find the area of a parallelogram two of whose adjacent sides
are 4 em. and 5 ecm., and the included angle between these sides
is 30°,
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THEOREM 28

Triangles on the same base and between the same
parallels (hence, of the same altilude) are equal in area.

E A D F

B C

Let the A* ABC, DBC be on the same base BC and bet-
ween the same ||* AD, BC.

It is required to prove that the A* ABC, DBC are cqual in
area.

Draw BE | to CA, meeting DA produced in E : and draw
CF Il to BD, meeting AD produced in F.

Proof. EBCA and DBCF are par™; and they are on the
same base BC, and between the same " EF, BC.
the par™ .EBCA=thc par™ DBCF. |
But, the A ABC=half the par™ EBCA ;
and the ADBC =half the par™ DBCF. }

.. the AABC=the ADBC.

Th. 23.

Q E. D.
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COR. Triangles on the cqual bascs and of the same altitude
are equal in area.

Let ABC and DEF be A D
two A’ on equal bases BC
and EF, and having equal
altitudes AP, DQ.

B P C E E Q

Suppose the ADEF taken up and so placed that EF may
coincide with BC, and D may fall on the same side of BC as A.
Then, the two A" will be on the same base and of the same
altitude, and hence, they are equal in area.

Note. Hence, triangles on equal bases and betieen the same
parallels are equal in area. For, triangles between the same paral-
lels are of the same altitude.

Ex. 1. Any median of a triangle divides the triangle into
two cqual parts.

For, the triangles on the two sides of the median are on
equal bases and have a common altitude.

Ex. 9. Any diagonal of a parallelogram divides the
parallelogram into two equal parts.

For, the parallelogram is divided by the diagonal into
two triangles which stand on equal bases and are of equal
altitudes.
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THEOREM 29

If a triangle and a parallelogram be on the same base
and between the same parallels, then the area of the triangle
¢s equal to half that of the parallelogram.

E D A

8 C
Let the AABC and the par™ BCDE be on the same base
8C, and between the same ||’ EA, BC.

It is required to prove that the A ABC is half of the par™
8CDE.

Proof. Join BD.

The diagonal BD bisects the par™ EC ;
the ADBC is half of the par™ BCDE.

But the ADBC=the AABC; kecause they are on the
same base BC, and between the same ||’ BC, DA ;
+*. the A ABC is half of the par™ BCDE.
Q. E. D.
COR. The area of a triangle is equal to half that of a
rectangle contained by the base and altitude of the triangle.

Let ABCbe a A of which BC E D A
is the base and AP, the altitude.

Draw AE || to PB; also draw CD
and BE each || to PA, meeting AE
in D and E respectively.

gt-—----=--

=] Cc

Then the par™ EC and the AABC are on the same base,
and between the same I, .. the AABC=1% of the par™ EC.
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But, since CD is || to PA, the par™ EC is evidently a rect-
angle ; and it is contained by BC and CD, i.e., by BC and PA.

.. the AABC=1 of the rect. contained by BC and PA.
®
10. The area of a triangle.
Let BC=a units and the altitude PA=yp units of length.

.". area of the triangle ABC
=14 of the area of the rect. contained by BC, PA
=1BC x PA=4ap units of area.

The result may also be expressed as follows :—

(i) area of a triangle
=1.base X altitude.
(ii) altitude=1twice the area--base ;
(iii) base=twice the arca-+ altitude.
Ez. 1. Find the area of a triangle whose base and alti-
tude are 7 cms. and 4 cms. respectively.
The reqd. area=3. base X altitude
=1x7x4sq. cm.
=14 sq. cm.
Ex. 2. The area of a triangle is 54 sq. ft. If the altitude
is 18 ft., find the base.
' The base required
—2xarea_2x54 o
©  altitude 18
=6 ft.
11. Area of a trapezium.
TLet ABCD be a trapezium with AB par’to CD.

Let AB=a units of length M D b c
CD =} units of length.

Draw AM perpendicular
* on CD and CN perpendicular
on AB.
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Evidently, AMCN is a rectangle.
Hence, AM=CN=2 units (say).

.°. the area of ABCD=the AABC+the AACD
=3ap+ibp '
=4(a+ b)p units of area,

1.e. the area of a trapezinm
=1, thc swm of the parallel sides X the perpendicular
distance between these sides.

12. Area of a rhombus.

T.et ABCD be a rhombus so that D
the diagonals AC, BD bisect cach
other at right angles.

.. the area of the rhombus ABCD
=the AACB+the AACD

=1x ACXBO+4x AC X DO, A\o c

[*.* BO and DO arc L™

. on AC.]

=3x ACx(BO+DO)

=4 X ACx BD

=34, the product of the dia-
gonals.

8

A square is a thombus with its diagonals equal.
The area of a square
=1.(diagonal)2.

13. The area of a quadrilateral.
Let ABCD be a quadrilateral.

T.et p and ¢q be perpen-
dicular distances of B and D
from AC.
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The arca of the quadrilateral ABCD
=the A ACB+the AACD
=1.ACxp+3.ACXq
=5ACX (p+q)
=%.diagonal X sum of the distances of
opposite vertices from the diagonal.

THE AreA oF ANY RecTiniNEAaL FiGure

14. (i) The Method of triangulation.
The area of a polygon may be found out as above by divi-

ding it into triangles whose areas can be separately calcula-
ted. The sum of these arcas will be the area of the given

figure.

Example. The pentagon Ia)
ABCDE can be divided into
8 triangles ABC, ACD, ADE,
the arcas of which can be
caleulated by measuring
the bases AC, AD and the
altitudes BX, CY, EZ.

’

C
i
i

)
[
]
'

Xpeeaall) 8

[
]
[
'
]
[
1]
[

Notk. The perpendiculars, BX, CY, EZ are called offsets.

(ii) The “Field Book” Method. The area of a polygon
may also be found by taking a base line (¢.g. AC in the
diagram below) and drawing offsets i.e. perpendiculars from
the vertices of the polygon to the base line, The dgure is
divided into right-angled triangles and trapeziums whose
areas may be calculated by the measurement of the offsets
and the sections of the base line made by the offsets.
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Example. Find the area of the fizure ABCDE from the
following plan and table of measurements.

A

Dz=28 AZ=50

EX=40 AX=20

YARDS

AC=61

AY =40 BY =22

Here the fig.= AABC+ ADCZ+ A AEX+trap™ DEXZ.

Now, AABC=4%. AC.BY =
ADCZ=%.CZ2.DZ=%4%x11x28=154sq. yds.
AAEX=4% AX. E —5x20x40 400 sq. yds.

trap™ DEXZ=4. (DZ+EX). XZ=%x68x 30=1020 sq. yds.

.~ Adding up, the total area reqd.=2245 sq. yds.

3 x 61 x22=671 sq. yds.

NoTe. The above table is briefly recorded as follows :

YARDS

TocC
61
ToD28 I50)

‘ 40
To E 40 20

TFrom A

22 to B

The distances are mea-
sured from A along the base
line to the points from which
the offsets spring and are
recorded in the central
column. The measures of
the offsets are recorded on
the right or on the left of
this column according as
they are to the right or to the
left of the base line.
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THEOREM 30

Fqual triangles on the same base are of the same alte-
tude.

A D

8 P C Q

Liet the A° ABC and DBC, standing on the same base BC,
be equal in area.

Let AP and DQ be the altitudes of the A° ABC and DBC.
It is requived to prove that AP=DQ.

Proof. The AABC=1 the rect. BC.AP
and the ADBC=} the rect. BC.DQ
.’ the rect. BC.AP=the rect. BC.DQ
o e AP=DQ. Q. E. D.
Norg. 1t may be similarly proved that cqual triangles on equal
bases are of the same altilude.
COR. Equal triangles on the same base (or on equal bases
in the same straight line) and on the same side of it are betwecn
the same parallels.

For, in the above diagram, AP being equal and | to DQ,

AD is || to PQ, i.c., to BC.
EXERCISE 2

If A, a, p are the arca, basc and altitude of a triangle respectively,
find

1. A when =12 cm. ; p=7 cm.

2. @ when A=144 sq. ft. ; p=24 ft.

3. p when a=12in.; A=30sq. in.

4. A when a=0p;p=3 ft.

5. @ when A=125 sq. em. ; p=10a.

6. Find the area of a par™ if the base=15 ft. and height=
3 yds.

9
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7. Find the arca of a rhombus if its diagonals are (i) 7 cm. and
20 em. ; (ii) 8 ft., 17 ft.; (iii) b yds., 12 ft.
8. Find the arca of a rectangle if the sides are (i) 10 cm. and
7 em. 3 (ii) 23 ft., 5 ft, ; (iii) 18 yds., 13 ft.
9. Find the area of a square when the side is (i) 5 in. ; (ii) 7 e
(iii) 3 yds.
10. Find the area of a square if a diagonal is (i) 7 £t. ; (ii) 12 cm. ;
(iii) 13 yds.
11, Prove that the four triangles into which a parallclogram is
divided by its diagonals are equal in area.

12. Prove that equal triangles on opposite sides of the same basc
have cqual altitndes. Henee, prove that if two equal triangles
ABC, DBC be on opposite sides of the same base BC, AD is bisected
by BC or BC produced.

13. BC and AD are the parallel sides of a trapezinm and E is
the mid-point of CD. Prove that the AAEB is half of the whole
figure.

14. If two triangles have two sides of the one equal to two sides
of the other, and the contained angles supplenentary, show that
the two triangles can be so placed as to form two parts of the same
triangle, and hence that they are equal in area.

15. If two sides of a triangle are given, prove that the avea is
greatest when the included angle is a right angle.

16. Prove that if a quadrilateral be bisected by each of its diago-
nals, it must be a parallclogram.

17. 1f E, F be the mid-points of the sides AC, AB of a triangle
ABC, prove that the triangle AEF is once-fourth of the whole
triangle ABC.

18. D, E are the mid-points of the sides AB, AC of a triangle
ABC ; and P is any point in BC produced. I’rove that the triangle
PDE is onc-fourth of the triangle ABC.

19. 1f two parallelograms have two adjacent sides of the one
respectively equal to two adjacent sides of the other, and the included
angles supplementary, prove that the parallelograms are equal
in area.

20. 'On the base of a given triangle, draw an isosceles triangle
of equal area.

21, If the middle points of the sides of a quadrilateral are joined
in order, the parallelogram se formed is half the quadrilateral.
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22. ABCD is a par™, If any point P be taken within it, prove
that the A+ PAB, PCD arc together equal to half the par™,

23. AD is a median of the AABC. Yf P be any point on AD,
prove that the APAB=the APAC.

24, Prove that the area of a thombus is half the product of its
diagonals.

25, The base of a triangle is divided into three equal parts. Prove
that lines drawn from the vertex to the points of division divide
the triangle into 3 equal parts,

26. Prove that the sum of the distances of any point within an
cquilateral triangle from 1ts sides is the same for all positions of the
point.

27. Prove that the sum of the distances of any point within a
rhombus from its sides is the same for all positions of the point.

28. On the base AB construct a par™ ABEF equal in area to a
given par™ ABCD, such that the Z ABE is 45°.

20. On the base AB construct an isosceles triangle equal to a
given par™ ABCD.

30. The sides of a rt. angled triangle are b, 12 and 13 ft. Find
its height with reference to the hypotenuse as base.

31. Find the area of a trapezium if the parallel sides and the
altitude arc (1) 11 ft., 9 ft.; 8 ft.:

(i1) 13 {t., 19 ft.; 2 yds. ;
(1ii) 9em, 2l emn; 3em.

32. Prove that any str. line through the point of intersection of
the diagonals of a parallelogram biscets it. ITTence, show how a
parallclogram may be bisected by a str. line drawn

(i) through a given point ;
(ii) par* to a given line;
(iii) perpendicular to a given line,

33. Tind the locus of the vertex of a triangle on a fixed base and
having a constant arca.

34. Tind the locus of the point of interscetion of the diagonalg
of a parallelogram on a given fixed base and having a constant
area.

35. A square and a thombus stand on the same base. Prove that
the rhombus has a lesser area. ¢
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CHAPTER III
PROBLEMS ON AREAS

PROBLEM 17

To construct a parallelogram equal to a given triangle
and having one of its angles equul to « given angle.

A F G

Let ABC he a given 4, and D the given 2.
It is required to construct @ par™ equal to the AABC, and
having onc of its £ "=the £ D.

Construction. Bisect BC at E.

At E in CE, make the ZCEF=the £D; draw CG || to EF;
draw AG | to BC, meeting EF and CG in F and G respectively.

Then, the fizure FC is the required par™.

Proof. Join AE.

Since, the two A® ABE, AEC are on equal bases BE, EC,
and of the same altitude ;

the AABE=the AAEC.
.. the AABC is double of the AAEC............(a)

The quadl. FC is a pax™, because its opposite sides are |l

Now, the par™ FC and the A AEC are on the same base EC,
and between the same II' AG, EC;

. the par™ FCis double of the A AEC................ (8)
Hence, from () and (8), the par™ FC=the AABC;
and it has also the L CEF=the £D. Q. E. F.

COR. To construct a rectangle equal in area to a
given triangle.

If in the above problem, ZD=90°, the par™ constructed
will be a rectangle,
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PROBLEM 18

To construct a triangle equal in area to a given
quadrilateral.

A B E

Let ABCD be the given quadrilateral.

It is required to construct a triangle equal in area to ABCD.

Construction. Join DB.

From C draw CE par' to DB, meeting AB produced at E.
Join DE.
Then, AED is the required triangle.
Proof. Because the A’ BDE, BDC are on the same base
8D, and between the same parallels DB, CE.

<+ the ABDE=the ABDC in area.

To each of these equals add the AABD;

then, the AAED=1the fiz. ABCD.
Q. E. F,
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PROBLEM 19
To construct a triangle equal in area to any given
rectilineal figure.
A

F C D G

Liet ABCDE be u given rectilineal figure.

It is required to construct @ A cqual in area to the rectilineal
figure ABCDE.

Construction. Join AC, AD.

Draw BF || to AC, mecting DC producedin F; and draw
EG || to AD, meeting CD produced in G.

Join AF, AG.
Then, AFG is the required A.

Proof. The A* ABC, AFC are on the same base AC, and
between the same ||° AC, BF ;
<. the AABC=the AAFC......... rerrrenae, (et}

Also, the A®* AED, AGD are on the same base AD, and
between the same ||' AD, EG ;
~. the AAED=the AAGD..........cvvn . ...(B)

Hence, from («) and (8),
the AAFC+the AACD+the AAGD
=the AABC+ the A ACD+the AAED H

i.c., the AAFG=the rectil. fizure ABCDE. Q. E. T,

Note 1. The given rectil. figure is = the rectil. ficure ABCG
which has one s:de less than those of the given fizure. From this it
i8 clear that a seven sided rectil. figure can be reduced to one of six
sides, and this latter again to one of fire sides ; and 8o on. Thus, by
successive repetitions of the above proeess, any given reetil. figure
may be finally reduced to a triangle of cqual area.

NoTE 2. We can construct a rectanyle equal to any given rectil.
figure. For, all that we have to do is to reduce the given figure to a
triangle of equal area, and then constract a rectangle equal to this
triangle. (See Prob. 17)
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PROBLEM 20

To bisect a triangle by a straight line drawn through o
. given point in onc of its sides.

- ’
{

Let ABC be the given triangle, and P the given point in
the side BC.

Tt is required to bisecl the AABC by a str. line through P.

Construction. Join AP.

Through D, the middle point of BC, draw DE par' to PA,
meeting AB at E.

Join EP.
Then, PE bisects the A ABC.

Proof. Join AD.

Because the A* EDP, EDA arc on the same base ED,
and between the same parallels ED, AP ;
S the AEDP=the AEDA in area.

To each of these equals add the AEBD.

Then, the AEBP=the AABD.
But BD=DC
.. the AABD=the AACD
=! the AABC.
Ience, the AEBP=1 the AABC.

Q. E. I
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PROBLEM 21

To trisect a lriangle by straight lines drawn through a
given point in one of tts sides.

B D P E o)

Let ABC be the given triangle and P the given point in
the side BC.

It is vequired to triscct the A ABC by straight lines drawn
through P.

Construction. Join AP.

Trisect BC at D, E and through D, E draw lines DF, EG
par! to PA, meeting the sides BA, CA at F and G respectively.

Join PF, PG.
Then, PF and PG triscct the AABC.
Proof. Join AD. AE.

Because the A* PDF, ADF stand on the same bfme DF and
are between the same par® DF, PA;

.. the APDF=the AADF.
To each of these equals add the ABDF.
Then, the ABPF=thc AABD.
But, *© BD=DE=EC,
., the AABD=the AADE =the A AEC=%AABC. Th. 28, Cor.
Hence, the ABPF=% A ABC. '
Similarly, the ACPG=} AABC.
. the remaining figure AFPG=4% AABC;
i.e,, the lines PF, PG trisect the A ABC. Q. E. R

N.B. Students are always required to show distinctly all traces
of constructions.
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PROBLEM 22

To bisect a quadrilateral by a str. line drawn through
an angular point.

B

Let ABCD be the given quadrilateral and A the given
angular point.
It is required to biscct ABCD by a str. line drawn through A.
Construction. Join AC, BD.
Let the AABC be > AADC.

. Bisect BD at E and through E draw EF par' to AC, meet-
ing BCat F.

Join AF.
Then, the line AF bisccts the quadrilateral ABCD.
Proof. Join AE, CE.

Because the A® ACE, ACF stand on the same base AC and
are between the same par® AC, EF.

A ACF= AACE.
To each of these equals add the AACD.
Then, the fig. ADCF=the fig. ADCE.

But the fig. ADCE= AADE+ ACDE
=}aABD+3ACBD [ DE=4BD.]

=1}, quadl. ABCD.

. the fig. ADCF=1. quadl. ABCD,
i.e, AF bisects the quafdl. ABCD. Q.E. I,
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PROBLEM 22. SKCOND METHOD

Construction. Join AC.
Let the AABC be > AACD.
Draw the A ABE =the quadl. ABCD. Prob.- 18.

Bisect BE at F.
Join AF.
Then, AF bisects the quadl. ABCD.

Proof. Since BF=1.BE, .. AABF=3} AABE=1%}. quadl
ABCD,
i.e., AF bisects the quadl. ABCD.
Q. K. .

NoTE. The condition that AABC is > AADC is necessary ;
otherwise F would lie on BC produced, in which case the above
construction fails.
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PROBLEM 23

To construct a parallelogram equal in area to a given
parallelogram having one side of given length.

F G

L.et ABCD be the given par™ and L the given side.

It is required to construct on a side=1L., a par™ cqual in area
to ABCD.

Construction. Irom AB, cut off AE=L. Join ED.
Through B draw BF par'to ED, mecting AD produced at F.

Through F draw FG par’ to AE and through E draw EG
par’ to AF, to meet FG at G.

Then, AEGF is the required par™.

Proof. Join EF, BD.
Now, the par™ AEGF has the side AE=L.

Also, °' the A°DEF, BED stand on the same base
DE and are between the same par™ ED, BF,

.. the ADEF=the ABED.
To each of these equals add the A AED,
.. the A AEF=the AABD.
But, par™ AEGF=2A AEF and par™ ABCD=2A ABD, Th.23.
.. par™ AEGF = par™ ABCD. Q. E. F.

N. B. Notice that any other par” which has the same base AE
and is between the same par® AE, FG is also the required par™.

Notr. If the required par™ must have also an angle equal to a

iiven angle, draw the line AH, such that ZEAH=the given angle.

et AH mect FG at H. Complete the par™ AEIH, which is the
reqd. par™. .
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PROBLEM 23. SECOND METHOD

F K G

C
/\ H
\/ )
B E
Construction. Produce AB to E, so that BE=L. Join

€C and produce it to meet AD produced at F. Complete the
par™ AEGF.

Produce BC to meet FG at K and DC to mect EG at H.
Then, KCHG is the required par™,

Proof. Because the line ECF hisects the par™BH, DK, AG;

.. the AHCE=the ABCE;
the AKCF=the ADCF;
the AGEF=the A AEF.

Hence, A GEF~- AHCE — AKCF= AAEF - ABCE — ADCF.
o par™ KCHG=par™ ABCD.
Also, the side CH=BE=L. Q. E. F.

15. In the above figure, the par™ BH, DK are called
parallelograms about the diagonal EF and the par™ AC,
CG are called their complements.

N. B. Notice that complements of the parallelograms which are
about the diagonal of a par™ are equal.

zlhus, in the above figure, par™ AC, CG have been proved to be
equal, .
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EXERCISE 3

1. On the side of a parallelogram draw a parallelogram of cqual
area having an angle equal to (i) 45°; (i) 60° ; (iii) 90° ; (iv) 120°;
(v) 15°,

2. On the base of a triangle draw a triungle of equal area having
an angle at the base equal to a given angle.

3. Construct a triangle whose sides are 35 cm., 4 en., and 3 cm.,
and transform it (i) into an equivalent right-angled triangle and
(ii) into an equivalent isosceles triangle having the base 4 cm.in
each case.

4. On one side of a triangle construct a parallelogram of equal
area having one of its angles equal to a given angle.

5. On one side of a triangle as base construct an isosceles triangle
equal to half the given triangle.

Hence, show how to construct a rhombus equal in area to a.
triangle having one side of the triangle as a diagonal.

6. P is a given point in the side AB of a triangle ABC. Find a
point D in BC produced, so that the triangle PBD may be equal to
the triangle ABC.

7. ABC is a triangle and P is a point in BA produced. Find a
point D in BC, so that the triangle PBD may beequalto the triangle:
ABC.

8. On agiven base construct a triangle equal in area to a given
triangle.

[Let ABC be the given A and X, the given base. Cut off from
BC, (or BC produced if neccessary), BD equal to X. Join AD.
Through C draw CP || to DA mecting BA or BA produced in P.
Then, APBD is one of the required triangles.]

9. The sides of a triangle are 10 ¢m., 12 em., 14 em. Construct a
triangle of equal area, one of whose sides is 9 cm.

10. Draw a triangle whose sides are 5", 6", 75". Draw an equi-
valent triangle, one of whose sides “is 10”. [1 inch is written as 1".]

11. On a given base draw an isosceles triangle equal in area to a
given triangle.

12. On agiven base describe a triangle having a given angle at
the base and equal in area to a given triangle,
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13. On agiven base AB construct a rectangle equal to a given
square.

14, On a given base AB construct a rectangle equal to a given
rectangle.

15. Draw a parallelogram ABCD with its sides AB, AD equal to
given straight lines and its arca equal to that of a given rectangle
AEFG.

D .C
H
Y
x| G F
A 3

B

Let «, y be the given str. lines and suppose AB=g and AD=y.

Along AE or AE produced, sct off AB=z. Join BG. Draw EH
parallel to BG to cut AG or AG produced in H. Draw HDC parallel
to AE. With centre as A and radius AD (=y) draw an arc cuttling
HDC at D. Complete the par™ ABCD.

Evidently, the par™ AC=the rect. HB=the rect. AF, by Ex. 14.

16. On a given base AB construct a par™ equal in area to a given
par™ and having one of its angles equal to a given angle.

17. On a given str. line construct a par™ equivalent to a given
triangle and having one of its angles equal to a given angle.

[On double the given base, construct a A equivalent to the given
triaggle (See Ex. 8). Then apply Prob. 17.]

18. On a given base construct a rectangle equivalent to a given
triangle.

19. Draw a par™ with sides 5”, 3" and the contained angle 30¢,
On the same base construct a rhombus equal to its area, noting the
case of failure, if any.
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20. Describe a par™ (i) equal in arca to a given quadrilateral ;
(i) equivalent to a given rectilineal figure,
and having an angle cqual to a given angle.

21. Draw a rectangle equal to a given (i) quadrilateral ;

(ii) pentagon.

22. Draw a rhombus equal to a given (i) triangle; (ii) quadrilateral

and (iii) pentagon.

23. Divide a triangle into five equal parts by lines drawn through
one of its angular points.

214, Divide a trianygle into two parts in the ratio1 : 4 by a str.
line drawn through a point in any one of its sides.

25. Divide a triangle into two parts in the ratio 2 : 3 by a line
drawn through a vertex.

26. Divide a triangle into two parts in the ratio3:4 by a line
drawn through any point in a side.

27. Divide a triangle into any number of equal parts by drawing
lines from a vertex.
Hence, divide a given triangle into two parts in the ratio m : % by
aline (i) drawn through a vertex ;
(ii) drawn through any point in its side.
28. From a quadrilateral cut off’ a third part by drawing a line
through one of its vertices.
(In Prob. 22. 2nd Mcthod, cut oft BF=-1BE, then, AABF is
clearly athird part.]}
29, Draw a line through a vertex of a quadrilateral dividing it
into two parts in the ratio 2 : 3.
30. DBiseet a quadrilateral by a str. line drawn through @ given
point en one of the sides.
[With the given pt. as vertex, draw a triangle=quadl. (See Prob.
18) and join the pt. with the mid-pt. of its base.]

31. Trisect a parallelogram by lines drawn through an angular
point.

32, Divide a par™ into two parts in the ratio 2 : 3 by a line drawn
through an angular point.
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PYTHAGORAS THEOREM
TUEOREM 381

In a right-angled triangle the square described on the
hypotenuse is equal to the swum of the squares described
on the sides containing the vight angle.

G
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Let ABC be a right-angled A, having'the right angle at A.
Let BCDE, ABFG and ACHK be the squares described on BC,
AB and AC respectively. .

Itis required to prove that the sq. BD=the sum of the
squares AF and AH.

Draw AP || to BE or CD, meeting DE in P.
. Join, AE, CF.

Proof. Since, each of the adj. £°BAC,BAGisart. £,
.. CA and AG are in one str. line.
Now, the £ CBE=the ZABF; [each being a rt. L}

. adding the £ ABC to each of them, we have the whole
/ ABE =the whole ZFBC.
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Then, in the two A* ABE, FBC, we have
AB=FB,
BE=EC,
and the ZABE=the £FBC;
the two £* are equal in all respects.

Now, the AABE and the rect. BP are on the same base BE,
and between the same |I* AP, BE ;

.. the rect. BP=twice the A ABE.

Also, since the AFBC and the sq. AF are on the same base
FB, and between the same |I' GC, FB,

.. the sq. AF=twice the AFBC.
Hence, the rect. BP = the sq. AF.

Similarly, by joining AD and BH, it may be shown that
the rect. CP=the sq. AH.

.. the rectangles BP and CP are together
=the sum of the squares AF and AH,

1.¢,, the sq. BD=the sum of the sqs. AF and AH.
! Q. E. D.

Note. This theorem was discovered by Pythagoras.

18. The above result may be briefly written as follows :
BC?=CA?+ AB2,
.., if @ and b denote the lengths of the sides containing
the right angle and c¢=the length of the hypotenuse then
c2=qa?+b% '
Hence, at=c?-b?%
and b2=c?-al.
Thercfore, when any two sides of a right-angled triangle are
known the third side can be found out.
10
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Ex. 1. If the sides of a right-angled triangle containing
the rt. angle are 3 cm. and 4 cm., find its hypotenuse.

Let the hypotenuse=c¢ cm.
S 2=82+442=90416=25,
i.e, c=.25=0.

Hence, the hypotenuse=5 cm.

Ex. 2. A ladder 13 ft. long is placed with one of its ends
on a horizontal plane so as to reach the top of a vertical wall
12 ft. high. How far is the foot of the ladder from the wall ?

Let the distance reqd.=x ft.

Then, clearly the ladder [orms the hypotenuse of a right-
angled triangle whose sides contalning the rt. £ are 12 ft.
and « ft.

S 182=122 4 22,

or, 169=144+ 22,

or, x*=169-144=25;
x= /25=>5.

17. In the course of the proof of Th. 31, the following
important results have been established :

If BC and AP intersect at N, then it has been proved that
the sq. AF=rect. BP,

i.e, the sq. on AB=the rect. contained by BN, BC.
|*." BE=BC]
Also, the sq. AH=the rect. CP,

i.e, the sq. on AC=the rect. contained by CN,BC.["."CD=BC]

These results may also be A
expressed thus: If ABC be a
triangle right-angled at A and
AN is drawn perpendicular
on the hypotenuse BC, then
AB2=BN.BC and AC2=CN.BC. 8 C—



PYTHAGORAS THIEOREM 147
THEOREM 82

If the square descrihed on one side of a triangle be
cequal to the swmn of the squares described on the other
bwo sides,  then the ungle conlained by those two sides s
a right angle.

B8 c

Let ABC be a triangle, such that BC?=CA?%+ AB2.
It is required lo prove that the £ BAC is a right angle.

Draw AD L to AC, and make AD= AB.
Join DC.

Proof. Since the ZCADisart. Z,
.. DC*=CA2+AD?
=CA2+ AB2.

Hence, the sq. on DC=the sq. on BC;
DC=BC.

‘Now, in the two A* ABC, ADC, wo have
AB=AD, Cons,
AC common,
and BC=DC,
.. the two A’ are congrucnt.

Hence, the ZBAC = the ZDAC=art. £. Q. E. D.

Ex. 1. We have 32+42=52, Hence, if the sides of a
triangle are 8, 4 and B units of length respectively, the
triangle is right-angled.
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Ex. 2. Again, since 52+122=132, .*, the triangle whose
sides are B, 12 and 13 units of length respectively, is right-
angled.

Ex. 3. Wehave (m?—-n?)2+(2mn)?=(m2+n?)2.
. If the sides of a triangle are m2-n2, 2mn and
m?2+n? units of length respectively, the triangle is right-

angled.

Hence, for each pair of numbers that may be substituted
for m and n, we shall get a set of three numbers representing
three str. lines which can form a right-angled triangle. Thus,
if m=2 and n=1, we have the sides equal to 3, 4 and 5 units
respectively ; if m=4 and n=35, we have the sides equal to 7,
24 and 25 units respectively ; if m=4 and n=1, we have the
sides equal to 15, 8 and 17 units respectively ; and so on.

EXERCISE 4

1. Find the hypotenuse of a right-angled triangle if the sides
containing the rt. Z are
(i) 3, 4; (i) 5,12; (iii) 8 15;
(iv) 24,105  (v) 7,24; (vi) 11,17
2. If the hypotenuse and a side of a rt.-angled triangle are
(i) 25, 7; (iy) 17, 85 (iii) 26,10; (iv) 25,24; (v) 13,10; find the
third side in each case.

3. Prove that a triangle is right-angled if its sides are '
(i) 6 8, 10; (ii) 10,24,26;  (iii) 14, 48,50,
(iv) 16,30, 384; (v) 15,20,25; (vi) 28, 4b, 33.
4., If a man starting from a place A travels 12 miles due North

and then 5 miles due East, how far is he from A at the end of his
journey ?

5. A ladder 37 feet long rests with one end on the ground and
the other on the top of a wall. Calculate the height of the wall if
the distance of the foot of the ladder from the wall be 12 feet.

6. Two posts 25 ft. and 32 ft. high are 24 ft. apart. Find the
distance between their tops.

7. A rope 68 ft. long is tied to the top of a vertical post. When
stretched tight, it touches the ground at a distance of 32 ft. from
the foot of the pest. Find the height of the post.
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8. Arod 13 fect long is held vertically in a tank of water, one
end of the rod reaching the bottom of the tank, and the other being
abore the surface of the water. Another rod of cqual length is held

.in a slant position, one end being in contact with the lower end of
the first rod and the other being on the surface of the water. If the
apper cnd of the second rod be 5 feet distant from the point where
the first cuts the surface of water, calculate the length of that
portion of the first rod which is above the water.

9. Find the diagonal of a square if its side is (i) 4 ft. ; (ii) 32 cm. ;
(iii) 15 yds. ; (iv) a ft.

10. Find the diagonal of a rectangle whose adjacent sides are
{i) 5 ft., 12 ft.; (i) 8 cem., 15cem.; (i) @ ecm., b e

11. If the diagonal of a rectangle is 26 ft. and its length 24 ft.,
calculate its area.

12. Find the side of a rhombus if its diagonals are 21 em., 72 em.

13. If the base and altitude of an isosceles triangle are 4'8 cm.
and 4'5 cn., find the sides.

14. If the basc and one of the equal sides of an isos. A are 42 ft.
and 7'D ft. respectively, find its altitude and area.

15. Find the altitude of an equilateral triangle if its side is 15 ft.
Hence, find its area.

16. AD is the altitude of an equilateral triangle ABC. If AD and
BD respectively contain p and a2 units of length, prove that p*=3m?.

17. A square is half the square on its diagonal.

Hence construct a square (i) double a given square, and (ii) half
a given square.

18. Prove that the sum of the squares on the sides of a rhombus
is equal to the sum of the squares on its diagonals.
19. ABCD is a quadrilateral in which the diagonals are at right
angles. Prove that
AB?+CD?=BC?+AD?.
20. ABC is a triangle right-angled at A, and D is a point on AC,
Prove that
BC?+AD?*=BD*+AC?.
21. Construct a rectangle, such that the square on its diagonal is
equal to five times a given square.
22. ABC is a triangle right-angled at A, AN is drawn perp. on
BC, meeting BC at N. Prove that
(i) AB*—~AC?*=BN?-CN?*;
(ii) AB*=BN.BC;
(iii) AC?=CN.BC.



150 MODERN GEOMETRY

23. Construct a square cqual in arca to the sum of two given
squares.

_ [Draw a rt.-angled A with the sides of the given square as the
sides containing the rt. Z. The sq. on the hypotenuse is the sq. reqd.},

24, Construct a square cqual in area to the difference of two
given squares,

25. Divide a given straight line into two parts, so that the sum
of the squares on the parts may be equal to a given square.

26. Divide a given str. line into two parts, such that the difference
of the squares on the parts may be equal to a given square.

SoME APPLICATIONS OF THE
TueEoREM OF PYTHAGORAS

1. To draw squares whose areas shall be respectively twice,
three times, four times etc. that of a given square.

Hence to deduce graphically the values of /2, J3, & B, ete.

Y

o A B ¢ Y
Let unit length represent the side of the given square.

Take two lines OX, OY at right angles and cut off OA, 0S8
each =1 unit. Join AS.

Then, AS2=0A2+08%2=1+1=2,

i.e, 5q. on AS is twice the given squares.
Also, AS= /2.

Next, cut off from OX, OB=SA and join SB.
Then, SB* =0B2?+0S2=AS82+082=2+1=3,

ie., thesq on SBis three times the given square.
Also, SB= 3.

Again, cut off from OX, OC=8B and join SC.
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Then, SC2=0C2+08%2=5B2+082=8+1=4,
i.¢, 8q. on SC is four times the given square.
Also, sC= V4.
SA, 8B, SC may be obtained by measurement and conse-

quently o2, /3, etc. may be found. Proceeding in this
manner, the values of /5, /6,...... may also be determined.

2. Ifthe sides BC CA, A3 of a lriangle be respectively equal
to a, b and ¢ units of length, and if 2s=a+b+c, prove that the

area of the triangle= A/s(s = u)(s — b)(s — ¢) unils of areca.

A

4

B8 z D a-z o}
Let the altitude AD of the triangle contain p units of length.

.. The area of the A =”§’ units of area.

Now, let BD be=g units of length ; then CD=a -2 units
of length.

From the AADB, we have p?=c¢2—x2;
and from the AADC, p2=02-(a—-x)2;
Sl -xt=bh2—(g—-2)2,
2-h24c?

a
whence &= -—_
20

We have p2=c¢2-2x?

—o (L LSy
a

[, 02=b+c\f a?—b2+c?
._{c+ 9 J{c %0 -—}

=(cta?=h? 2-(c—a)

- 24 * 20

=(c+a+ Ne+a—bb+c—alb=c+a)
4a2 y
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Now, since 2s=a+b+c,
cta-b=(a+b+c)-2b=2s~-b),
b+c—a=(a+b+c)-2a=2s-a),

at+b-c=(at+b+c)-2=2s-0c),

- pi= ds(s —al(s=b)(s—¢),

.. az

_2Vs(s—a)s=hiis=0c)

a

Hence, the area of the A ABC

-==—2~ = /sis—a)(s=bi(s—c) units of area.

8. AB is a given slraight line. Find a point P in AB,
or AB produced, such that the difference of the squares on
AP, BP may be equal to the squure on a given line CD.

C

8 P D

Construction. Draw BE -L to AB, making BE=CD.

Join AE ; and make the Z AEP=the LEAB.
Let EP meet AB, or AB produced, in P.
The point P thus found is the required point.
Proof. Since the ZAEP=the LEAP,

s, AP=EP.
Hence, AP2 — BP?=EP? — BP?

=gR?[". the ZEBPis a right£]
=CD2. Q. E. P.




CHAPTER V
MISCELLANEOUS PROPOSITIONS (II)
1. The straight line joining the middle points of any two

sides of a triangle is parallel to the third side and equal to half
of t.

B F C

Let D, € be the mid-pts. of the sides AB and AC of a
A ABC.

It is required to prove that DE is || to BC and is=%BC.
Proof. (1) Join BE, CD.
The A* BDC, ADC are on equal bases and of the same
altitude ;
.. the ABDC=the AADC;
and .*. tho ABDC=1 the A ABC.
Similarly, the ABEC=1 the AABC.
Hence, the ABDC= the ABEC.
.. DEis | to BC.
(2) Let F be the mid-pt. of BC ; join EF.

Then, since E and F are the mid-pts. of AC and BC,
s, EFis | to AB.
Hence, DF is a par™,
.. DE=BF=1}BC. Q. E. D,
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COR. Conversely, if through the middie point of a side of a
triangle a straight line be drawn parallel to another, it will pass
through the middle point of the third side.

In the above diagram, if DE be Il to BC, then the
ABEC=the ABDC.

. the ABEC=1% the A ABC.

Hence, the pt. E is the mid-pt. of AC (for, if any other
pt. E/ were the mid-pt,) the ABE'C would be half of the
AABC, which is impossible.

2. If D is the mid-pt. of the side BC of a lriangle ABC,
prove that AD bisects any straight line EF, drawn parallel to BC
and meeting the sides AB, AC at E and F respectively.

8 D c

Proof. Join DE, DF.
The A® BED, DFC are on equal bases BD, DC, and between
the same ||’ EF, BC;
.. the ABED=the ADFC.
Also, the AABD=the A ADC.
.. the AAED=the AAFD. Ax. 3.
Let EG and FH be the altitudes of the A' AED, AFD;
and let K be the pt. where EF cuts AD.
The AAED=1} the rect. AD.EG
and the A AFD =1 the rect. AD.FH.
.S EG=FH.
Now, in the A® EKG, FKH,
EG=FH, N
the ZEKG=the vertically opp. Z.FKH,
the LEGK=the £FHK, each being a ri. angle;
.*. the A’ are congruent.
' Hence, EK=FK. Q. E.D.
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o MISCELLANEOUS EXERCISES

1. A rectangle and a par™ of equal area stand on the same base.

Prove that the perimeter of the rectangle is less than that of the
parallelogram.

2. The four triangles into which the diagonals divide a parallelo-
gram are equal in arvea.

3. If two triangles of cqual area stand on opposite sides of a
common base, the line joining the vertices is bisceted by the base.

4. The sum of the perpendiculars from any point within any
equilateral figure to its sides is the same wherever the point is taken,

5. Of all triangles of cqual area and on the same base that
which is isosceles has the least perimeter

6. ABCD is a par” and P is any point within the angle which
AD makes with BA produced. Prove that the APAC=APAB
+ APAD.

[Draw DE, BF par’ to AP to meet ACat E, F. Then A AED,
BFC being congruent, AE=CF. .. APCF=AAEP=APAD.
Also, APAF= APAB. Hence.]

Y. Ifin Ex. 6, P is within the Z BAD, prove that
APAC=APAB- APAD.

8. Prove that a trapezium is bisccted by the line joining the
middle points of the parallel sides.

9. AABC is drawn on a given line BC as base, such that its
area is equal to a given area. Prove that the locus of A is a pair of
lines each part to BC.

10. ABCD is a par™ drawn on a given line AC as diagonal, such
that its arca is equal to a given area. Find the locus of B and D.

11. ABCP is a quadrilateral, such that its area is always cqual to
ABCD. Find the locus of P.

12. Construct a triangle, given its area and two sides.
Is the construction always possible ?

13. Construct a triangle having given area, a side and an angle
adjacent to the side.

14. Construct a rectangle equal in area to a given triangle.

15. On a given side construct a rectangle equal in area to a given
rectangle.
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16. Draw a parallelogram equal in area to a given parallelogmm,
having given also (i) a side and an angle ; (ii) two sides. .

17. Bhow that a par™ is bisected by any line ‘through the pt. of
intersection of its diagonals.

Hence, bisect a par™ by a line perpendicular to a given line.

18. Construct a triangle equal in arca to a. given triangle and
having its altitude of given length.

19, Trisect a given triangle by lines drawn through any vertex.

20. Find the point O-within the triangle ABC, such that AAOB
= ABOC=ACOA.

21. ABCD is a quadrilateral, where AABC is twice the AADC.
If AC and BD cut at O, prove that DO=4.BD.

22. Divide a square into three equal parts by straight lines drawn
through a vertex.

23. Divide a quadrilateral into three equal parts by str. lines
drawn through a vertex.

24. Divide a pentagon into threc equal parts by lines druwn
through a vertex.

25. Divide a pentagon into five equal parts by lines drawn through
a vertex.

26. Bisect a trapezium (i) by a line drawn through one of its
vertices ; (ii) by a line drawn through a point in one of the sides.
27. E, F are mid-points of the sides BC, CD of the sq. ABCD.
Show that AAEF=4.trap™ ABCF. .
28. Construct a parallelogram which is equal in area to a given
triangle and which has a given side and a given angle.
20, If the sides containing the right angle of a right-angled
triangle are a, b, find
(i) the hypotenuse ;
(ii) the area ;
(iii) the perpendicular from the rt. angle to the hypo-
tenuse ;

and (iv) the median from the right angle to the hypotenuse.
30. If a, b are the measures of the sides of’a right-angled triangle
containing the rt. angle and p that of the perpendicular from the
right angle to the hypotenuse, prove that

1 1,1
P Tai T



MISCELLANEOUS EXERCISES 157

31. If P is any point within the rcct. ABCD, PA’+PC*=PB?
+PD2.

32. A and B are two fixed points and CD any str. line perpendi-
cular to AB meeting AB or AB produced in D. Prove that if P is
any point in CD,

PA*—-PB?’=DA’-DB?2.
33. ABC is a triangle acute-angled at C. Prove that
AB? < AC*+BC”.

Hence, prove that if in a triangle ABC,
AB® > AC?+BC?,
then the /Z ACB is obtuse.

34. The AABC s rt.-angled at C. If the £A=60° prove that
(i) AB=2AC; (i) 3AB*=4BC" ; and (iii) BC?=3AC™

85. 1f an equilateral triangle and a square stand on the same base,

prove that the area of the A=5‘/1~3 . the area of the equare.

Hence, deduce that the equilateral triangle described on the hypo-
tenuse of a right-angled triangle is equal to the sum of the equilateral
triangles drawn on the sides containing the right angle.

36. Divide a str. line into two parts, such that the square on one
part may be double the square on the other.

[If AB be the given line, construct the AABC, such that Z B=45°
and ZA=} of 45°. Draw CD making ZACD=/A and weeting
AB at D. Prove that AD=CD=CB and BD*=CD*+CB*=2AD"*.]

37. Divide a str. linc into two parts. such that the square on one
part may be threc times the square on the other.

[1f AB be the given line, construct the AABC, such that Z B=60°
and £A=45°. Draw the line CD making ZACD=/A. to meet AB
at D. The ABDC is rt-angled at D andits ZB=60" Clearly,
AD=CD and AD2=CD?=38D*. See Ex. 3. (iii).]

38. Calculate the area of a triangle whose sides are (i) 10, 17,
91 ems. ; (il) 5,12, 13 6. (i) 10,11, 18 cms.; (iv) 18, 24, 23 fs.
respectively.
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39. Calculate the area of a triangle whose sides are 7, 24, 25 ft.
respectively.

Hence, find the length of the perpendicular on the greatest side
from the opposite angular point.

4C. The parallel sides of a trapezium are 20 and 34 ft. and the
other two sides are 13 and 15 ft. Find the area of the trapezium.

[First, find the distance between the par’ sides.]
41. Describe a rhombus equal to a given rectilineal figure.

42, Construct a rectangle equal to the sum or differcnce of two
given triangles.
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. BOOK III
THE CIRCLE

CHAPTER T
FUNDAMENTAL IDEAS AND DEFINITIONS

1. A cirele is a plane figure hounded by one line which
is such that. all straight lines drawn to it from a certain fixed
point within the fizure are equal to one another.

The fixed point is called its centre and the bounding line
is called its eircumference.

The term circle denotes the space bounded by the circum-
ference ; but the word is also often used to mean the circum-
ference itself, if no confusion is likely to arise.

Note. Evidently, the circle is a closed figure.

2. Any straight line drawn from the centre of a circle to
the circumference is called a radius of the circle.

Hence, (i) all radii of the same circle are equal to one
another, and

(ii) if any straight line be drawn from the centre of a circle
equal to the radius, the extremity of the line will be on the
circumference.

3. Any straight line drawn through the centre of a circle

and terminated both ways by the circumference is called a
diameter of the circle.

Hence, a diameter =2 x radius.
4. A semi-cirele is the figzure bounded by a diameter of
a circle and the part of the circumference which it cuts off.

Hence, every diameter divides a circle into two semi-
circles.

5. Two or more circles are said to be coneentric when
they have the same centre.

11
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6. From the above definitions, the following properties
of circles are evident :—

(i) If two circles have equal radii they are congrucnt.

(ii) A point is without or within a circle according as its-
distance from the centre is greater or less than the radius.

(iii) Concentric circles, whose
radii are unequal, cannot cut one
another.

(iv) A circle is a closed figure;
hence, if a straight line crosses the
circumference, it will also cross it at
a second point when produced.

OO0

7. Any part of the circumference of a circle is called an
are of the circle.

Thus, PAQ, PBQ are arcs.

Ry
(o]

8. The finite straight line joining any two points on the
circumference of a circle is called a chord of the circle.

Thus, in the fig. of § 7, PQ is a chord.
Note 1. A diameter is also a chord.
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Nore 2. Every chord which is not a diameter, divides the
circumference into umequal arcs, of which the greater one is
called the major are and the lesser, the minor are.

These two arcs are called eonjugate to each other.
Thus, in the figure of § 7, PAQ is the minor are and PBQ

is the major arec.
Also, the arcs PAQ, PBQ are conjugate to each other.

SYMMETRY

9. A figure is said to be symmetrical about a line if the
part of the figure on one side of the line coincides completely
with the part on the other side when the figure is folded
about that line.

The line is called an axis of symmetry of the figure.

Ex. 1. It is easy to see that an isosceles triangle is symmetrical
about the bisector of its vertical angle.

Ex. 2. A squarc is symmetrical about a diagonal or about each
of the lines joining the middle points of its opposite sides.

Ex. 8. A rhombus is symmetrical about each of its diagonals.

If a fizure is symmetrical about a line, then either half of the
figure is called an image or reflection of the other half.

10. A figure is said to be symmetrical about a point O if
corresponding to every point P of the figure, there is another
point P/, such that the str. line PP’ is bisected at O.

Ex. 1. A circle is symmetrical about the centre.

Ex. 2. A parallelogram is symmetrical about the point of inter-
section of its diagonals.

11. Two points P, Q are said to be symmetrically oppo-
site with respect to aline AB, if the str. line PQ is bisected
at right angles by AB.

[Either of the points P, Q is called the image of the other
in the axis of symmetry, AB.]

Note. Any pt. in the axis of symmetry is equidistant from the
two symmetrically opposite points..



CHAPTER 1I
CHORDS
THEOREM 33
If a straight line drawn from the centre of a circle

bisects a chord which is nmot a diameter it is at right
angles to the chord.

Conversely, the perpendicular to a chord from the
centre bisects the chord.

Let O be the centre of the ©ABC and AB, a chord not
passing through the centre.

Let OD bisect AB.
It is required to prove that OD is perp. to AB.

Join OA, OB.
Proof. In the A® OAD, OBD,
' OA=0B, (radii of the ®)
e { AD=DB, , Hyp.

and OD is common,
.. thetwo A’ are congruent.
Hence, the Z ODA=the LODB
and these being adjacent angles, each=a rt. £.

.

.~ ODis perp. to AB.
Q. E. D.
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(ii) Conversely, let OD be -L to AB.

It is required to prove that AD=DB.
Join OA, OB.

Proof. In the righi-angled A° ODA, ODB,
the hypotenuse OA=the hypotenuse OB ;
(being radii of the ®)

and OD is common

.. the two A* are congruent.
Hence, AD=DB.
Q. E. D.

COR. 1. A straight line cannot cut a circlé in more than
{wo points.

For, if the chord AB were to meet the circle again at some
other point E, then D would be the middle point of AB as
well as of AE, which is impossible.

COR. 2. The perpendicular bisector of a chord of a circle
Dpasses through its centre.

Let PQ be a chord of a circle of which C is the centre, and
let AB be the perp. bisector of PQ.

It is required to prove that AB passes through C.

Proof. Since AB is the perp. bisector of PQ, it is the
locus of points equidistant from P and Q. (i.e. every pt.,
equidistant from P and Q, lies on AB). Also the centre, C,
of the circle is equidistant from P and Q. .. C must lie.
on AB,

i.e. AB passes through C.

COR. 8. The middle points of any system of parallel chords
of a circle lie on a straight line passing through the centre.

For, if a str. line be drawn from the centre L to one of
the chords, it will be L to all the chords, and will .*. inter-
.sect all of them at their middle points.
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Two important Theorems : (1) If two circles cut each
other the line joining their centres bisects the common chord at
right angles.

o
O

Let the two ©* whose centres are A and B cut cach other
at the points C and D, so that CD is their common chord.

It is required to prove that AB bisects CD at right angles.

Proof. Let N be the middle point of CD.
Join AN, BN.

Because, in the ©®PQH, B is the centre and N is the mid-
point of the chord CD, ‘

.~ BNis L to CD. Th. 33.

Similarly, AN is -L to CD.
». the £BNC+the LANC=2 rt. £°.

AN and BN are in one and the same str. line.

Hence, the str. line AB biscets CD and is also perp. to it.
Q. E. D.

Otherwise: The proposition may also be proved as
follows : Through N, the mid-pt. of CD, draw the str.line
KNE perpendicular to CD. Then, since the pt. A is equidis-~
tant from C and D, it must lie on the str. line KE (Th. 25,
Bk.I); and, for a similar reason, the pt. B must lie on KE.
Hence, the str. line AB coincides with the str. line KE,
and .. it bisects CD at right angles. Q. E. D.
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(2) A circle is symmelrical about one of its diameters.

Let PQ be any diameter of the P
circle APB, of which O is the centre.

It is required to prove that the circle
18 symmetrical about PQ.

Take any point A on the circum-
ference and draw AD perpendicular to D B
PQ and produce it to meet the circle \\_/

again at B. Q

Proof. Because OD is perpendicular to the chord AB.
5. AD=DB.

Hence, the diameter PQ bisects AB at right angles. Then,
if the figure is folded about PQ, DA falls along DB, since,
£/ ODA=/0DB) and .. A on B (since AD=DB); .. any point
A on one semi-circumference will fall on some point B on the
other semi-circumference ;

.°. the two semi-circumferences coincide.

Hence, the circle is symmetrical about PQ.

Q. E. D.

Note. In the above figure, evidently A and B are symmetrically
opposite points with regard to PQ. Hence,

of a circle passes through any point A, it must also pass through
the symmetrically opposite point with regard lo any diameter.

EXERCISE 1

1. AB is a chord of a circle of which the centre is O. Prove that
the straight linc drawn from O to the middle point of AB passes
through the middle point of any other chord that is parallel to AB.

2. Prove that in a circle the centre and the middle points of
any number of chords that are parallel .to one another lie in one
straight line.

8. If two chords of a circle bisect each other, prove that their
point of intersection must be the centre of the circle.

4. If two circles, whose centres are A and B, bave one point P
in common, prove that they have also another point Q in common,
where Q is such that PQ is bisected at right angles by AB.
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5. If any number of circles pass through two given points, prove
that their centres all lie in one straight line.

6. If the chords AB, AC of a circle are equally inclined to the
radius to A, prove that AB=AC.

7. 1If a circle pass through the vertices of a right-angled triangle,
show that its centre is the middle point of the hypotenuse.

8. If two circles have two points in common, prove that any
two parallel straight lines drawn through the common points and
terminated by the circumferences are equal.

9. From a point, O, two equal straight lines OA, OB arc drawn

to the circumfcrence of a circle whose centre is C. Prove that the
L AOC=the £ BOC.

10. The radii of two intersecting circles are » and , and d is the
distance between their centres. Show that r—7' < d < r+.

11. Show how to draw the chord of a circle which is bisected at a
given point within the circle.

12. A chord PQ of a circle cuts a concentric circle in P, Q';
prove that PP'=QQ’.

13. Diameter of a circle is the greatest chord.

14. In the adjoining figure, APB represents a bridge, of the form
of an arc of a circle whose radius is 7 ; if the keight of the arch be h,
find the span AB.

[Evidently CP=CB=r;
g CN=r-—h; hence, since
the ACNB is rt. Zed at N,
BN?=CB”*~CN?
=7 —(r-h)?
=2rh—h*.
AB=2BN=2,/%%h-4"]
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THEOREM 34

There is one circle, and one only, which passes through
three given points, not in a straight line.

=]

Let A, B, C be three given pts., which do not lie in one
str. line.

1t is required to prove that one circle, and only onc, passes
through A, B and C.
Join AB, BC.

Let DO and EO be the perp. bisectors of AB and BC
respectively.

Then, *.* AB and BC are not in one and the same str. line,
DO and EO are not parallel ;

~. DO and EO must meet in some point O.
Join OA, OB, OC.

Proof. Because O is on the perp. bisector of AB, we have,

, OA=0B.
Similarly, because O is on the perp. bisector of BC,
0B =0C, . OA=0B=0C.

Hence, the circle described with centre O and radius OA
passes through A, B and C.
_ Again, because the two str. lines, DO and EO, cannot
intersect at any other point, there cannot be any other point
equidistant from A, B and C.

.. there is no other circle which passes through A, B
and C. Q. E. D.

COR. 1. Circles passing through three given points which
are not in the same str. line coincide.

For, they have the same centre and the radius.

COR. 2. One circle cannot cut another in more than lwo points.

For, if one ® has three points in common with another,
then there will be two (° passing through the same three
points, which is impossible.
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COR. 8. If from a point O within a circle three equal
straight lines OP, 0Q, OR can be drawn to the circumference,
then O must be the centre of the circle.

Since the pt. O is equidistant from the pts. P, Q, R, it-
must be the pt. of intersection of the L bisectors of PQ and
QR ; and there is 7o other pt. besides this which can be
equidistant from those three pts. Hence, the centre of the
given (©, which certainly is equidistant from the pts. P, Q, R,
on the circumference, must coincide with O.

12. Definition : A circle is said to be described (or
circumscribed) about a triangle when it passes through the
vertices of the triangle. The circle described about a triangle
is called the eircum-cirele of the triangle; and the centre
and the radius of this circle are respectively called the
circum-centre and the circum-radius of the triangle.

The circum-centre of a triangle is evidently the point of
intersection of the perpendicular biscctors of any two of its
sides ; and the circum-radius is the distance of any vertex of
the triangle from the circum-centre.

13. Itis to be carefully noted that through any three
points not lying on a str. line, a circle may be drawn. DBut
it is only under special conditions that a circle can be drawn
through more than three points.

Definition : If a circle can be drawn through four or
more points, then those points are said to be coneyelic.

EXERCISE 2
1. Show that through two given points any number of circles
may be drawn, whose centres all lie on a straight line.
2. 1Is there any flaw in the statement :—

“Through any three given points one circle, and only one, can be
described” ¢

1f so, what’s the correct statcment and why ?

3. Describe a circle of given radius through two given points.
Is this always possible ?

4. Draw a triangle whose sides are 3”, 4" and 5”; measure the
length of its circum-radius.

5. Prove that the centrc of the circum-circle of an equilateral
triangle is cquidistant from the sides.

6. Can a circle be always drawn through two points, having its
centre lying on a given straight line ?
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THEOREM 35

Equal chords of a circle are equidistant from the
centre.

Conversely, chords which are equidistant from the
cenlre are equal.

C_F N\

A_e _~8

Let AB and CD be two chords of a © whose centre is O.

Let OE, OF be the -L’ from O upon AB and CD respec-
tively; then OE, OF are respectively the distances of AB and
€D from O.

If AB=CD, it is required lo prove that OE = OF,
Join OB, OD.

Proof. Since OE is -L to AB,
.. EB=1AB, ' AE=EB. Th. 33.
Similarly, FD=3CD.
Hence, EB=FD, ' AB=CD. Hyp.
Now, in the rt. angled A’ OEB, OFD,

.o {the hypotenuso OB=the hypotenuse OD,
* and EB=FD;

»'» the two A’ are congruent.

Hence, OE=OF.
Q. E. D.
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Conversely, if OE=OF, it is required to prove that AB=CD.
Join OB, OD.
Proof. In the rt. angled A® OEB, OFD,
.o {the hypotenuse OB=the hypotenuse OD,
' and OE=OF;
.*. the two A® are congruent.
Hence, EB=FD.
Now, OE being L to AB, E is the mid-pt. of AB;
S AB=2EB.
Similarly, CD=2FD.
Hence, AB=CD, '.° EB=FD. Q. E.D.
COR. 1. In equal circles, equal chords are equidistant from
Lhe centre, and conversely.

COR. 2. The middle points of equal chords of a circle lie on
the circumference of a concentric circle.

For, the distances of the centre from the middle points
of the chords are equal to one another.

An Important Proposition :

Of any two chords of a circle, the one which is nearer to the
<centre is greater than the one more remote.

Conversely, the greater of the two chords of a circle is nearer
to the cenire than the one which is less.
Let AB and CD be two chords

of a circle whose centre is O}
and let OE and OF be perp’
from O on AB and CD res-
pectively.
If OF < OE, it 1is required to
prove that CD > AB.

Join OA. OC.

Proof. Because OE, OF are perp’ on AB, CD,
.. AE=1}AB, and CF=4CD.
Again, *.* the AOEAisrt. £*at E, .. OA?=AE2+OEZ.
Similarly, *. the AOFCis rt. £* at F,
OC2=CF2+QF?2,
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But OC=O0A, being radii ;
AE2+O0E2=CF24OF2...ccruvveeennnnn. 1y
But OF < OE ; i.e. OF? < OE?,
». CF? > AE?;
. CF > AE; te. CD > AB.
Conversely, if OF > OE, it 1is reqd. to prove that CD < AB.

Proof. Since OF > OE,
OF2 > OE?;
<. from (1), CF?2 < AE?, ie. CF < AE;
. CD < AB. Q.E.D.

COR. Ofall chords in a circle, those which pass through
the centre are the greatest.

EXERCISE 3

1. Draw a circle of radius equal to 5 em. and 1n it place two
chords, each of length 8 em. Verify hy actual measurement that
they are equidistant from the centre of the circle.

2. A chord of length 6” is at a distance of 4" from the centre of
a circle. Find the length of the chord whose distance is 3” from
the centre.

3. O is the centre of a circle of which the radius is 2” and
A, B, C are threc points each at a distance of one inch from O.
Construct the chords that arc bisected respectively at A, B, C and
prove that these chords are cqual. Verify this by actual measure-
ment.

4. Tf two equal chords of a circle intersect at a point, they are
equally inclined to the diameter of the circle through that point.
(The pt. of intersection may be inside, on or outside the circle).
5. Any two intersecting chords of a circle, equally inclined to the-
diameter through the point of intersection. are equal.
6. Show how to draw two equal chords of a circle, at right
angles to each other.
7. Parallel chords drawn through the extremitics of a diameter
on opposite sides of it are equal, and conversely.
8. If one ehord of a circle passes through the middle point of
another chord, show that the former is greater than the latter.
9. Show that there cannot be three equal chords of a circle all
passing through a given point within it.
10. AB, AC, AD are three chords of a circle taken in order, AB

being the diameter. Prove that AB is greater than AC and AC is
greater than AD.
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THEOREM 36

The angle at the centre of a circle 1s double of an angle
of the cercumference, standing on the samne arc.

c
/ ©
A B A'
B8
Fig. 1. Fig. 2.

Let O be the centre of a © of which AB is an arc; and
let £ AOB be the angle at the centre, and ZACB an angle at
the O%, standing on the arc AB.

It is vequired to prove that the /. AOB= twice the £ ACB.

Join CO and produce it tc any pt. D.

Proof. Since OB=0C, .. the L0CB=the £0BC;
but the £, DOB=the £ 0CB+the L0BC ;
.. the £ZDOB=twice the £ 0OCB.
Similarly, the Z AOD=twice the L OCA.

Hence, in fig. (1),

the Z AOD+the ZDOB=twice the L OCA+

twice the £ OCB,

%.e., the ZAOB=1twice the £ ACB;
and in fig. (2),
the ~ DOB-the Z AOD=twice the £Z0OCB -

twice the £ OCA,
i.e., the Z AOB=1wice the / ACB,

Q. E. D,

Obs. If the arc AB be equal to the semi-circumference of the

circle, the £ AOB becomes a straight-angle ; and if the arc AB be

greater than the semi-circumference, then the Z AOB becomes a reflex
angle. The same proof will hold for these two cases toos
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EXERCISE 4

1. Tf O be the circam-centre of a triangle ABC, prove that the
angles OBC, BAC are complementary.

2. ABCD is a circle of which the centre is O. If the sum of the
angles ADB, BDC be equal to one right-angle, prove that the points
A, O, C lie on a straight line.

3, If ABC, A'B'C' be two triangles in which BC=B'C’, and
the Z A=the Z A/, show that their circum-circles are cqual.

4, Diagonals of a parallelogram, inscribed in a circle, intersect
each other at the centre of the circle.

5. Prove that the angle subtended at the circumference of a
circle by one of its diameter is a right-angle.

6. From a point A, on the circumference of a circle, AD is drawn
perpendicular on a chord BC : if AE be the dinmeter through A,
prove that the angles BAD and EAC are equal.

[Apply Ex. 5.]

7. Show how to determine the positions of three points on a
circle such that the triangle formed by joining them has two of its
angles cqual to 60° and 75°.

8. Show how to divide a circle into two parts, by a chord, such
that the angle in one of them subtended by the chord is double that
in the other.

[Take any pt. A on the & whose centre is O and draw a chord
AD equal to the radius, » ; through O draw OB || to AD. Join OA,
DB, so that OADB isapar”. .. the L ADB=the L AOB ; take
any pt. C on the (®, on that side of AB which does not contain D.
Then £ ACB=!/AO0OB and .. =32 ADB. Ilcnce, AB is the chord
which divides the (@ in the required way.]









CHAPTER 11T
SEGMENTS : ANGLES IN A SEGMENT
DEFINITIONS
14, A segment of a circle is the fizure bounded by an
arc and the chord joining the extremities of the arc.

Note 1. A semi-circle is also a segment.

Nork 2. The chord of a segment is also called the base of the
segment.

15. An angle in a segment is the angle contained by
two straight lines drawn from any point in the arc of the
segment to the extremities of its chord.

16. Similar segments are those which contain equal
angles. Thus, in the following diagram, the segments ACB
and PRQ are similar, because the Z* ACB and PRQ are equal.

R
| @
17. A sector of a circle is the figure

bounded by an arc and the two radii
drawn to the extremitics of the arec.

Thus, in the adjoining diagram, the
fiszure AOBC is a sector of the ©ABD.
The figure AOBDE is also a sector.

Norte 1. The angle between the two bounding radii of a sector
is called the angle of the sector. Hence, the angle of the sector
AOBDE is the re-cntrant angle AOB.

Nore 2. A sector becomes a semi-circle when the angle of the
sector becomes equal to two right angles,
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THEOREM 37

Angles in the same segment of a circle are equal.

Let APB be any £ in the secment ACB of the ©, whose
centre is 0. Liet AQB be any ofther / in the same segment.

It is required to prove that the L APB=the / AQB.

Join OA, OB.

Proof. The arc AB of the © subtends the ZAOB at the
centre, and the ZAPB at the pt P on the remaining part
of the O%;

S the ZAPB=half the £ AOB. Th. 36.
Similarly, the £ AQB=half the £ AOB.
Hence, the £ AP8=the £ AQB.
Q. E. D.

Note. If the segment ACB be less than a semi-circle, the angle
AOB is a reflex angle.

12
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THEOREM 38
[ ConvrrsE oF THEoREM 37 ]
If the line joining tuwo given points subtends equal
angles at two other points on the same side of it, the four’
points lie on a circle.

Let C and D be two pts. on the same side of the str. line
joining the given points A, B and let the ZACB be=the
/. ADB.

It is required to prove that the four points A, B, C, D lie on
the circumference of a circle.

Proof. A © will pass through any three of the four pts.
A, B, C,D. Th. 31.

.. if the ® passing through A, B, C do not pass through
D, then it will cut AD, or AD produced, at some pt. E.

Join EB. )

Then, the ZACB=the £ AEB, in the same segment.

But the ZACB=the L ADB; Hyp.
~. the LAEB=the L ADB;

t.e. an ext. Z of the ABED is equal to one of its int.
opposite angles ; which is impossible.

Hence, the circle passing through A, B, C must pass also
through D. Q. E. D.

COR. Triangles standing on the same base, and on the same
side of it, with equal vertical angles, have their vertices on the
circumference of a circle of which the given base is a chord.

Let AB be the common base and ¢, D, E, F, &c., the
vertices of the A’ ; then, since the Z ACB=the £ ADB, the ®
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passing through A, B, C also passes through D. Similarly,
the © passing through A, B, C also passes through E ; and
so on. Thus the pts. D, E, F, &c., all lie on the ©® that passes
through the pts. A, B, C; which proves the corollary.

NO'I_‘J‘?. The forcgoing corollary and Theorem 37 are converse
propositions. For, the corollary may be stated in a slightly altered
form, thus ;—

If triangles standing on the same base and on the same side of
ity have equal rertical angles, (hen their vertices lie on the are of a
segment of whieh the given base is the chord ; whilst Theorem 37
may also be enunciated as follows :

If triangles standing on the same base, and on the same side of 4,
have their vertices on the are of @ segment of which the given base 1s
the chord, their vertical anyles are cqual.

EXERCISE 5

1. A quadrilateral ABCD is inscribed in a circle whose centre is
O. If the diagonals AC, BD intersect in E, prove that the
L AOB+the LCOD=2 £ AEB.

2. If two chords, AC and BD, of a circle, intersect at right
angles, show that the chords AB, CD subtend supplementary angles
at the centre.

3. AB, CD are two chords of a circle, such that when produced
they meet at P. If O be the centre of the circle, prove that the angle
APC is equal to half the difierence between the angles AOC, BOD.

4. Find the locus of the vertex of a triangle having a given
vertical angle and standing on a given base.

5. XY is a given straight line and A, B are two fixed points out-
side it. Find a point in XY at which AB will subtend a right angle.

6. Show that the middle points of the sides of a triangle and
the feet of the perpendiculars drawn from the vertices to the
opposite sides are concyclic. :

7. ABCD is a circle. The biscctors of the angles CAB, CBA
meet at P, and the bisectors of the angles DAB, DBA meet at Q.
Prove that the four points A, Q, P, B are concyelic.

8. ABC is a triangle inscribed in a circle. If AB be fixed in
position and C be made to move along the circumference, find the
locus of the point of intersection of perpendiculars from A and B on
8C and AC, respectively.
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THEOREM 39

The opposite angles of any quadrilateral inscribed in.
a circle are supplementary.

B

VA
J

D

Let ABCD be a quadrilateral inscribed in a © whose
centre is O.

It is required to prove that (i) the L ABC+the /ADC=lwo
right angles ;

and (ii) the /. BAD+the /.BCD=two right angles.

Join OA, OC.

Proof. Now, the £ ADC at the O%“=the half the Z AOC at
the centre, standing on the arc ABC.

Also, the Z ABC at the O

=half the reflex £ AOC at the centre, standing on
the arc ADC.

Hence, the Z ADC+the £ ABC=half the sum of the ZAOC
and the reflex £ AOC

=half of four right angles
=two right angles.

Similarly, the Z BAD+the ZBCD=two right angles. Q.E.D.

COR. 1. If the side AB of
a quadrilateral ABCTD inscribed
in a circle be produced to E, the
angle EBC 1is equal to the
angle ADC,

The ZEBC is supplementary
to the £ ASC; also the ZADC B E
is supplementary to the ZABC.

Hence, the £ EBC=the ZADC.

D

C
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COR. 2. Ifa circle pass through the angular points of a
Parallelogram, the parallelogram must be a rectangle.

Let a © pass through the angular
pts. of the par™ ABCD. The Z A=the A 8
LC (opp. 2" of a par™)

also, the sum of the £* Aand C is
two rt. £* because the quadl. ABCD is
inseribed in a ©. Ilence. cach of the D c
L*Aand Cisa rt. £, which proves
the corollary.

18. Definition : A quadvilateral is said to be cyclie
when a circle can be made to pass through its angular points.

THEOREM 40

[CoNVERSE oF THEOREM 39]

If a pair of opposile angles of a quadrilateral be
supplementary, the quadrilaleral is @ cyclic one.

E D

"

)

BC

Let the £° B and D of the quadl. ABCD be together equal
to two rt. 2°,

It is required to prove that the four points A, B, C, D are
<oncyclic.

Proof. A ® will pass through the pts. A, B, C. If this
® do not pass through D, let it cut AD, or AD produced, at
some pt. E. Join EC.

Now, the quadl. ABCE being cyclic, the ZAEC is the
supplement of the Z ABC ;

but the £ ADC is the supplement of the ZABC, Hyp.

». the £LAEC=the £ ADC, which is impossible.
Hence, the ® which passes through A, B, C must pass also
through D. Q. E. D..
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COR. If, when the side AB of a quadrilateral ABCD is
produced to E, the angle EBC be rqual to the angle ADC, then
the four points A, B, C, D are concyclic.

Note. Tt may be observed that if the £* B and D are supple-
mentary the £* A and Care also supplementary, because the
four angles of a quadrilateral are together equal to four right
angles,

EXERCISE 6

1. From a given point, O, outside a given circle, straight
lines OAB, OCD are drawn to meet the circle in A, B, C, D
respectively. Prove that the triangles OAC, OBD ar¢ equi-
angular.

. 2. The biscctors of the angles B, C of a triangle ABC meet at
P and the bisectors of the exterior angles at B, C mect at Q. Show
that B, P, C, Q arc concyclic.

3. Any two triangles which stand on equal bases and have their
vertical angles supplementary, have equal circum-cireles.

4. P is any point in the base AB of an isosceles triangle
ABC ; prove that the circum-circles of the triangles APC, BPC
are equal.

5. ABCD is a quadrilateral inscribed in a circle, the angle
ABC is bisected by a straight line BE meecting the circumference
at E. If AD be produced to F, show that DE bisects the angle
CDF.

6. ABCD is a quadrilateral and the bisectors of the angles A, B;;
B,C;C,D; D, A; meet in E, F, G, H respectively. Show that the
figure EFGH is cyclic.

7. Prove that a straight linc drawn parallel to the base of an
isosceles triangle cuts off from it a cyclic quadrilateral.

[Let DE be par’ to the base BC of an isosceles triangle ABC.
Then, -.* the ZBDE +the ZECB=the /BDE+ the ZDBC=2 rt.
L+, the four points B, C, E, D are concyeclic.]
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THEOREM 41

The angle in a semi-cirele 1s a right angle.
A A\
8

Let AB be a diameter of a @, of which the centre is O.
Let APB be any Z in the semi-® APB.
It is required to prove that the £ APB is a right angle.

Proof. The semi-O" AB subtends the straight angle AOB
at the centre, and the £ APB at the pt. P on the remaining
part of the O

s the £ APB=half the str. LZAOB
=half of two rt. £®
=one right angle.
Q. E. D.

COR. 1. Any chord of a circle subtending @ right angle at a
point on the circumference is a diamneter.

Tet AB be the chord subtending a rt. angle at C on the
O, If AB be not the diameter, let AD be the diameter
through A. Then evidently the ZACD=art. Z=the LACB,
which is impossible unless AD coincides with AB. Hence
the proposition.

JOR. 2. If a straight line AB subtends a right angle at any
point C, then the circle described on AB as diamefer passes
through C.

If the circle does not pass through C, let it cut AC, or AC
produced, at some point D. Join DB. Then the £ ADB, being
in a semi-circle is a right angle and .. equal to the ZACB,
which is impossible. Hence, the circle must pass through C.
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THEOREM 42
The angle in a segment greater than a semi-circle is
less thar a right angle ; and the angle in a segment less
than a semi-circle is greater than a right angle.

Fig. 1. Fig. 2.

(i) Let AC be a chord of the ®©, whose centre is O, and
AB the diameter, as in fig. (1).

Then, the segment AQBC is > a semi-® ; let AQC be any
angle in this segment.

It is required to prove that the £ AQC 1is less than a right
angle.

Join OC,

Proof. The £ AQC=half the ZAOC.
But the L AOC is < the L AOBi.e. < twort. £
the £ AQC is < one right angle. Q. E. D.
(i1) Let AC be a chord of the @, as in fig. (2).
Then, the segment ARC is < a semi-® ;
let ARC be any Z in this segment.

It is required to prove that the £ ARC is greater than a ri.
angle.

Join OC.

Proof. The arc ABC subtends the reflex LAOC at the
centre and the £ ARC, at the pt. R on the remaining part of
the O,

<. the/ ARC=half the reflex £ AOC,
But the reflex £ AOC is > two rt. £°;

<« the LARC is > one right angle. Q. E.D.
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EXERCISE 7

1. Two circles intersect at A and B. If AP and AQ are
diameters, prove that the three points P, B, Q are collinear.

) 2. ABC is a triangle, and the circle described on AB as
diameter, cuts BC at D. Prove that the cirele described on
AC as diameter also passes through D.

3. Circles are described on the sides of a quadrilateral as
diameters. Prove that the common chord of two of these circles
which are adjacent is parallel to the common chord of the other two.

4. If a triangle is inscribed in a circle, prove that the sum of
the angles in the three segments exterior to the triangle is equal to
four right angles.

5. If a quadrilateral is inscribed in a circle, prove that the sum
of the angles in the four segments exterior to the quadriluteral is
cqual to six right angles.

6. ABC is a triangle, and D is the middle point of BC. 1If BP,
€CQ be drawn perpendicular to AC, AB respectively, prove that the
perpendicular biscctor of PQ will pass through D. Prove also that
the triangles ABC and APQ are equiangular.

7. 1In the figure of the preceding example, prove that the angle
BCQ is equal to the angle BPQ.

8. Prove that the straight lines, which bisect any angle of a
quadrilateral inscribed in a circle and the opposite exterior angle,
meet on the circumference of the circle.

9. A quadrilateral is inscribed in a circle. If the bisectors of
two of its opposite angles meet the circle in P and Q, prove that PQ
is a diameter.

10. If a trapezium be inscribed in a circle, the oblique sides must
be equal.
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THEOREM 43

D equal eireles, ares which subtewd equal angles at
the centre are equal.

Conversely, in equul circles, angles at the centres,
standing on equal arcs, are equal.

Let ABH and CDK be two cqual ©° whose centres are P
and Q; and let the ares AB and CD subtend the £° APB and
€ QD respectively at the centres.

(1) Ifthe LAPBbe equal to the £ CQD, itis required to
prove that the arc AB is equal to the arc CD.

Proof. (i) Apply the ©OCDK to the ©DABH, so that the
centre Q may coincide with the centre P, and QC may f»1l
along PA.

Then, since the £ CQD=the £ APB, QD will fall along PB.

Hence, since QC=PA and QD =PB, the pt. C must coincide
with the pt. A and the pt. D with the pt. B.

Also, since the two ©° have now become concentric and
they have equal radii, the two O must coincide entirely.

Hence, the arc CD entirely coincides with the arc AB and is
. equal to it.

Q. E. D.
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(i)  Conwversely, if the are AB be equal tothe arc CD, it is
required lo prove that the Z APB=1he £ CQD.

Apply the £ CDK to the ©ABH, so that the centre Q@ may
coincide with the centre P, and QC may fall along PA.

Then, since QC=PA, the pt. C must coincide with the pt. A,

Also, sinco the @ have now become concentric and have
equal radii, the two O coincide entirely.

Ience, since the arc CD=the arc AB, the pt. D must
coincide with the pt. B.

Now, Q coinciding with P and D with B, QD coincides with
PB ; and consequently the £ CQD coincides with the £ APB.

Hence, the £ CQD=the £ APB,
Q. E. D,

COR. 1. Ifin the same circle ABH, the ares AB and EF
sublend equal £° APB, EPF al the centre, then the are AB=the
arc EF.

I
m

(o] D
A

Let CDK be a @ whose centre is Q and radius=PA, and
let the ~£caD, contained by the radii QC and QD, be=the
LEPF (or the ~£APB). Clearly then the arc AB=the arc
EF, because each of them=the arc CD.

COR. 2. Ifin the same circle ABH, the arc AB be=the arc
EF, then the L* APB,'EPF, which these arcs subtend at the centre,
are equal.
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T.et CDK be a ® whose centre is Q and radius=PA, and
let the arc CD be=the arc AB (or the arc EF). Clearly then
the £ APB=the £/ EPF, because each of them=the ZCQD.

COR. 8. In equal circles, sectors which have equal angles
are equal ; also sectors which have equal arcs are equal.

If the DCDK be applied to the ©ABH, so that the £ caDbD
coincides with the £ APB. then the arc CD also coincides
with the arc AB. [lence. the sector QCD entirely coincides
with the sector PAB and is .. equal to it. Similarly, if
the arc CD be=the arc AB, it follows that the sector
QCD = the sector PAB.

COR. 4. In equal circles (or in the same circle), arcs which
subtend equal angles at the circumferences (or circumference)
are equal.

Let O, O’ be the centres of two equal ®'. If the arcs AB
and CD subtend equal £* AEB, CFD at the O, then they
alsn subtend equal /Z.* at the centres, (because the Z* AOB,
CO’D are respectively doubles of the £* AEB, CFD); and
.. the arc AB=the arc CD.

If in the same ©, the arcs AB and GH subtend equal
L* AEB, GKH at the O, then they also subtend equal £* at
the centre, (for the £* AOB, GOH are respectively doubles of
the £' AEB, GKH); and .’. the arc AB=the arc GH.

COR. B. In equal circles (or in the same circle), angles at

the circumferences (or circumference) which stund on cqual arcs
are cqual.

Referring to the notation of Cor. 4, if the arc AB he=the
arc CD, then the £ AO3=the £c0O'D, (Th. 43); and .. the

L AEB=the £ CFD, because these /.* are respcctively halves
of the £* AOB, CO'D.

Again, if the arc AB be=the arc GH, then the 2 AOB=the
LGOH, (Th. 43, Cor. 2); and .. the JAEB=the /GKH,
because these £* are respectively halves of the Z* AOB, GOH.
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THEOREM 44

In equal civeles, chords which cut off equal arcs are
equal,

Conversely, in equal cireles, arcs which are cut off by
equal chords, are equal, the major arc being equul to the
major arc and the minor to the niinor.

M

Tet ABE and CDF be two equal ©* of which the centres
are P and Q.
(i) Let the arc AB be=the arc CD.
Join AB, CD.
It is required to prove that the chord AB s equal to the chord
CD.
Join PA, PB, QC, QD.

Proof. Because the arc AB=the arc CD,
. the £ APB, standing on the arc AB
=the £ CQD, stauding on the arc CD.

Th. 43..
Hence, in the two A° PAB, QCD,
PA=QC (radii of equal ©")
PB=QD ( [T ” " )
and the included £ APB=the included £cCQD,
S the two A° are congruent,

e the chord AB=the chord CD. Q. E. D.
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(ii) Conversely, if the chord AB=the chord CD.

1t is required to prove that the major arc AEB=the major
arc CFD and the minor arc AB=the minor arc CD.

Proof. In the two A' APB, CQD,

' PA=QC (radii of cqual ©*)
PB = QD ( b2 " " ”
and AB=CD . Iyp.

.. the two A’ are congruent.
.. the ZAPB=the Z CQD,
. the are AB=the arc CD Th. 43.
and thesc are minor arcs.
Again, the ©° being equal,
the whole O™ AEBL=the whole O CFDM.
.". the remaining arc AEB=the remaining arc CFD, which
proves the equality of the major arcs. Q. E. D.

COR. 1. Ifin the same circle ABE, the arc AB be equal lo
the arc HK, then the chord AB is equal to the chord HK.

K

T.et CDF be an equal @ having its centre at Q, and let the
arc CD be=the arc AB (or the arc HK). Clearly, then the
chord AB=the chord HK, because each of them=the chord
CD.

COR. 2. Ifwuthe same circle ABE, the chord AB be equal to
the chord HK, then the minor arc AB is equal fo the minor arc
HK, and the major arc AEB is equal to the maior arc HEK.

Liet CDF be an equal 9 having its centre at Q, and let the
chord CD be=the chord AB (or the chord HK).

Clearly, then the minor arc AB=the minor arc HK, bocauSe
each of them=the minor arc CD. Also the major arc AEB=

the major arc HEK, because each of them=the major arc
CFD.
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COR. 3. In equal circles, seqments which have equal arcs
are equal ; also, segments which have equal chords and which
are both greater, or both less, than a semi-circle, are equal.

Tor, if the DCDF be so applied to the ) ABE that the arc
CD coincides with the arc AB, then the segment CD entirely
coincides with the segment AB and is .. equal to it.  Again,
if the chord CD be=the chord AB, the ©CDF may be so
applied to the ® ABE that the are CD coincides with the are
AB and the are CFD with the arc AEB. lence, the segment
CD entirely coincides with the seement AB and is .. equal
to it; also the segment CFD entirely coincides with the
segment AEB and is .". equal to it.

COR. 4. If Chbe the middle o
point of the chord AB of an
arc AEB, and if CD be drawn
perpendicular {o AB meeting the'
arc in D, thew D is the mddle
point of the arc AEB.

p—

Since, DC produced is a
- diameter of the © of which A ¢ 8
AEB is an are, the arcs DA and DB are clearly both less than
the semi-O™ of the ©. Now.if DA and DB be joined, the
two A° ACD and BCD arc evidently congruent; whence
DA =DB, and .. the ar¢ DA=the ar¢ DB.

EXERCISE 8

1. A, B, C arc three points on the circumference of a circle of
which the centre is O, If the angle AOC be three times the angle
AOB, prove that the are AC is also three times the arc AB.

9. P and Q are two points on the circumference of a circle of
which the centre is O. If the £P0OQ=120°, prove that the are PQ
is one-third of the whole circumference, and that the chord PQis a
side of an cquilateral triangle inscribed in the circle.

Hence, construct an equilateral triangle with its verlices on the
circumfercnce of a cirele whose radius is 2 inches.
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3. If AB and CD be two diamcters of a circle, perpendicular to
cach other, prove that the quadrilateral ABCD is both equilateral
and equiangular.

4. 1If a regular hexagon be inscribed in a circle, prove that each
side of the figure is equal to a radius of the circle.

5. If two equal circles intersect, so that the centre of one cirele
is on the circuniference of the other, prove that one-third of each
circumference lies within the other.

6. Ifin a circle, two arcs be such that they subtend complemen-
tary angles at the circumference, prove that the two ares are together
equal to half the circumference.

7. 1f AB, CD be two chords of a circle at right angles to each
other, prove that the sum of the arcs AC, BD is cqual to half the
circumference of the circle.

8. AB is the common chord of two cqual circles. If any straight
line drawn through B meet the circuwferences in P and Q, prove
that the triangle PAQ is isosciles.

9. The perpendiculars from A, B to the opposite sides of the
triangle ABC mect the circum-cirele of the triangle at X and Y
respectively. Prove that the are CX=the arc CY.

10. 'The bisector of the vertical angle A of the triangle ABC
bisects the arc BC of the circum-circle of the triangle.

11. OA, OB are two radii of circle at rt. angles to each other,
and AX, BY are parallel chords. Prove that BX, AY arert. /Z* to
each other.

[Evidently, the A®* BOX, AOY are congruent, and .’. the ZOBX
=the £ OAY.]



CHAPTER 1V
TANGENCY

19. Definitions : (i) Any unlimited straight line that
cuts the circumference of a circle is called a secant of a
circle.

Hence, a chord when produced both ways becomes a secant,
or, in other words, a chord is that portion of a secant which
lies within the circle,

(ii) If a secant of u circle moves so that the two points in
which it cuts the circumference continually approach one
another, then in the position which it ultimately takes up
when the two points coincide, the secant becomes what is
called a tangent to the circle ; and it is said to fouch, or be
the tangent to, the circle at the point at which those two
points coincide.

(iii) The point at which the tangent to a circle touches it,
is called the point of contact of the tangent.

Ex. 1. In tho adjoining dia- T
gram, let PQ be a secant of the
circle. let PQ be so rotated Q/ Q
that P remains fixed while Q
moves along the ecircumference
towards P ; then the secant PQ P

will  continually change its
position. 1f PT be the position

which the secant assumes when
Q coincides with P, then PT is
the tangent to tho circle at the
point P.

13
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Ex. 2. Let P, Q be any two points on the circum-~
ference of a circle. Suppose
that the secant PQ moves in N PN N
such a manner that both the -
points P and Q approach S NP
nearer and nearer to some A
point R on the arc PQ, and (
ultimately coincide at R, If -
TRT' be the position of the
secant when P and Q coincide.
then TRT’ is the fangent to
the circle at the point R.

Q

Nortr 1. From the above it is ¢lear that when a straight line
becomes a tangent to a circle at any point, it docs not et the circum-
ference at that point. Ience, a tangent to a cirele is aw wnlimited
straiyght line whick wmeets the eircumference but does not cut it al the
point of wecting.

NoTE 2. A tangent may also be rezarded as a secant cutting the
circumference in two enineident points. In other words, a tangent
is a sceant of which the chord-portion does not exist.

20. If the circumference of one circle passes through two
points on the circumference of another, and il one of the
circles be made to move, keeping the other fixed, in such a
way that the two points come nearer and nearer to each other,
then in its ultimale position, when the two points coincide into
one, the moving circle is said to toueh the other at the point
of coincidence, this point being called their point of
contact.

Tor instance, in the diagram p. 195, let O and O’ he the
centres of the two circles which cut each other in the points
P and Q. If the first circle moves, while the second remains
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fixed, so that the points P and Q come nearer and nearer to
one another, and if HRK be the ultimate position of the
moving circle when P and Q coincide at R, then the circle
HRK is said to touch the circle RMN at the point R, and R
is called their point of contact.

Fig. 1. TFig. 2.

Obs. 1. ence. it is clear that two circles may be said to touch
cach other when they weet but o not cut cach other at the point
of mecting,

Obs. 2. It may also be =aid that one circle touches another when
the circumference of the former pas=es through two coineident points
on the circumference of the latter.

Obs. 3. In the above dingram, let TRT' be the ultimate position
of the sccant PQ, when P and Q coincide at R,

Then TRT is clearly a tangent to each of the two circles because
it passes through two coincident points on cach circumference.
Henee, when tico cireles toueh cach other, they hace @ common tangent
at the point of conlacl.

21. Definition: Two circles are said to touch each
othor internally (or to have internal contact), when the
centres of the cireles are on the same side of the point of
contact, as in fig. (1) ; and they are said to touch each other
externally (or to have external contact), when the centres
are on opposite sides of the point of contact, as in fig. (2).
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THEOREM 45

The tangent at any point of a circle is perpendicular
to the radius through the point of contact.

T
Fig. 1. Fig. 2
. Let P be any point on the O” of a © whose centre is O
join OP.
It is required to prove that the tangent at P is perpendicular
to OP,
& L-ft ST be a secant through P, cutting the ©© again at Q.
g.1).
&1 Join OQ.
Proof. Since 0Q=0P, .. the ZOPQ=the £0QP.
Now, the £ OPS is the supplement of the Z0OPQ,
and the £ 0QT is the supplement of the Z 0OQP. }
Hence, the ZOPS=the £ 0QT.
Let the secant ST be turned about the pt. P.so that the pt.
Q, moving along the arc QP, gradually approaches P,

Then, in every position of the secant, the ZOPS=the
4oQrT.

Ultimately, when Q coincides with P, the secant ST
becomes the tangent at P, and the £0QT becomes the
£ZOPT, as in fig. ‘)

Hen('c, when ST is the tangent at P, the £OPS=the
L OPT, and these are adjacent angles; .. each=a rt. £.
. OPis L to ST.

That is, the tangent at P is L to OP. Q.E.D.
COR. 1. If from the point of confact of a langent to a

circle a straight line be drawn perpendicular to the tangent,
it must pass through the centre of the circle.
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Tt PO’ be drawn L to PT, PO’ maust coincide in direction

with PO ; for, otherwise there would be two perpendiculars
to PT at P, which is impossible.

COR. 2. If through any point on a circle a straight line be
drawn perpendicular to the radius to that point, it must be the
tangent to the circle at that point.

If PT' be drawn L to OP, PT' must coincide in direction
with PT; for, otherwise there would be two perpendiculars
to OP at P, which is impossible.

COR. 3. There cannot be more than one tangent to a circle
at any given point on its circumference.

For, if there were two tangents to a ® at any siven pt. P
on its O, each of them would be -L to QP, and thus there
would be two L' to OP at P, which is impossible.

COR. 4  If through the cenfre of a circle a straight line be
drawn perpendicular to a tangent to the circle, it must meet the
tangent at the point of contact.

If through O a straight line be drawn L to the tangent
SPT, it must coincide in direction with OP ; for, there would
otherwise he two perpendiculars to SPT through O, which is
impossible.

COR. . Every point on a tangent to a circle except the
point of contact. is outside the circle.

T.et SPT he a tangent to a » whose centre is O, the pt. of
contact being P. Then, since OPis L to ST, every other
point on ST, besides P, is at a greater distance, from O, than
OP, i.¢, at a greater distance from O than the radius of
the © 3 which proves the corollary.

NoTE. Theorem 43 may also be proved as follows = The straight
line drawn from the centre of a cirele to the middle point of the
chord-portion of a secant is always perpendicular to the secant
{Th. 34). When the secant becomes a tangent, the chord-portion
becomes reduced to the mere point of contact, and so the middle
point of the chord-portion too hecomes identical with ‘the point of
contact. Hence, the straight line drawn from the centre to the point
of contact of a tangent (which may be regarded as the straight line
drawn from the centre to the middle point of the chord-portion of
the tangent) is perpendicular to the tangent.
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THEOREM 45A

Two and only tiwo, tangents can. be drawn to a circle
from an external point.

Let ABC be a ® whose centre is O and T be an external
point,

It is required to prove that two tangents can be drawn from
T to the ®ABC, and no more.

Join OT, and on OT as diameter let a ©TPQ be drawn,
cutting the ©®ABC at P and Q.

Join TP, TQ, OP, OQ.

Proof. In the ©TPQ, £'TPO, TQO, being in semi-circles,
are each a right angle. ’
) . TP and TQ are perp'. o the radii OP, 0Q, respec-
tively, through the points P, Q on the O of the ©ABC.

.

s, TP and TQ are cach a tangent to the ©ABC

Again, because a tangent TP is obtained by joining T to a
point of intersection of the &' TPQ and ABC, and because
two @' cannot intersect in more than two points, it follows
t(l)mt there can be no more than two tangents from T to the

JABC.

COR. No tangent can be drawn to a circle from a point
within it.

For, if T be a point within the ©ABC, the © on OT u¢
diameter will not cut the ©DABC.
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22. Definitions : When a tangent is drawn to a circle
from a point outside it, the portion of the tangent intercepted
between the point and the point of contact is often spoken of as

_the tangent drawn from the point to the circle.

Thus, in the diagram of Th. 6, PA, PB are called the
tangents drawn from P to the circle.

IF AB be joined, the line AB is ealled the chord of contact
of the tangents from P to the circle.

THEOREM 16

The tiwo tangents drawn from an external point to @
circle are equal and subtend cqual angles at the centre.

Let PA and PB be the two tangents from an external point
P to a circle ABC, whose centre is O; and let PA and PB
touch the ®ABC at A and B respectively. Join OP, OA, OB.

It is required to prove that PA=PB

and the /. POA=the / POB.

Proof. Because PA, PB are tangents and OA, OB are

radii through their points of contact,
the 2 PAO=the £ PBO, each being a rt. Z.
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Now, in the right £ A® PAO, PBO,

.. { OA =08, radii of the same ©®
. and the hypotenuse OP is common,

.. the two A’ are congruent.
.. PA=PB,

and the ZPOA=the ZPOB.
Q. E.D.

COR. The two tangents drawn to a circle from an external
point are equally inclined to the diameler through that point.

EXERCISE 9

1. 1f two circles are concentric, prove that any chord of the
outer circle which touches the inner is bisected at the point of
contact.

2. If any number of equal circles touch a given straight line on
the same side of it, prove that their centres all lie in oune straight line.

3. If P be a point from which tangents are drawn to a cirele
whose centre is O, prove that OP is the perpendicular biscctor of the
chord of contact.

4. If any number of circles pass through the same point and
touch one another at that point, prove that their centres all lie in
one str, line.

5. If any number of circles touch each of two intersecting
straight lines, prove that their centres all lie in one straight line.

6. If a parallelogram be described about a eircle. prove that the
sum of one pair of its opposite sides is equal to that of the other
pair. Hence, prove thut any two adjacent sides of the parallelogram
are equal.

7. If a quadrilateral be such that the sum of one pair of its
opposite sides is equal to that of the other pair, prove that a circle
which touches any three sides of this guadrilateral must also touch
the fourth.

8. If the two tangents, one to each of two intersecting circles at
either point of intersection, be at right angles to each other, show
that the sum of the squares on taeir radii is equal to the square on
the distance between their centres.
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THEOREM 47

If two circles touch, the point of contact lies in the
_straight line through the centres.

T

~ . A

o o o) PO
S s
Fig. 1. Fig. 2.

Let the ®" whose centres are O and O’ touch at the pt. P.

Tt is required to prove that O, O and P lie in the same
str. line.

Proof. Because the two circles touch at P they have a
common tangent at P.

Let TPS be the common tangent ; join OP, O'P.

Then, OP O'P being radii drawn to the pt. of contact, each
of the £* TPD, TPO is art. £.

». OP and O'P arc in one and the same str. line ie. the
three pts. O, O', P lic in one str. line. Q. E. D,

COR. 1. Iftwo circles touch each other internally, cvery
point on the circle of smaller radius, cxcept the point of contact
lies inside the other circle.

Let the ©* whose centres are

O and O’ touch cach other inter- A
nally at P, the second ® being of

smaller radius. Then O, O, P are

in one str. line and OP > O'P. p

Take any pt. A, other than tho pt.
P, on the © of smaller radius;
join OA, O’'A. Now, OA is less
than the sum of 00’ and O’A and
is .. less than OP. Thus, the
distance of A from the centre of the first © is less than its
radius ; .. A is inside the first ©, which proves the corollary.
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COR. 2. If two circles touch cach other externally, every
point on either circle, cxcept (he point of contact, lies oulside
the other.

COR. 3. The distance between the cenires of two circles,
which touch onc another, is cqual to the sum or difference
of their radii according as their contact is cxternal or
internal.

Nork 1. The main proposition may also he proved as follows :
If two cireles cut cach other in two points, their centres and the
mid-pt, of the common chord lic in onc str. line. When the
circles touch, the two pts. of intersection coincide ; the common
chord, therefore, becomes reduced merely to the pt. of contact, and
consequently the mid-pt. of the chord also becomes identical with
the point of contact. Hence, when the circles touch, their centres
and the point of contact must lie in one str. line.

NotE 2. If lwo eircles hare a common point on the line joinung
their centres, the cireles touch each other at the poind.

For, if the ecircles intersect in two distinet points, the line joining
the centres passes through the mid-pt. of the common chord and
never through one or other of the pts. of intersection.

NotE 3. If tico cireles hawe the swmne tangent at @ comnion point
they touch each other at the point,

For, if the circles intersect in two distinet pts., they cannot have
a common tangent at either of those pts.; they can only have a
common secant passing through the two pts. of intersection.
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THEOREM 48

If a straight line touch a civele, and from the point of
contact a chord be drawn, the angles whiclh this chord
makes wilh the tangent are equal to the angles in alternate
segments respectively.

Let QPT be the tancent, touching the DACP at P, and PC
be any chord which divides the & into two segments CAP
and CDP.

1t ts required to prove that
(i) the L.CPT=any £ inthe segment CAP,
(ii) and the £ CPQ=any £ iu the segment CDP.
Let PA be the diameter through P. Join AC, CD, PD
(D being any point in the segment CDP).
Proof. (i) " PA is the diamecier through the pt. of
contact, the /. APT=art. £,
ie. the,Z APC+the ZCPT=ar1t. Z.iis cernenanee. 1)
Also, the £ PCA, being in semi-®,=a rt. £,
the ZAPC+the ZPAC=art. L.iviiinonenn (2}
from (1) and (2), taking away the common Z APC, we have,

the £CPT=the ZPAC=any Z in the segment CAP,
standing on the arc CP.
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(if) Again, PACD is a cyclic quadrilateral ;
.'. the ZPAC+the ZCOP=2rt. £*; .
also, the £/ CPT+the £LCPQ=271t. £Z".

But, the ZCPT=the £ PAC proved.
.. the LCPQ=the £ CDP=any £ in the segment CDP.
Q. E. D.

Proof by the method of Limits

Proof. In the arc CDP, taken a point D close to P; join
©D and produce it to any pt. R. Join CD, AC, AP.

Now, the quadl. PDCA being cyclic, the ZCDR=the
LCAP; Th. 39, Cor. 1.

and this equality holds good however close the point D
may be to P.

Suppose the secant PR to be turned about P, so that D
moves towards P ; then, ultimately, when D coincides with
P, the £ CDR becomes the / CPT.

Hence, the £ CPT=the £ CAP.
By similar construction and reasoning, the ZCPQ=the
£ CDP. Q. E. D.

COR. If PDC is a triangle, and if through P a straight line
PA be drawn on the side of PC remote from D such that the
angle CPA is equal to the angle CDP, then PA ts the tangent at
P to the circum-circle of the triangle PDC.

If PA’ be the tangent at P,

to the circum-circle, then the o
LCPA’=the £/ CDP; but the
£ CDP=the L CPA. Hyp. c

.. the LCPA’=the £CPA;
hence PA’ and PA coincide, i.e.,
PA is the tangent at P to the =) A A
eirele PDC.
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EXERCISE 10

1. P is the middle point of an arc APB of a circle. Prove that
the tangent at P is parallel to the chord AB.

2. If an equilateral triangle be inscribed in a oircle, prove that
the tangents at its augular points will form another equilateral
triangle.

3. Two circles intersect at A and B ; and through P, any point
on the circumterence of onc of them, str. Jines PAC, PBD are drawn
to cut the other 5 at C and D.  Prove that CD is || to the tangent
at P.

4. ABC is a triangle right-angled at C ; and from C a perpendi-
cular CD is drawn to the hypotenuse. P'rove that BC bisects the
angle between CD and the tangent at C to the circum-circle of the
AABC.

b. Two 9" touch cach other externally. Prove that any str. line
drawn through the pt. of contact cuts off similar segments from the
two . )

6. ABC is a triangle, and DE is drawn parallel to BC cutting
the sides in D and E. Prove that the ecircles circumscribed about.
the triangles ADE and ABC have a common tangent at A,

MISCELLANEOUS EXERCISES
( On Cireles )

1. Any number of equal circles pass through a given- point ;.
show that their eentres all lie on a fixed circle.

2. Show that all circles, passing through onc fixed point and
having their centres lying on a fixed straight line, pass thiough a
second fixed point.

3. TFind the locus of the middle points of equal chords in a given
circle.

4. Show how to place in a given circle a chord of given length
parallel to a given str. line.

5. Find the chord of minimum length through a given point
within a given circle.

6. Find the locus of the centres of circles which are touched by
two given straight lines. .

7. Of all ehords drawn through a given point within a circle, the
least is that which is bisccted at that point.

8. A straight line drawn through one of the points of intersec-
tion of two given cireles 18 terwinated by the circuwferences ; show
that the angle between the tangents at its extremities is equal to tha
between the tangents at the point of interscction.
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9. Any two chords drawn, one in each, of two equal intersecting
circles, through one of their peints of intersection and equally
inclined to the common chord are equal.

10. Two circles touch each other internally at P ; if AQ and BR
be two parallel radii of the two circles drawn in the same sense, show
that P, Q, R are in the same str. line.

11. Two equal circles touch one another externally, and two
chords are drawn to the two cireles through their point of contact at
right angles to cach other ; show that the straight line joining the
remaining extremitics of the chords is equal to the diameter of either
of them,

12, Parallel chords of a circle cut ofl' equal arcs hetween therm
and couversely.

13. Two circles intersect at Aand B and O is any point on one
of them ; if OA, OB be produced to cut the other cirele in K and L,
show that KL is of constant length.

14. Two cqual segments of c¢ircles arc deseribed on opposite sides
of the same chord AB ; and through O, the middle point of AB, any
str. line POQ is drawn intersecting the ares of the segments at P
and Q ; show that OP=0Q,

15. Find the locus of the middle points of chords of a circle,
drawn through an external point.

16. If from an internal point, other than the centre, straight lines
are drawn to the circunference of a circle, then the greatest is that
which passes through the centre, and the least is the remaining part
of that diameter,

And of any other two such lines the greater is that which
subtends the greater angle at the centre,

17. If from an external point straight lines are drawn to the
circumference of a circle, the greatest is that which passes through
the centre, and the least is that which when produced passes through
the centre.

And of any other two such lines, the greater is that which
subtends the greater angle at the centre,




CHAPTER V

PROBLEMS ON BISECTION OF ARCS AND
CONSTRUCTION OF *CIRCLES

PROBLEM 24

To besect a given arc of a circle.

AV
VA

Let ACB be an arc of a circle.
It is requived to bisect the arc ABC.
Construction. Join AB and bisect it at right angles by
DC, meeting the arc at C.

Then, C is the required point of bisection.

Proof. Join AC, BC.
Becanse € is a point on the perp. biscctor of AB,
o CA=CB.

lIence, °.* the chord CA=tho chord CB,
.. the arc CA=the arc CB. Q. E. R,
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PROBLEM 25

Gliven a circle, or an arc of a circle, lo find the position
of the centre.

Fig. 1. Fig. 2

Let ABC be a circle, (fiz. 1), or an arc of a circle (fig. 2).
It is required to find the position of the centre.

Construction. Let AB, CD be any two chords of the
circle, or the arc.

Draw the perp. bisectors of AB and CD, and let them
intersect at O.

Then, O is the required centre.

Proof. Because A and B are points on the circle or the
arc, the centre is equidistant from A and B.

.. it lies on the perp. bisector of AB.
Similarly, the centre lies on the perp. bisector of CD.

». the centre is at O, the point common to these perp.
.bisectors. Q. E. P.
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PROBLEM 26

To construct a circle which passes through two given
points and has its centre lying on a given straight line.

Let A, B be the given points and PQ, the given straight
line.

It is required to draw the circle passing through A, B and
having ils centre lying on PQ.

Construction. Join AB and bisect it at right angles by
oD.

Produce DO, to meet PQ at O.

Draw the circle with O as centre and OA as radius.

This is the required circle.

Proof. ‘.* OD is the perp. bisector cf AB, any point on
OD is equidistant from A and B.

.. the centre of the required circle, being equidistant
from A, B, must lie on OD.

Also, the centre of the required circle lies on PQ.

Hence, the centre of the circle, to be constructed, is at O,
the point common to DO and PQ.

.. the circle with O as centre and OA as radius is the
required one. Q. E. F.

Remark : It should be observed that the construction will fasl if
the given straight line, PQ, be perpendicular to that joining the
given points, A, B, for in that case, PQ will be parallel to OD and
will not therefore intersect.

14
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PROBLEM 27

To construct a cirele passing through two given points
and having a given radius.

Let A and B be the given points, and K represent the
length of the given radius.

It is required to draw a circle, through A, B having its radius
equal to K.

Construction. With centre A and radius ‘K’ draw a
circle ; also, with centre B and radius ‘K’, draw another
circle cutting the former in C and D.

Then, the circle, with centre C and radius CA, is the
required circle.

Also, the circle with centre D and radius DA, is another
circle satisfying the given conditions.

Thus, there are two solutions of the given problem.

Proof. °° CA=K and CB=K,
. CA=CB, each being=K.

<. the circle whose centre is C and radius CA, i.e. K,
passes through A, B.

Similarly, the circle with centre D and radius DA, t.e. K,
passes through A, B QET.
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Remark : The construction fails if the given radius be less than
half the distance between the given points, for,in that case, the two
circles described with centres A, B will not intersect.

PROBLEM 28

7o construct a circle passing through a given point,
outside a given circle, and touching the given circle at a
given point.

. Let A be the given pt. outside the given © whose centre
is O, and let P be the given pt. on the O'“ of the given ©.

It is required to describe a civcle passing through A and
touching the given circle at P.

Construction. .Join AP ; and draw the L bisector of AP
meeting OP produced in C.

Then the ® described with C as centre and CP as radius
will be the reqd. ©.

Proof. Join CA.
BC being the L bisector of AP, CA=CP;

and .". the ® described with C as centre and CP as radius,
will also pass through A.

Also, since the two ®* meet at P which is a pt. on the str.
line joining their centres, .". the ®° touch each other at P,

Hence, the ® described with C as centre and CP as radius

is the reqd. ©®. Q. E. F.
Analysis : Tho solution of the present problem is guessed in the
following manner : .Lsswme a cirele to be described passing through
A and also touching the given circle at P, and let C be its centre.
Then, since the circles tonch each other at P, OP produced must
pass through Cj; also,sinco CA=CP, C must be on the perpendicular
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bisector of AP. Hence, C is the pt. where the perpendicular
bisector of AP meets OP produced.

The process by which the solution of a problem is discovered
is called amalysis; whilst the opposite process, that of giving
the necessary construction and proving the correctness, is called
synthesis.

PROBLEM 29
To construct a circle which is touched by a given

straight line at a given point and passes through another
poinl oulside the str. lLine.

Let P be the point on the given str. line PQ and A, another
point lying outside PQ.

It is required to draw a circle which passes through A and is
touched by PQ at P.

Construction. Through P, draw PB L to PQ.

Also, join PA and bisect it at right angles by CO. Let CO
and PB intersgct at O.

Draw the circle with centre O and radius OP.

This is the required circle.

Proof. ‘.° ,Ois a point of the perp. bisector of PA,
' OP=0A.
'« the circle with O as centre and OP as radius passes
through P and A.

Also, ** PQ s -L to the radius OP through its extremity,
#, on the O, PQ touches the circle at P. Q. BE. P.
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PROBLEM 30

To construct a circle, with a given radius, touching
&wo given intersecting straight lines.

8

(o] F A

Let OA, OB be the two given str. lines intersecting at O,
and let K be the given radius.

It is required to describe a circle which shall touch OA and
OB, and have its radius equal o K.
Construction. Draw OE, the bisector of the Z AOB.
Draw OD L to OA, making it=K.

Through D, draw a str. line || to OA meeting OE in C.

Draw CF, CG L to OA, OB respectively. Then the ©®
described with C as centre and CF as radius will be the
reqd. ©®.

Proof. C being on the bisector of the /£ AOB, CF=CQG.

.. the ® described with C as centre and g:F as radius
will also pass through G.

Since OA is L to the radius CF at F,
.. OA touches the © at F.

Similarly, OB touches the @ at G.

Thus, OA and OB are both tangents to the ®............(1)

Again, since DF is a rectangle, by construction,

" CF=DO=Kuninererrenranessseessesensn(@)

Hence, from (1) and (2), the gircle described with C as
<entre and CF as radius is the reqd. ®. QE.F
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Nore. The following is the arnalysis of the problem :—

Assume a (© to be described touching OA and OB at Fand G
respectively, and having its radius=K : and let C be the centre of
the (. Join CF,CG. Then ) ’
CF and CG, being radii
drawn to the pts. of contact,
are respectively L to OA and
OB. Now, since CF=CG,

. Clies on the bisector of K
the £AOB; and also since c
CF=K, .. C lies on a str.

line which is | to OA and at

a distance=K from it. Ienee, o
if these two lines be drawn, F A
the pt. where they intersect will be the centre of the reqd. cirele.
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PrROBLEM 81
To construct a cirele passing through two given points,

and t‘ou('lring a given straight line, parallel to that Jotning
the given points.

X

C P D

Let A, B be the two given pts. and CD the given str. line.

It is required to describe a circle passing through A and B, .
and also touching the str. line CD.

Join AB. Then ABis Il to CD.
Construction. Draw the -L bisector of AB meeting CD
in P,
Then the © passing through the pts. A, B, P will be the
reqd, ©.
Proof. Join PA, PB.
Now, P being on the -L bisector of AB, PA=PB ;
and .. the ZPBA=the £/ PAB.
Since ABis || to CD, .*. the ZCPA=the ZPAB.

Hence, the £ CPA=the ZPBA, in the alt. segment ;
.. CD touches the ® at P.

Hence, ABP is the reqd. ®. Q. E. F.
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ReMARrks oN THE CoNsTRUCTION OF CIRCLES

23. From the definition of a circle, it is clear that a circle
can be described whenever we know the position of its centre
and the length of its radius. Now, the centre is determined,
as we have seen in the foregoing constructions, as the point
of intersection of two locii e.g the point of intersection of two
straight lines, or, the points of intersection of two circles, or,
the points of intersection of a straizht line and a circle etc.,
and as such, requires two given conditions for its determina-
tion. When the centreis thus found out, the radius is
obtained as the distance of the centre from cither another
given point or, another straight line, or, as the disfance
between two parallel straight lines etc. and therefore
requires another condition to be fulfilled.

Hence, three independent conditions must always be given
before a circle may be described. As for example :

(1) To describe a circle through the vertices of a given
triangle;

[The centre is the pt. of intersection of the perp. bisectors
of any two sides and the radius is the distance of the centre
from any of the vertices.]

(2) To describe a circle touching the sides of a triangle 3

[The centre is the pt. of intersection of the bisectors of
the angles and the radius is the distance of the centre from
any of its sides.] !

(8) To describe a circle through two given points, having
its radius equal to a given length ; and so on.

See problem 27.

It is however found that in some cases, more than one
solution comes out of the same given conditions ; but in that
case, too, it is seen that there is some intermediate solution
under which the different solutions obtained combine into a
single one.

24, To facilitate construction of problems, it is desirable
that the students should be quite familiar with the following
locii :—

(1) The locus of the centres of circles passing through two

fixed points.



CONSTRUCTION OF CIRCLES 217

(2) The locus of the centres of circles touching two (i) inter-
secting straight lines, (ii) parallel struight lines.

(8) The locus of the cenives of circles touching (i) a given
straight line at a given point, (is) touching a given circle
at a given point.

(4) The locus of the centres of circles, having a given radius
and touching (i) a given straight line, (i) a given circle.

(B) The locus of the middle points of chords of a circle.
(i) which pass through a given point, (ii) which are of
constant length, (iii) which are parallel.

() The locus of the vertices of a triangle standing on a given
base and having a given vertical angle.

EXERCISE 11
(On Construction of Circles)

1. Draw a circle through two given points A, B and having its
centre at a distance of 2" from AB.

2. Describe a circle through two given points, having its centre
lying on a given circle of radius 3”. How many solutions are there ?

3. Construct a circle through the points of interscction of two
given circles and having its centre lying on a given straight line.

4. Describe a circle touching two given parallel straight lines,
and passing through a given point within those lines.

5. Describe a circle touching each of thrce given straight lines,
two of which are parallel and the other intersecting them.

6. Show how to draw a circle touching each of three given
straight lines which intersect each other, two by two. How many
solutions are possible ?

7. Construct a circle touching a given circle and having its
centre at a given point.

8. Describe a circle whose centre lies on a given straight line
and which touches a given circle at a given point on it.

9. Draw a circle of given radius to touch a given circle and to
pass through a given point outside the given circle.

i0. Describe a circle of given radius touching two given intersect-
ing circles. How many solutions are there ?
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PROBLEM 32

To draw a tangent to a given circle from a given
external point,

Let PQR be the given circle whose centre is O, and S,
thie given external point.

It is required to draw a tangent from S to the circle PQR.

Construction. Join SO and biscct it at K. With K as
centre and KO as radius draw a circle to cut the ©PQR, at P.
Join SP.
Then SP is the required tangent.

Proof. Join PO.
Evidently, SO is the diameter of the ©SPO,
.. the £LSPO=art.’ /.

Hence, *.* SP is at right angles to the radius OP through
a point, P, on the circle PQR, SP is a tangent at P to the
®DPQR.

Obs. Since S is without and O is within the ®PQR, the
(D8PQ, described on SO as diameter, must intersect the QPQR in

two different points P and Q. Thus, SQ is also a tangent to the
(©PQR, because the £ SQO, being in a semi-@), is a rt. angle.

Hence, SP and SQ are the two tangents drawn from S to the
OPQR. Cf. Th. 454.
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PROBLEM 33

To draw a common tangend to tewo given circles.

l.et ABC and DEF be two given ®* whose centres are O
and P respeclively, the radius of the first & being greater
than the radius of the second.

It is required to draw a common tangent to the ©° ABC and
DEF.

Construction. Draw any radius OC of the 2 ABC.

(i) From CO cut off CG=the radius of the ©ODEF.

With O as centre and OG as radius describe the ©GKH.

Draw PM, PN tangents to the ©GKH, from P.

Join OM, ON and produce them to meet the ©®ABC at Q, R
respectively.

In the ©DEF, draw the radius PS || to OQ, and the radius

PT Il to OR.
Join QS, RT.

Then QS as well as RT are common tangents to the
(®" ABC and DEF.

Proof. Since PM touches the ©GKH at M,

.. the LOMPis art. £ ;
and .. tho £PMQis alsoart. £Z.

Now, 0Q=0C, and of theso the parts OM, OG are equal ;
o s MQ=CG.

Hence, PS=MaQ ; and PS is also Il to MQ, by construction ;
.. PSQM is a parallelogram.
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Also, since the £ PMQ of this parallelogram is a rt. Z.
s, allits £%are rt. £, |

Thus, the £* 0QS and PSQ are each art. £ ;

.. QS is a tangent to the ©ABC as well as to the
(ODEF.

In the same way it may be proved that RT is a tangent
to both the given ", Q. E. I

(ii) From OC produced cut off CG=the radius of the
{©ODEF.

With O as centre and OG as radius describe the ©GMH.

Draw PM, PN tangents to the ©GMH.
Join OM, ON cutting the ®ABC at Q and R respectively.

In the ©®DEF, draw the radius PS || to MO, and the radius
PT |l to NO.

Join QS, RT.
Then QS as well as RT are common tangents to the ©*
ABC and DEF.
[The proof is left as an exercise for the student.]

25. Definition : It is clear that there are four " common
iangents to two given ®° if the ©* do not cut each other. A
common tangent whose pts. of contact are on the same side
of the line joining the centres is called a direct common
tangent ; whilst a common tangent whose pts. of contact are
on opposite sides of the line joining the centres is called a
transverse common tangent. We have direct common
tangents in the first diagram, and transverse common tangents
in the second.
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Obs. 1. If the direct common tangents be produced to meet at
V, then each of the pts. P and O is cqually distant from the lines
QV and RV and .". both of them lie on the bisector of the Z QVR.

Hence, OP produced passes through V. Thus, the direct common
tangents to two given 5 and the line joining their centres are
concurrent.

Obs. 2. In the sccond diagram, each of the pts. P and O is
equally distant from TR and QS, and .-, if TR and QS intersect at
W, both P and O lic on the biscctor of the £* TWS and QWR.
Hence, OP passes through W. Thus, the transverse conmon tangents
1o two given (3 interscet on the line jotning their centres.

PROBLEM 34

On a given straight line to describe a segment of @
erele which shall contain an angle equal to a given
angle.

P

F

Let AB be the given straight line and the £C, the given
angle.

It is vequired to draw a segment of a circle containing an
angle equal to the L C.

Construction. Make the /BAD=the £ZC. Let the per-
pendicular bisector of AB and the perpendicular to AD
through A meet at 0. Since O ison the L bisector of AB,
O is equidistant from A and B.

Hence, the segment of the © described with O as centre
and OA as radius will pass through B, and contain an angle
equal to the £ C.
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Proof. Now, since AD is -L to the radius OA,
<. AD touches the ® at A.

Hence, the 2 AFB in the segment AFB=the ZBAD=the
£LC.

Thus, AFB is the required segment.
Q. E. I,

EXERCISE 12

1. Place a chord of length 2” through a given point on the
circumference of a circle of radius 2",

9. Draw in a circle a chord of given length, making an angle of

45° with another given chord.

3. Describe a circle of radius equal to 6 centimetres and place in
it two chords, each of length 7 centimetres, Meusure the distances

of their middle points from the centre of the circle and verify that
they are equal.

4. ABis a chord of length 2” in a circle whose radius is 2” and
centre is O ; through A, AC is drawn at right angles to AB to mccet

“the circle at C. Verify that the points B, O, C lie in one straight
line.

5. Describe a circle of radius 13 ¢m., and from the centre draw a
straight line 5 ¢cm. in length. At the other extremity of this line
erect a perpendicular chord, and show that its length is 24 cm.

6. Describe two circles, cach of one inch radius, and placein
each a chord one inch long. Verify that the angles subtended
by the chords at the respective centres are cqual.

"

7. Describe two circles, cach of 2/ radius, and in each draw a
pair of radii containing an angle of 120°, Verify that the chords
subtending these angles are cqual, and that their distances from the
respective centres are equal.

8. In a circle of 3" radius place two chords, each measuring 2",
and verify by actual measurement with the help of a protractor, that
the angles which they subtend at the centre, are equal.

Q. A pair of tangents is drawn to a circle of 3" radius from
a point distant 5" from the centre. Show by actual measurement that
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their lengths as also the length of the'chord of contact are4” and 44"
respectively.

10. Draw a tangent to a circle, of diameter 6”, from a given point,
distant 4” from the centre ; how many solutions are there ?

11. Draw a tangent to a circle of 25" radins from a point, distant
65" from the centre, and verify that its length is equal to 6”; also
that the length of the chord of contact is 46" nearly.

12. Describe two circles of radii equal to2” and 3" respectively,
touching cach other externally, at a given point.

13.  Describe three equal circles of radius 1” touching one another
externally.

14. Describe three circles of given radii touching one another
cxternally.

15. The centres of two circles are 6} inches apart, and radii are
33" and 1" respectively. Draw their direct common tangents, and
show that their lengths are each equal to 6”.

16. Describe two circles of 21”7 and 11" rading respectively, having
their centres 5” apart. Draw their direct common tangents. Verify
that they meet, when produced on the line of centres.

17. 1In thecircles of ex. 16, draw the transverse common tangents
and show that they interscct on the line of their centres.

18. The centres of two cireles are 5” apart, and their radii are 33"
and 13" respectively. Draw their direct common tangents. Are
there fico transverse common tangents ?

19. On a straight line, 2" long, describe a segment of a circle
containing an angle of (i) 45, (ii) 60°.

20. Construct a circle circumseribing a triangle one of whose
angles is equal to a given angle.
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PROBLEM 38b

To circumseribe a civcle about a given triangle.

Let ABC be the given triangle.
It is required to draw a circle about the A A3C.

Construction. Bisect the sides AB and BS at rt. angles
by OE and OD respectively and let them meet at 0. Join 03.
‘With centre O and radius OB draw a circle.

This circle will pass through A, B, C and is, therefore, the
required one.

Proof. Because O is a point on the perp. bisector of BC,
.S, 0OB=0C.
Similarly, O8=0A.
<. OA=0B8=0C.

. the ©® with centre O and radius 03 will pass through
A and C, and is, therefore, the required circum-circle. Q. 1. I

Nore 1. The circum-centre of a triangle lies within or without
the triangle according as it is acute-ungled or obluse-angled. When
the triangle is a right-angled one, the circum-centre is the middle
point of the hypotenuse.

Note 2. 1t may be easily scen that if O be joined to the middle
point F of AC, OF’is perp. to AC. 'Thus, the three perp. bisectors of.

the sides o{ a triangle meet in a .point, which is the circuni-centre of
the triangle. '
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PROBLEM 36

To inseribe a cirele in @ given trinngle.

Let ABC be the given triangle.

It is vequired to draw a circle which will be touched by all
the sides internally,

Construction. Bisect the 2" ABC, ACB by BI and Cl,
which meet at 1.

From i, draw iD L to BC.

Then, the ® with centre | and the radius ID is the required
one.

Proof. Trom 1| draw IE and IF perp' on CA and AB
respectively.

Because 1 is on the bisector Bl, of the £ ABC,

ID=IF.
Similarly, ID=IE, [** 1lies on C1.]
S ID=IE=IF.

.. the @ drawn with the centre | and the radius 1D
passes through E andF.

Again, beeause BC is perp. to the radius ID, BC touches
the circle at D.

Similarly, CA and AB touch the © at E and F respectively.
.. the ® DEF is iuscribed in the AABC. Q. E. ¥
Obs. 1t may be easily shown by joining A to I that Al bisects

the £ BAC. Thus, the three biscetors of the angles of a triangle meet
in @ point,y which is the ecntre of the eirele tnseribed in the triangle.

26. Definitions : (1) The circle inscribed in a triangle
is called the inm-eircle, its centre, the in-centre and its
radius, the in-radius, of the triangle.

15
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(2) The circle which is touched by only one side of a
triangle and two other sides produced is called an eseribed
cirele, shortly an ex-circle, of the triangle; and its centre
and radius are respectively called an ex-centre and an
ex-radius of the triangle.

PROBLEM 87

To draw an escribed cirele of a given triangle.

A

Let ABC be the given triangle, of which the sides AB and
AC are produced to H and K respectively.

It is required to draw the circle touching BC, and AB, AC
produced.

Construction. Bisect the ~* HBC, KCB by Bl and Cl,
respectively, which intersect at 1;. Draw 1,D, 1,E, I;F perp.
on BC, AK, AH respectively. The circle drawn with the centre
1, and radius 14F is the required one.

Proof. Because I, is a point on Bly, 1,D=1,F; similarly,
1;D=14E, ~.° I lies on Cly.

<. 11D=1;E=1,F. Hence, the ® with 1; as centre and
I1F as radius passes through D and E.

Again, since BC, CK, BH are perp' to the radii 1,D, 1{E,
11F, the © is touched by BC, CK, BH. ’ Q. E. .
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Obs. 1. It may be shown that Al; bisccts the /£ BAC ; thus,
the anternal biseetor of one angle of a triangle and the external
biseclors of the other tico, meet in a point, which 7s an cx-centre of the
Iriangle.

Obs. 2, By producing the sides BC, BA, another ex-circle may
be drawn touching the side CA and BC, BA produced. Similarly,
there is another ex-cirele touching AB and CB, CA produced. Thus,

there are three cg-cireles of @ triangle cach one touching one of its
sides anwd the tico others prodieed.

EXERCISE 13
L. Draw acircle to touch cach of two given parallel straight
lincs and a transversal intersecting them.

2. Two straight lines are almost parallel. Biscet the angle
between them, giving all lines of construction.

3. If 1 be thein-centre of a triangle ABC, prove that
£BIC=00+ 2.

4. Ifly bethe ex-centre of the triangle ABC opposite to the

angle A, prove that
£Bl,C=90-"

5. The inscribed cirele of the triangle ABC touches BC at D, and
the circle cscribed to the triangle, opposite to A, touches BC at D;.
If AB > AC and X is the middle poiut of BC, prove that

XD=XD, =}(AB-AC).

6. Show that the bisectors of the vertical angleg of triangles
standing on a given base and having the sum of their base angles
<qual to a given angle are concurrent.
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PROBLEM 38

.I” a given circle to inscribe a triangle equiangular to
a geven triangle.

8

Let O be the centre of the given ©, and ABC the given A.
It is required to inscribe in the circle (O) a triangle
equiangular to the triangle ABC.
Construction. Take any radius OD, and through D draw
TS L to OD; then TS is the tangent at D.
" Draw the chord DE making the /TDE=the LACB; and
draw the chord DF making the £ SDF=the £ ABC.
Join EF.
Then, DEE is the reqd. A.

Proof. Since TS touches the © at D,
’ the Z TDE =the £ DFE, in the alt. segment;

and the ZSDF= the £ DEF, in the alt. segment.

Hence, the ZDFE=the ZACB, }
and the /A DEF=the £ZABC;

. the remaining Z EDF=the remaining £ BAC.

Thus, the APEF inscribed in the given ® is equiangular

to the AABC. Q. E. Y.
Nore. To inscribe an equilateral triangle in a given circle, all
that we have to do is to construct an equilateral triangle outside the
circle and then to inscribe in the circle a triangle equiangular to the
trian%le constructed, in the manncr indicated above. In this case
therefore, cach of the angles TDE and SDF would be equal to an angle
of an equilateral triangle, 7.e. equal to one-third of two right angles.
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PROBLEM 39

About a given circle lo circumscribe a triangle equi-
angular to a given triangle.

R

Let O be the centre of the given @, and ABC the given A.
It is required to circumscribe about the circle (O) a triangle
equiangular to the triangle ABC.
Construction. Produce BC both ways to D and E.
Take any radius OF of the ©.

Draw the radius OG making the LFOG=the ext. ZABD;
and draw the radius OH making the £ FOH=the ext. ZACE.

Draw tangents to the © at the pts. F, G, H, forming the
APQR.

Then, PQR is the reqd. A.
Proof. The £°OFQ and 0GQ being rt. £° the remain-
ing ~* FOG and GQF of the quadl. OFQG are supplementary.
Now, the £ ABC is the supplement of the Z ABD, and the
£ GQF is the supplement of the ZFOG;
but the £ ABD=the LFOG;
the £ ABC=the £ PQR. }
Similarly, the ZACB=the ZPQR.
.. remaining Z QPR =the remaining LBAC.

Thus, the APQR circumscribed about the given ® is
equiangular to the A ABC. Q. E. F.
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Note 1. To circumseribe an equilateral triangle about a givemw
circle, all that we have to do is to construct an equilateral triangle
outside the circle and then circumscribe about the circle a triangle
equiangular to the triangle constructed, in the manner indicated
above. In this case, therefore, each of the angles FOG, FOH would
be equal to the supplement of an angle of an equilateral triangle, z.e.,
equal to two-thirds of two right angles.

NoTE 2. An cquilateral triangle is evidently a regular figure of
three sides, for an equilateral A is also equiangular. Hence, we know
how to construct a regular figure of three sides in or about a given®.

EXERCISE 14

(On Circles in ronnection awith trianyles)

1. Draw a circle of 1 radius and inseribe an cquilateral triangle
in it, Show that the length of a side of the triangle is 1'73 inches.

2. Circumsecribe a circle about a triangle whose sides are 3", 4"
and 5. Measure the length of its radius.

3. Explain how to construct a triangle, having given the length
of its circum-radius and two of its angles.

4. ABCisan equilateral triangle, whose sides are cach 2" in
length. Draw the escribed circle touching the side CA. Mcasure the

, length of its radius.

5. Draw a circle of radius 1" and describe an equilateral triangle
about it. Show that the length of a side of the triangle is 3-16".

6. Compare the areas of the triangles in Ex. 1 and Ex. 5.

7. Draw a circle of 1” radius. Inscribe in it, and deseribe about
it, triangles equiangular to a triangle whose sides are 13", 14" and
15", Show that the greatest sides of the triangles so drawn, are
184" and 375", respectively.

8. If 14, 1,,1;be thein-centreand the threeex-centres opposite
respectively to the angles A, B, C of a triangle ABC, and the sides
opposite to these angles in order be a, b, ¢, verify that 1, A, I3;
I3, B, 153 14, C, 1, are collinear.

O~ CoNSTRUCTION OF CIRCLES IN CONNECTION
witH REGULAR PoLYGONS.

Definition : A polygon is said to be regular when all its
sides and angles are equal.
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PROBLEM 40

To draw « circle (i) in, or (i) about, a regular polygon.

Let ABCD...... K be a regular polygon of # sides.
(i) It is required to inscribe a circle about it;
and (ii) to circumscribe a circle about it.
Construction. Bisect the £° A, B by AO, BO which meet
at O, suppose.
Join OC, OD,......OK.
Also, from O, draw OP, 0Q, OR,......... perp’ on AB, BC,
CD,.........respectively.
Then, (i) the circle with O as centre and OP as radius is
the required inscribed circle ;
and (ii) the cirelo with the centre O and radius OA is the
required circumscribed circle.
Proof. Because, in the A° OBA, OBC,
OB, BA=0B, BC and the ZOBA=the ~L0BC,
.. OA=0C;
and the £0CB=the ZOAB=1} the ZKAB=1% the ZBCD.
. OC bisects the £ BCD.
Similarly, OD bisects the £ D, and so on.
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Thus, the bisectors of all the angles meet at O.

Hence, *.* the £ A=the ZB=the £C...,
we have OA=0B=0C=...
Also, since O lies on the bisectors of the ~* A, B, C,...
it is equidistant from the sides,
S, OP=0Q=0R=.,....
». (i) the circle with O as centre and OP as radius

passes through Q, R,...... and touches the sides AB, BC,......
because AB, BC,...are perp’ to the radili OP, 0Q,...

and (ii) the circle with O as centre and OA as radius
passes through B, C,.....
Q. E. F.

EXERCISE 15

1. The base of an isosceles triangle is 14" and each side is 25”,,
show that the length of the in-radius is 525",

2. Prove that the in-radius of an cquilateral triangle is equal in
length to one-third of its height.

3. Inscribe a circle in a given square and verify that the
diameter of the circle is equal to a side of the square.

4. Inscribe a circle in a given rhombus and show that the
diameter of the circle is equal to the height of the rhombus.

5. Show that the circum-radius of an equilateral triangle is two-
thirds of its height.

6. Construct the circum-circle of a triangle whosc sides are 7, 8,
9 yds. Verlfy that the length of the radius of the circle is 4 yds.
2 ft. 104 in.
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PROBLEM 41

To draw a regular polygon (i) in, or (i) about, a given
cirele.

~ LQyx o

T.et ABC be a given circle whose centre is O.

(i) To inscribe a reqular polygon of w sides in the circle,
and (i) to circumscribe a regular polygon of n sides about
the circle.

(i) Analysis. Suppose ABCD...to be a regular polygon
inseribed in the @, so that the sides AB, BC, CD,...... are
the consecutive chords of the circle.

Hence, since AB=BC=CD=..,,

/L AOB= /BOC= £/COD=....

Thus, the angle at O is divided into as many equal parts
as the polygon has sides.

S LAOB=/BOC=/L COD=...='%??~ , 1 being the no. of sides.

Hence the following construction :—

. Construction. Join O to any point A, on the O®; at O,
360°
n

Place consecutive chords BC, CD,..., each equal to AB,
round the#whole O
The figure, so formed, is the required regular polygon.

draw a radius OB, making the ZAOB = ; join AB.
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(ii) Join O to any pt. A on the O°.
At O, draw radii 0B, OC, OD,......round the whole O,
3607

n

At A, B, C, D,...draw tangents to the © meeting each other

at P, Q,R, S,...
o T{lﬁwn, PQRS...is the reqd. regular polygon circumscribing

e ®.
[The proof is obvious andis left as an exercise to the student]

Obs. 1t is to be observed that such constructions are not possible
purely with the help of a 7uler and a compass except for certain
special values of n. As for example, as there is no method of cons-
tructing an angle equal to ! of 360°, purcly with »wler and compass,
a regular hkeptagon (e, of seven sides) can neither be inscribed in
or circumscribed about a given circle, except with the usc of a
protractor.

making the ZAOB=the £BOC=tho L COD=...=

EXERCISE 15A

1. Construct a square (i) in or (ii) about a giren cirele.

[Let O be the centre of the (). Take any diamecter and draw
another diameter L to the former. The figure obtained by joining
the extremities is a square inscribed in the cirele.  Again, the figure
formed by the tangents at the extremities is a circumseribing square.}

2. Construet a regular hexagon tn or about a yiven cirele,

[£ AOB in this case=60° ; hence, place consecutive chords AB,
BC, CD,...each equal to the radius. ‘The fig. ABCD...is the reqd.
inscribed hexagon. Draw tangents at A, B, C, D,....to construct the
circumseribing hexagon.]

3. Construct a regular octagon (7.». of 8 sides) in or about a
given circle.

4. Construct a regular dodecagon (i.c. of 12 sides) in or about a
given circle.

5. Construct a regular polygon of (i) 16, (ii) 24, sides in or about
a given circle.

6. Show by actual measurement that the perimeter of a regular
hexagon inscribed in a circle of radius 4" is 2 ft.

7. About a circle, 2" in diameter, describe a regular hexagon ;
verify, by actual measurement and calculation, that the area of the
hexagon 18 3'46 sq. inches.

8. Compare the ‘areas of inscribed and circumscribed regular
hexagons of a given circle.

9. Each side of an octagonal field is 100 yds.; show that the
price of the field at Rs, 225 per acre is Rs. 2244. 9a. Yp.




CHAPTER VI
MISCELLANEOUS PROPOSITION
I. On Circles and Triangles

If two triangles standing on equal bases have wvertical
angles that are either equal or supplementary, then their circum-
circles are equal.

F

E
CmD

H

Let the A* AEB, CFD standing on cqual bases AB, CD
have their vertical 2* AEB, CFD supplementary.

Let P, Q be the centres of the ©° circumseribed about the
A°® AEB, CFD respoectively,

It is required to prove that these two circles have equal radii.

Proof. Join PA, PB, QC, QD.
Take any pt. H on the arc conjugate to the arc CFD. Join
CH, DH.
Then, the Z CHD=the £ AEB,
each of them being supplementary to the L CFD ;
the ZcQD=the ZAPB, (double of equal £.°).
Now, since the Z PAB=the £PBA, each of them=} their
sum=1} the supplement of the ZAPB.
Similarly, cach of the £* QCD, QDC
=1 the supplement of the 2cCQD.
Hence, each of the A’ PAB, PBA=ecach of the £* QCD,
QbDcC.
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Thus, the two isos. A° PAB, QCD have their bases equal,
and also the £* at the base of the one=the £ at the base of
the other;

.*. these two A’ are congruent.

Hence, each of the sides PA, PB=each of the sides QC,
QD.

Thus, the radii of the two ®° are equal, which proves the
proposition. Q. E. D.

Nore. It is obvious, from the foregoing demonstration, how
to deal with the case when thetwo triangles havetheir vertical angles
equal.,

II. Ortho-centre : Pedal Triangle

1. The perpendiculars drawn from the vertices of a triangle
£o the opposite sides are concurrent.

A

B D (o]

Let BE, CF be L’ to the sides, CA, AB respectively, of the
AABC; and let them intersect at O.

Join AO and produce it to meet BC at D.
It is required to prove that AD is L to BC.
Proof. Join FE.

The £*' OFA, OEA are supplementary, each of them being
art. £ ,
.. the quadl. AFOE is oyclic, ‘
.. the LFAO=the ZFEO, in the same segment... '(a)



PEDAL TRIANGLE 237

Again, the /BFC=the £BEC, cach being a rt. £;

. the four pts. B, F, E, C are concyclic,

.. the L FEB=the £FCB, in the same segment......(3)
Hence, from (a) and (B),

the ZBAD=the ZBCF.
Now, in the A*BAD, BCF, the £ at B is common, and
the ZBAD=the £BCF;

.. the remaining Z ADB=the remaining ZCFD=art.Z.
Hence, AD is L to BC.

Q. E. D..

Norg. For an alternative proof, see Book I, p. 110.

27. Definitions : (i) The point of intersection of the
perpendiculars from the vertices of a triangle to the opposite
sides is called the ortho-centre of the triangle.

Thus, in the preceding diagram, the point O is the ortho-
centre of the triangle ABC.

(i) The triangle formed by joining the feet of the perpen-
diculars drawn from tho vertices of any given triangle to the
opposite sides is called the pedal triangle of the given *
triangle.

In the preceding diagram, the triangle DEF is the pedal
triangle of the triangle ABC.

COR. IfO is the ortho-centre of a triangle ABC, the circum-
circles of the four triangles ABC, BOC, COA, AOB are equal to-
one another.

In the preceding diagram, the quadl. AFOE being oyclic,
the £ FAE issupplementary tothe ZFOE and is .*, supplemen-
tary to the £BOC. Thus, the A°BAC, BOC stand on the same
base and have their vertical £* supplementary ;

.. the circum-® of the ABOC is=that of the AABC.
Similarly, the circum-® of each of the A* COA, AOB is=that
of the A ABC. llence, the four circum-®°are equal to one
another.
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2. In an acutc-angled triangle the perpendiculars drawn

from the vertices to the opposite ,sides bisect the angles of the
pedal triangle.

Let O be the ortho-centre, and DEF the pedal A, of the
acute-angled AABC.

It is required to prove that AD, BE, CF bisect the L' D, E, F
of the ADEF respectively.
Proof. The Z ADB=the £ AEB, cach being a rt. £.
.. the quadl. AEDB is cyclic.
Hence, the £ EDC=the /BAE;
and similarly, the £ FDB ==the Z CAF,
.. the LEDC=the £FDB;
and the whole £ ADC=the whole Z ADB, each =40",
. the remaining £ ADE =the remaining £ ADF.
Thus, AD bisects the £ EDF.
Similarly, BE and CF bisect the «* DEF and DFE
respectively. Q. E. D,
COR. 1. The sides of the pedal triangle are equally inclined
to that side of the original triangle on which they meet.
[See proof of the Theorem.]
COR. 2. The triangles AFE, BDF, CDE are equiangular
to one another and to the original triangle.
[See proof of the Theorem.]
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3. The distance of each vertex of a triangle from the ortho-

centrre is double the distance of the circum-centre from the
opposite side.

Let O be the ortho-centre of the A ABC; AD, BE, CF being
the L' from A, B, C on the opposite sides.

Liet § be the circum-centre of the A ABC, and A/, B, C' the
mid-pts. of the sides opposite to A, B, C respectively.

Then SA', 8B, SC’ are L* respectively to BC, CA, AB.

It is required to prove that AO=2SA’, BO=2SB’, CO=2sC".

Proof. SA’is || to AD, because both of them are L to
BC. ‘

Similarly, SB" is | to BE, and SC’is || to CF. Let L, M, N
be the mid-pts. of AQ, BO, CO respectively.
Join LB, LC'.
Now, B/L passes through the mid-pts. of CA and OA;
B'Lis Il to CO and .. to SC’ ;}
similaxly. C'Lis II to BO and .. to SB’,

Hence, the quadl. SL is a pa™
sB'=C'L= ;—ao,}
and SC' =BL=3CO.
Similarly, by joining MC’, MA’, (or NA’, NB'), it can be
shewn that SA’=1A0. Q. E. D.
Notg. 1f O is the ortho-centre of any given AABC, the follow-
ing constructions for the circum-centre should be carefully noted.
Through A/, the mid-pt. of the side opp. to A, draw A’S || to, and in
the same sense as, OA ; make A'S=}OA. Then, 8 isthe circum-
centre of the given A.
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COR. The circum-centre, the centroid and the ortho-centre
of a triangle are collinear.

Let S8 be the circum-
centre, and O the ortho-
centre, of the AABC; and
let A’ be the mid-pt. of the
side BC. Join SA’ and SO ;
also join AA’, cutting OS
in G.Let H, K be the mid-
pts. of AG and OG res-
pectively ; join HK. Now B D A’ C

HK is | to AO and=3A0; .". HKis equal and | to SA', and
.. the quadl. HKA'S is a par™. But the diagonals of a par™
bisect each other; .. A'G=GH=1AG. Hence, G is the
centroid of the AABC. and it lies on the line SO, which
proves the corollary. ’

EXERCISE 16

1. If O be the ortho-centre of a triangle ABC and if AO be pro-
duced to meet the circum-circle at P, show that OP is bisected at
right angles by BC.

2. If O be the in-centre of a triangle ABC, and if AO, BO, CO
be produced to meet the circum-cirele in P, Q, R respectively, then
O is the ortho-centre of the triangle PQR.

[£PRC=/PAC=}/A ; similarly, ZCRQ=3/B and ZRPA=
$2.C; hence, if QR meet AO in D,/ PRD+/ RPD=}/A+}/ B+
1£C=onert. £ ; .. LPDR=onert. £ ; hence etc.]

3. If O be the ortho-centre of a triangle ABC, show that A, B,
C are the ortho-centres of the triangles BOC, COA and AOB
respectively.

4. Deduce from Ex. 3 that the eircume-eireles of the triangles BOC,
COA, AOB are cqual, cach being equal to that of the trianyle ABC,

[Let S be the circum-centre and A’, the mid-pt. of BC. Then, SA’
is par' to AO and=31A0. Produce SA’ to P, making A'P=SA’
(=1A0); then P is the circum-centre of the ABOC, Also, POAS
being evidently a par™, PO=SA=circum-radius of AABC; hence etc. ]
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5. If O is the ortho-centre and S the circum-centre of the triangle
ABC and if A, B, C' are the circum-centres of the triangles
OBC, OCA, OAB, show that O is the circum-centre and S the
ortho-centre of the triangle A'B'C’. [Apply Kxs. 3, 4.]

6. Show that the angles of the pedal triangle of the triangle
ABC are supplements of the angles 2A, 2B, 2C.

7. Construct a triangle having given a vertex, the circum-centre
and the ortho-centre.

8. Construct a triangle having given the circum-centre, the
ortho-centre and the middle point of the base.

M. Simon’s Line or the Pedal Line
If perpendiculars be drawn to the sides of atriangle from any

point on the circum-circle, then the feet of these perpendiculars
lie in one straight line.

From any pt. P on the circum-® of the A ABC, let PD, PE,
PF be drawn -L* to BC, CA, AB respectively.
Join DF, FE.
It is required to prove that DF, FE are in one str. line.
Proof. Join PA, PB.

Since the < PDB=the £PFB, each being a rt. £, the
quadl. PFDB is cyclic.

16
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Also, since the Z* PEA and PFA are supplementary, each
being a rt. £, the quadl. PFAE is cyclic.

Now, the quadl. PBCA being cyclic, the ZPBC=the
L PAE ;

and, the quadl. PFAE being cyclic, the /PAE=the
L PFE.

Hence, the Z PBD=the £ PFE.

But, the quadl. PFDB being cyclic, the Z* PBD am‘l PFD
are supplementary ;

.. the £°* PFE and PFD are supplementary; .. DF, FE
are in one str. line.

Q. E. D.

28. Definition : The line DFE is called pedal line of
the point P with respect to the triangle ABC.

EXERCISE 17

1. If the feet of the perpendiculars from a point to the sides ofa
triangle be collinear, prove that the point lies on the circum-circle
of the triangle.

2. From a point P en the circum-circle of a triangle ABC, PL
and PM are drawn perp’. to the sides BC and CA ; if LM, produced,
meets AB (produced if necessary) at N, show that PN is perp. to
AB.

3. From a point P on the circum-circle of a triangle ABC, PL
is drawn perp. to the side BC and is produced to meet the circum-
circle at Q ; show that' AQ is parallel to the pedal line of P.

4. If, in a triangle ABC, the pedal line of a point P meets the
side AC, the angle which the pedal line makes with AC is comple-
mentary to what the arc BP subtends at any point on the circum-
ference.

5. The angle between the pedal lines of any two points P and Q
on the circum-circle of a triangle is equal to the angle subtended by
the arc PQ at the circumference,
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EXERCISE 18

(On the Inseribed and Escribed Circles of a Triangle)

1. Tf I be the in-centre and |, I,, I, be the three ex-centres of a
¢riangle ABC,

prove that

(i) A, I, 1, are collinear ;
(i) B Ll » »
(ﬁi) C’ ') 's ”» ”
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2. Prove that .

() ' A, I, licon a str.line;

(ii) ls, C) o v w » s

(iii) Il) B: I:l L P A ] EER
3. Show that 1A, 1,B, 1,C are at right angles to 1,14, 1,14,

1,1, respectively.

4. Show that the triangle ABC is the pedaltriangle of the Al lel,.
5. Show that the angles of the triangle ;1,14 are

90°= 5, 90°- 5, 90-- G.

6. If the in-circle of the AABC touch the sides BC, CA, AB at
L, M, N respectively, and if 2s represent the perimeter of the
triangle, prove that
(i) AN=AM=s-q;
(ii) BN=BL=s-b;
(iii) CL=CM=s-¢, where «. b, ¢ denote the lengths
of the sides BC, CA, AB respectively.
7. If the escribed cirele opposite to the vertex A touch BC at
and AB and AC produced at F and E respeetively, show that
AF=AE=seni-perimeter of the triangle.
8. If S represent the area of the triangle ABC, and »r, »y, 1y, 7y
denote the in and ex-radii of the triangle in order. prove that

. S . S S .
W) r=S5 () ra=, S5 (i) re= S5 (vr= S,
Prove that
1 1 1 1
ry + r.;+ ry v’
9. Show that the ortho-centre of « lriungle is the du-centre of ils
pedal triangle.

10. Given the hase and the magnitude of the vertical angle, find
the locus of the ex-centre opposite to the vertex.

11. In the diagram of Ex.1, show that My, 11, H, arc cach
bisected by the circum-circle of the triangle.

12. Construct a triangle of which the three ex-centres are given
in position.

13. Given the vertical angle, perimeter and radius of the inscribed
circle ; construet the triangle.

14. Given the vertical angle, the in-radius, and the length of the
perpendicular from the vertex to the basc, construct the triangle,
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IV. Nine-point Circle

TIn any l{'iangh', the nm’:h{ln points of the sides, the feet of
the perpendiculars from (he vertices to the opposite sides, and

the middle points of the lines joining the ortho-centre to the
verticss are concyclic,

A
N E
L N
c . B’
F N '
\o - S !
K
H ;
N 4
B D~~~ -"KA C

In the above diagram, O is the ortho-centre and S the
circum-centre of the AABC; A, B, C’are the mid-pis. of
the sides opp. to A, B, C; AD, BE, CF are the L*from A, B, C
to the opp. sides; and L, H, K are the mid-pits. of the lines
OA, OB, OC.

It is required to prove that the nine points A',B', C, D, E, F,
L, H, K are concyclic.

Proof. Join SA, SA’, SO. and LA’ cutting SO at N.

Now, SA"is || to AO and =%A0;
.. SA'is equal and |l to LO.

Hence. L, O, A, $ are the ¢onsecutive angular pts. of a
parallelogram.

Hence, LA’ and 0S bisect cach other at N.

Thus, LA’ is bisceted at the mid-pt. of O08; and similarly,
HB' and KC' are ecach bisected at the mid-pt. of OS.

Now, LDA’ being a rt. £, the © described on LA as
diameter passes through D.

.. ND=NL=NA’, each of them being a radius of this .
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Again, since SA’ is equal and || to AL,
. SA=A'L.
Hence, if R stands for “the circum-radius” of the AABC,
we have ND=NL=NA'=}R. (SA being R.)

Similarly, NE=NH=NB'=IR, }
and NF=NK=NC'=1R.

Thus, the nine pts. D, L, A", E, H, B, F, K, C’ are each at
a distance=4R from N, the mid-pt. of OS;

and ... they all lic on the O of the © whose centre is the
mid-pt. of OS and radius=4R. Q.E.D.

29. Definition : The circle passing through the mid-pts.
of the sides of a triancle is called the nine-point circle of
the triangle, from its property of passing through nine parti-
cular points connected with the triangle. The centre of the
nine-point circle may also he conveniently called the “nine-
point centre.”

Obs. It may be casily scen from the above theorem that

(i) the nine-point eentre is the middle point of the line joining
the circum-centre to the ortho-ceutre ;

(ii) the radius of the nine-poizt eirele is equal to half the
circum-radius.

COR. 1. The ninc-point circle of each of the triangles BOC,
COA, AOB is the same as that of the trianglc ABC.

COR. 2. If P is awy
point on the circum-circle
of the triangle ABC, the
midpoint of OP is on the P
ninepoint circle.

If L is the mid-pt. of
OP, join NL.. Then, NL is o
I to SP, and = }SP=4R. N S
Thus NL is = a radius of

: B o c
the nine-pt. ®, and .*. the \\_/
pt. L lies on that ©.
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COR. 8. @Given the base and the vertical angle of a triangle ;
as the triangle changes ils position the centre of the nine-point
circle moves along the circumference of a circle whose centre is
the mid-point of the given base.

In the figure of the proposition, suppose XBC to be any
other position of the triangle, the buse BC remaining fixed
and the vertical ZBXC being=the /BAC. Then X must be
on the arc BAC of the circum-"+ of the AABC. Now, if N’ be
the nine-pt. centre of the AXBC,we must have N'A’/=18X
=4SA. Thus, N and N’ are both at the same distance from
A’, which proves the corollary.

EXERCISE 19

1. Show that the circuni-centre. the centroid, the ortho-centre
and the nine-point centre are collinear.

2. If 1 1y, 15, 1y be the centres of the inseribed and escribed
cireles of the triangle ABC, prove that the circum-circle of the
triangle ABC is the nine-point circle of each of the triangles

Haly, Holy, 150 Byl,0,.

. 3. If O be the ortho-centre of the triangle ABC, in which
AB > AC and L. U, M be the middle points of BC, AO, AC, prove
that

LLUD=/LMD=C-B.

4. Lines are drawn through the middle points of the sides of a
trinngle ABC perpendicular to the hisectors of the opposite angles.
Prove that the triangle A’B'C’ formed by those lines has the same
nine-point eircle as the original triangle.

[1f L, M, N be the mid-pts. of BC, CA, AB, prove that LMN is
the pedal triangle of A'B'C'.]
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V. Locii

1. Given the basc and the vertical angle of a friangle, prove
that the locus of its ortho-centre is a circle of which the centre is
a known point on the perpesdicular biscctor of the given base.

A

o
)

8 D \JA’ C
- P
Let BC be the given hase of a triangle ABC having its
vertical Z A of given magnitude.

It is required to find the locus of the ortho-centre, O.
Proof. Let AD be the -L on BC, O the ortho-centre, S the
circum-centre, and A’ the mid-pt. of BC.
Join SA’ and produce it to P making A'P=SA’.
Join SA, PO.
Now, SA’is || to AO and =}A0 ;
. SPis equal and || to AO.
Hence, PO=SA.

Now, the base BC and the vertical ZBAC being given, the
circum-centre and the circum-radius are the same for all
triangles described on BC and having the vertical angle cqual
to the £ BAC.

.. Sis a fixed point, and thercfore, also, P, for BCis fixed.

Also, PO=SA=the circum-radius, which is also of cons-
tant length.

Hence, the locus of O is a circle whose centre is the fixed
point P on the perp. bisector of BC and whose radius is
equal to the constant circum-radius. Q. E. D.
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S1KCOND METHOD

Join BO, CO, and produce them to meet the opp. sides
CA, AB at E, F respectively,

Then £BOD=90"~ 2 0BD=%)"~ LEBC=/C

similarly, ZCOD= /B,
S LBOC=/4B+/4C=180"~ LA, and .. known.

Hence, the locus of O is a circle passing through B and C
and having its centre on the L bisector of BC. Q. E. D.

2. Griven the base and the verlical angle of a triangle, to find
the locus of the centroid of the triaugle.

Liet ABC bhe any A standing on the given base BC and
having the vertical ZBAC of a given magnitude.

It is reqd. to find the locus of G. the controid of the A ABC.
Proof. Lot A’ be the mid-pt. of BC, and G the centroid ;
then G is a pt. on AA’ such that AA’=3GA".
Let S be the circum-centre ; join SA’, SA.
Draw GQ || to AS, mecting SA’ in Q.
Now, since AS is par‘ to GQ and AA'=3A"G.
AS=3GQ,
o GQ=}AS.
T.et XBC be any other position of the A, the base BC
remaining fixed and the vertical ZBXC being=thc ZBAC.
Then, X must be on the arc BAC of the circum-© of
the AABC.
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Now, if G' be the centroid of the AXBC, it can be shown,
as before, that G'Q=73XS.

Thus, GQ=G’Q (cach of them being=4SA), which shows
that G and G’ are on the O” of a ® of which the centre is
the pt. Q, and the radius=}SA.

Thus, the reqd. locus is a circle whose centre is Q and
radius equal to ¥SA. Q. E.D.

8. Glven the base and the vertical angle of a triangle, to find
the locus of tts in-centre.

A

1 P

8 X c

Let ABC be any triangle standing on the given base BC
and having the vertical ZBAC=a given £ P ;also, let 1 be the
in-centre of the AABC. JoinBl, Cl and Al; produce Al to
meet BC at X.

It is required to find the locus of ).
Proof. The ZBIC=the /BIX+the £CIX.
Now, the £BiIX=3A+1B; and the £ZCIX=}A+]C;
.. the 2BIC=1A+iB+ A+ iC=A+1(B+C)
=A+3(180°-A)
=00+ {A=a constant angle, for
the ZA=the £ P=a constant angle.

~. the A BIC stands on a fixed base and has a constant
vertical angle.

. the locus of 1 is a circle passing through B and C and
having its centre lying on the perp. bisector of BC.

Q. E. D.
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EXERCISE 20

1. Given the base and the sum of the base angles of a triangle,
find the locus of its ortho-centre.

2. Find the locus of the centroid of a triangle which stands on a
given base and has the sum of its base angles equal to a given angle.

3. Given the base and the sum of the base angles of a triangle,
find the locus of its in-centre.

4. Given the base and the vertical angle of a triangle, find the
locus of its ex-centre which is opposite to its vertex.

5. Show that the locus of the middle points of a system of
chords of a circle drawn through a fixed point, outside the circle, is
another circle intersecting the given one.

6. Bhow in Ex. 5 that the locus will touch, or will not cut, the
given circle according as the fixed point is on, or within the given
circle.

7. Show that the points of contact of tangents to a series of
concentric circles drawn from a given point outside the circles all lie
on a circle.

8. BACisany triangle deseribed on the fixed base BC and
having a constant vertical angle ; and BA is produced to P, so that
BP is equal to the sum of the sides containing the vertical angle.
Find the locus of P.
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BOOK IV

THEOREMS ON RECTANGLE AND
SQUARE IN RELATION TO
THE SEGMENTS OF A
STRAIGHT LINE

CHAPTER 1
GEOMETRICAL THEOREMS CORRESPONDING TO
ALGEBRAICAL IDENTITIES

DEFINITIONS AND NoraTroxs

1. A rectangle, of which the adjacent sides are AB and
BC, is said to be the rectangle contained by AB and BC
because on those sides alone, its size and shape depend.

The “rectangle contained by
AB and BC” is written as A B
“pect. AB, BC”, or, more briefly
as “AB.BC", or, as ‘“rect. AC.
Likewise, “the square described
on a straight line AB” is briefly
written as “s¢. on AB)” or as
AB?2.

(o) C

2. If D be a point on a straight line, AB, and within its
extremities, then D is said 1o
divide AB nternally, the parts 8]
AD and DB, beine called the A B
segments of the line AB.

Similarly, if D bo on the straight line AB, produced, it is
said to divide AB externally,
AD and DB being called the
segments of the line AB.

A 8 D
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Thus, it is clear that when D is a point of internal divi-
sion, AB is equal to the sum of the segments; whereas in
caso of D being a point of external division, AB is equal to
the difference of the segments.

3. Iffrom the extremities of a straight line AB, perpendi-
culars AP and BQ be drawn to an unlimited straight line DE,
then PQ is said to be the projection of AB on DE.

B B8
A
P
o P Q E D 'Q 3
A
Notre. If A is on the straight B
line DE, then AQ becomes the

projection.




CHAPTER II
RECTANGLES AND SQUARES

THEOREM 49

If there be two straight lines onc of which 1s divided
into any number of parts, the rectangle contawned by the
two lines is equal to the swn of the rectungles contained by
the undivided line and several paris of the divided line.

A a e b F ¢ B P
k ka kb ke k
D G H C Q

Let AB and PQ be two straight lines, of which AB is
divided into any number of parts, say three, viz. AE, EF, FB;
and let PQ, AE, EF, FB contain £, a, b, ¢ units of length
respectively ; then AB contains ¢+ b+ ¢ units.

It is required to prove that
rect. AB, PQ=recl. AE, PQ+rect. EF, PQ+rect. FB, PQ
or, AB.PQ= AE.PQ+ EF.PQ+ FB.PQ,
i.e. to prove that (a+b+ c)k=ak+ bk+ ck.

Through A, draw AD -L to AB; from it cut off AD=PQ}

complete the rectangle DABC having AB and AD as adjacent
sides.

Draw EG, FH par' to AD meeting DC at G and H
respectively.
. FH=EG=AD=PQ.
17
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Proof. The fig. AC= the fig. AG+the fig. EH
+the fig. FCocvvvvianine (1)
But, by construction,
fig. AC=rcct. AB, AD
i.c.= AB.PQ and contains (a+ b+ ¢)k units of area
fig. AG=rcct. AE, AD=yrccl. AE, PQ
i.e.=AE.PQ and contains ak units of area;
fig. EH=7¢cl. EF, EG=7rcct. EF. PQ
i.e,=EF.PQ and contains bk units of area;
fig. FC=recl. FB, FH=rcct. FB, PQ
i.e.=FB.PQ and contains ck units of area.
Hence, from (1),
rect. AB, PQ=rcct. AE, PQ+rcct. EF, PQ+rect. FB, PQ
or, AB.PQ:== AE.PQ+ EF.PQ+ FB.PQ,
i, (a+b+c)k=ak+bk+ ck.

COR. Ifa straight line be divided internally into any two
parts, the square on the whole line is equal lo the sum of the
rectangles contained by the whole line and each of the parts.

Let AB bhe the str. line, divided A a c b B
internally at C into AC and CB,
which contain ¢ and b units of
length respectively.

Describe the sq. ABDE on AB
and draw CF, throlugh C, parallel + a(a+b) |b(a +b)
to AE or BD, meeting DE at F.

Proof. Kvidently, the figures
AF, CD are each a rectangle.

E F D

S the sg. on AB=rect. AC, AE+rect. CB, CF
=AC.AB+ CB.AB ['.* CF=AE=AB]
or, AB2-=AC.AB+ CB.AB,
ies (a+b)2=ala+b)+bla+b).
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COR. 2. If a straight line be divided internally info any two
paris, the rectangle contained by the whole line and one of
the parts is equal to the square on that part logether with the
rectangle contained by the two parts.

A aQ C 1] B

Let AB he the str. line,
divided internally at C, into
two parts AC, CB, contain-
ing @ and b units of lenath
respectively.  Deseribe  a
square ACFE on AC; draw
BD L to AB, mecting EF
produced at D.

E F D

Then, the fig. CD=the rcct. CF, CB
=the rect. AC, CB and contains ab units of area ;
the fig. AF=the sq. on AC and 2 at o, . 3
and the fis.AD=the rect. AE, AB

=, » AC,ABand , a(a+t))

Hence, °.* the fig. AD=the fig. AF+the fig. CD,
AC.AB =AC?+AC.CB,
ice, alet+d)=a®+ab.

” e
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THEOREM &0

If a straight line be divided internally at any poini.
the square on (he awhole line is equal to the sum of the
squares on the two parts together with tiwice the rectangle
contained by the parts.

A a c b B
@ a? ab a
G K H
b ad b b2 b
) & - b D

Let AB be a str. line which is divided internally, at C -
and let the parts AC, CB contain ¢ and b units of length
respectively, so that AB contains a+0 units,

It is required to prove that
AB?=AC2+CB2+2AC.CB,
ey (a+b)2=a2 + b2+ 2ab.

Suppose ABDE to ho the square described on AB; from
AE cut off AG=AC or a, so that GE(=CB) contains b units of
length. Through C and G, draw CF and GH, parallel respec-
tively to AE and AB; and let CF and GH intersect at K.
Then evidently HD=KF=GE=FD=KH=CB, cach contain
ing b units of length.
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Proof. The fiz. AD=the fig. AK+the fig. KD + the fig. CH
+the fig. GF......(1)
By construction,
the fiz. AD=AB2, containing (a+5)2 units of area;

v 9 AK= ACg, " (L2 9 P ] ;
T T) KD=KH2=CB? “ b? i) P T
»n s CH=CK.CB
woo» =AC.CB » ah ” o on
amd, , GF=GK.GE
= AC-CB, 9 ab o PLEE

Hence, from (1), AB2=AC?+ CB2+ AC.CB+AC.CB
=AC2+CB*+2AC.CB,
1.e, (a+b)2=a?+b2+2ab.

COR. Ifa str.line be bisected, the square on knlf the line is
equal Lo one-fourth of the squarc on the whole.

EXERCISE 1
(Numerical)
1. Establish the following identities geometrically :—
(i) (B+5)7=3x7+5x7.
(i) HO+9)=52+5x9.
(i) (3+4)?=374+2x3x4+4%
2. The length and breadth of & garden are respectively 100 ft.

and 75 ft. 5 if the garden be divided into two equal parts, lengthwise,
find geometrically, the area of cach.
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THEOREM b1

If a straight line be divided externally al any point,
the square on the line is equal 1o the sum of the squares
on the two purts diminished by twice the rectangle,
contained by the parts.

A€—-emmmem o= [ »C
a-b B 5 |*
i
)
° '
g (a-8)? :
]
)
|
L E D !
b ]
5 b b !
5 |
™M [ A--=-=~""=="" > K

Let AB be the straight line which is divided externally
at C; and let the parts AC, CB contain @ and b units of leneth
respectively ; then AB contains a—1 unitss.

Tt is required to prove that
ABZ=AC2+CB?-2AC.CB,
i, (a—b)2=a?+b%—2ab.

Suppose ABDE to be the square described on ABj from
AE produced, cut off EG=CB="b ; through C and G, draw CK,
GK, par’ to AG, AC respectively, intersecling each other al K
produce BD to meet GK, at H. Also produce DE, HG to L
and M respectively, making EL=GM=EG=CB, or b. Then.
DL=DE+EL=AB+BC=AC, or a; and similarly, HM=AGC;
or a.
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Proof. The fic. AD=the fiec. AK+the fig. ME
—the fie. MD —the fig. HC......(1)
By construction,
fig. AD=45q. on AB=AB? and contains (@ —b)? units of arca;
fig. AK=sq. on AC=AC?
fig- ME =sq. o EG
=gq. 0 CB=CB? ,, . b? » womos
fig. MD=rcct. DL, LM
=yect. AC, CB=AC.CB and contains ab ,, o 9 3
fig. HC=rcct. HB. CB=AC.CB ,, » ab , w oo

o
M ” a » I TR

Hence. from (1), AB2=AC?+CB? - AC.CB— AC.CB
=AC2+CB*-2AC.CB.
e, (a=b)2=a®+)%=-20b.

COR. 1. The square on the sum of two straight linecs
together with the square on their difference is equal to twice the
sum of the squares on the given straight Tines.

COR. 2 The square on the sume of fwo str. lines cxceeds
the square on their difference by fouwr times the  reclangle
contained by the lines.

Obs. The two cnunciations of Theorems 50 and 51 may be
combined into a single one as :

SIfa straight Line be divided al a poinl, the square on the yiven
Line is equal lo the sune of the squarcs on the teo parts, so formed,
increased or diminished Uy !uice the rectanule conlained by the
parts aceordiny as the point of diresion = internal or external’.
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THEOREM H2

The differcnce of the squares on any two straight lines
is equal to the rectangle contained by their sum and
difference.
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Let two str. lines AB and AC (AB being greater than AC)
be so placed, onc along the other, that one extremity of the
one is coincident with one extremity of the other; and let
them contain @ and b units of length respectively.

Tt is required to prove that
AB? - AC2=(AB+AC)(AB-AC),
ie, a®-b2=(a+0b)a-").

Suppose ABDE to be the square described on AB; from
AE, cut off AG=AC or b; through G and C draw GH, CK par®
to AB and AE respectively, intersccting each other at K.
Produce GK to meet BD at H. DProduce ED to L, making
DL=AC or b. Complete the rectangle HDLM. Then, evident-
ly, GE= AE—AG=AB—AC=CB or a—b; also, the figz. AK=
the sq. on AC.
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Proof. The rect. HL=DL.LM=AC.CB;
also the rect. CH=CK.KH=AC.CB.

.°. the rect. HL=the rect. CH.
AB2 — AC%=1he fig. AD —the fiz. AK
=the rect. EH+the rect. CH
=the rect. EH +the rcct. HL=the rect. EM
=EL.EG=(ED+DL)AE - AG)
=(AB+ AC)(AB— AC),
he., a2 =02 =(a+D)a-b).

COR. 1. Ifa straight line be bisceted, and also divided into
two unequal segments cither internally or externally then the
reclangle contained by the wicqual scgments is equal to the
difference of the squares on half the live and on the line belween
the points of section.

A C D B A C =3 D

1 5
+ +

‘Fig. 1. Fig. 2.

For, if the str. line AB bhe hisected at C and also divided
into two unequal segments at D, then in fig. (1), we have

AD.DB={AC+ CD)(CB—CD)
=(AC+CD)AC—-CD), °.© AC=CB;
=AC2-CD?;

and in fig. (2).

AD.DB=(CD+AC)(CD —CB)
=(CD+AC)(CD—-AC), °.° AC=CB;
=CD? - ACZ.

COR. 2. If a straight line be Visecled, and also divided into
lwo wunequal scgments, cither inlernally or cxternally, the
difference of the squares on the two segments is equal to twice
the rectangle contained by the whole line and the line between the
points of scction.

In fig. 1, Cor. 1, AD®-DB2=(AD+DB)(AD-DB)
=AB(AD - DB)
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Now AD=AC+CD,

and DB=CB-CD,
. AD—-DB=2CD, . AB=CB.
S, AD? - DB2= AB.2CD=2AB.CD.

Similarly, in fie. 2, Cor. 1, since
AD+DB=(AC+CD)+(CD~-CB)
=2CD, ['.© AC=CB]
AD?-DB®*=(AD+ DB)(AD - DB)
=2CD.AB=2AB.CD.

EXERCISE 2

1. Tlustrate and explain the geometrical theorem corregsponding
to the identity
(2a)?=4a®.
2. Tllustrate and explain the geometrical theorem corresponding
to the identity
(3a)? =90>.
3. Prove geometrically that
(a+b)e+d)=ar+ad+be+bd.
4. Prove geometrically that
(@+b+c) ==a® +52+ 2+ 20+ e +2cu.
5. Prove geometrically that
(a=b)w—ec)=a*—ac+be—ub.
6. Ilustrate and explain the geometrieal theorem correspending
to the identity
(@+2)b+e)y=uc+bla+b4).
7. If AD be the perpendicular to the hypotenuse BC of a
right-angled triangle ABC, prove that
AD®*=BD.DC.
Hence, prove that (i) AB*=BC.BD, and (ii) AC*=BC.CD.

8. ABC is a triangle, and AD is perpendicular to BC. If AD®
=BD.DC, prove that Z BAC is a right angle.
9. Cisany pointin a given straight line AB. Deduce from
Cor. 2, Th. 49 and Th. 50 that
AB?+BC?=AC" +2AB.BC,
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10. 1If c be the mid-point of a given straight line AB, and if D is

any point in CB. prove that
AD*+DB?=2AC2+2CD".

11, If C is the mid-point of a given straight line AB, and if D is

any point in CB produced, prove that
AD*4+DB*=2AC?+2CD?

12.  Cis the mid-point of a given straight line AB. Tf a point
D moves from B to A, prove that the arca of the rect. AD.DB
gradually ¢nervases until D coincides with C, when it has its greatest
value and thereafter gradually déminishes,

13, In the previous case, prove that AD?2+-DB? p.adually dimi-
nishes until B coineides with C, when it has its least value, and
thereafter gradually enerrases,

Tlence, show that if the sum of two straight lines be given, the
least value of the sum of the squares on the lines is equal to half
the square on the given sun.

14. AB is a given straight line. If a point C moves from B to A,

prove that AB?+BC? is always yrealer than 2AB.BC, except when
C coincides with A ; and that in this case AB®+BC?=2AB.BC.









CHAPTER III

RECTANGLES AND SQUARES IN RELATION TO
TRIANGLES

THEOREM 53

In an obluse-angled triangle, the square on the side
opposite to the obtuse angle is equal to the sum of the
squares on the other two sides logether with twice the
vectangle contained by ome of these lwo sides and the
projection on it of the other.

A

Let ABC be a A, obtusec-angled at C; and let AD be L
to BC produced, so that CD is the projection of AC on BC.
It is required 1o prove that
AB2=BC2+CA2+2BC.CD.
Proof. BD2=(BC+CD)?2=BC2+CD2+2BC.CD. Th. 50.
To each of these equals add DAZ2.
Then, BD2+ DA2=BC2+ CD2+4+ DA2+2BC.CD.
But BD2+DA2=AB? } Th. 31.
and CD2+DA2=AC?,
S, AB?=BC?+ CA?+2BC.CD.
Q. E. D.
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THEOREM 54

In any triangle the square on the side opposite
lo an acute angle is ecqual to the sum of the squares
on the other two sides diminished by twice the rectangle
contained by one of these two sides and the projection
on it of the other.

A A

l

Let ABC be any 4, acute-angled at C; and let AD be L
to CB, or CB produced, so that CD is the projection of
AC on BC.

It is required to prove that

AB2=BC2+CA%-2BC.CD.

B C D B [o]

Proof. Since BD is the difference of the two str. lines BG,
CD, we have
BD2=BC?+CD?2-28C.CD. Th. 51.
To each of these equals add DA2.
Then BD2+DA?=BC?+CD?+DA2-2BC.CD.
But BD?2+DA?=ABZ,)\
and CD2+DA2=AC?,]J Th. 31.
.. AB2=BC2+CA?~-28C.CD.
Q. E. D,
Nork. Comparing Theorems 31, 53 and 54, we come to the-
following conclusion :

The square on a side of a triangle <« greater than, equal toy or lrss
than, the sum of the squares on the other two sides, aceording as the
angle contained by those sides is obtuse, right, or acute ; the difference
en the cases of inequality bring twice the rectanyle contasned by one
of the two sides and the projection on 1t of the other,
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Apollonius’ Theorem

THEOREM 55

The sum of the squares on any two sides of a triangle
s equal to twice the square on half the third side together
with twice the square on lhe median that bisects the third

side.

Tet AD be the median which bisects the side BC of a
*AABC.
It is required to prove that AB%+ AC?=2BD2%+2DA%.

Proof. Let AE be -L to BC, or BC produced; then in the
above diagrams, if the ZADB is obtuse, then the ZADCis

acute.

Hence, in the A ABD,

ABZ=BD?+DA2+2BD.DE ; Th. 53.
and in the AADC,
AC2=CD2+ DA% —2CD.DE Th. 54.

=BD?*+DA2~2BD.DE. °." CD=BD.

Hence, by addition,
AB2+ AC2=28D?%+2DA2.
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Pappus’ Theorem

THEOREM 56

If a straight line is drawn from the vertex of an
4sosceles triangle to any point 4 the base, or the base
produced the difference between the squares on this line
and one of the equal sides of the triangle is equal to
the rectungle contained by the segments of the base.

A A

: |
' \
] [
1 )
1 )
! ]
’ '
! i
8 E D c B8 D cC E
Fig, 1. Fig. 2.

Let ABC be an isos. A and E be a point on the base BC,
or BC produced.
Tt is required to prove that AB2~AE?=BE.EC.
From A draw AD -L to BC.
Proof. AB2=AD2+BD? and AE*=AD2+DE?%.

.. if E be an internal point as in fig. 1,

AB? - AE2=BD? -DE?=:(BD - DE)(BD+DE)
=BE(CD+ DE), [*." BD=CD]
=BE.CE.

Again, if E be an external point as in fig. 2,

AE?-AB2=DE?-BD2=(DE+BD)(DE -BD)

=BE(DE —-CD)
=BE.CE.
COR. 1. The difference of the squares on the two sides of
any triangle is cqual to twice the rectangle contained by the base
and the projection on the basc of the median to it.
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EXERCISE 3

1. The numerical measures of the sides of a triangle are 7, 9 and

11 ; prove that the angle opposite to the greatest side is neitber right
nor obtuse.

Construct the triangle, taking one-tenth of 'an inch as the unit
of length.
2. The numerical measurcs of the sides of a triangle are 8, 13

and 17 ; show that the angle, opposite to the greatest side must he
obtuse.

Construct the triangle, taking three-tenths of a centimetre as the
unit of length.,

3. ABCisan acute-angled triangle. The perpendiculars from
A, B, C upon the opposite sides mect at O.  Prove that

OA?+0OB*+0C?< |(AB?+ BC?+CA?).

4. The numerical measure of a side of an equilateral triangle
ABC is a. BGC is produced to D, so that CD=2BC. If z be the
numerical measure of AD, prove that z?="Ta?,

H. ABC is an acute-angled triangle ; and BE, CF are perpendi-
culars upon CA, AB. Prove thut AB.AF==AC.AE.

6. D is the mid-point of the side BC of a triangle ABC ; and
AE is perpendicular to BC, or BC produced. Use theorems 53 and
54 to prove that the diflerence of the squares on AB, AC is equal to
twice the rect. BC.DE.

7. Cis the mid-point of a given straight linc AB. If a point P
moves on the circumference of a circle of which the centre is C,
prove that PA?+4+PB* is always the sume.

8. The distancg between two fixed points A and B is 6 inches.
If a point P moves so that PA?+ PB? is always=>50 square inches,
find the locus of P.

9. Prove that the sum of the squares on the two equal sides of
aa isosceles triangle is less than the sum of the squares on the two
sides of any other triangle on the same basc and between the same
parallels.

10. ABCD is a rectangle ; and P is any point, either inside or
outside it. Prove that PA?+PC*=PB*+PD?.
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11. Trove that three times the sum of the squares on the sides
of a triangle is equal to four times the sum of the squares on
the medians.

12. If O is the centroid of a AABC, prove that

3(0A?+0B?+0C?)=AB*+BC*+CA®.

13. Trove that the sum of the squares on the sides of a quadri-
lateral is equal to the sum of the squares on its diagonals together
with four times the square on the line joining the middle points of
the diagonals.

Hence, prove that if the sum of the squares on the sides of a
quadrilateral is equal to the sum of the squares on the diagonals, the
quadrilateral must be a parallelogram.

18



CHAPTER 1V

RECTANGLES AND SQUARES IN RELATION
TO CIRCLES

THEOREM /7

If two chords of a civele dutersect cither inside or
outsude the cirele, the rectangle contained by the parts
of the one s equal lo the rectangle contained by the
parts of the other.

c

Fig. 1 Fig. 2

Let the chords AB, CD of the &, whose centre is O, inter-
sect inside or outside the © at P,

It is required to prove that AP.PB=CP.PD.
Proof. Let OH be the -L from O upon AB,

Join OP, OA.
Since OH is -L to AB, .. AH=HB.
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[$1}

(i) When P is inside the @, as in fig. (1),
AP.PB=(AH + HP)(BH - HP)
=(AH+ HP)(AH — HP), . AH=BH.
=AHZ2 -HP2
=(AH2+4+ HO?2) - (HP2+ HO?), adding and
subtracting HOZ,
=O0A2-0P2,
Similarly, CP.PD=0C2 ~0P2.
Hence, *.* OA=0C, i.c. OA2=0C2,
we have, AP.PB=CP.PD.
{ii) When P is outside the 3, as in fig. (2),
AP.PB=(AH+ HP)(HP — HB)
=(HP+ AH){HP—AH), °.* AH=HB;
=HP2— AH®
=(HP2+ OH?2) - (AH?+ 0M?), adding
and subtracting OH?2
=O0P2-0AZ.
Similarly, PC.PD=0P2-0C?2.
Since, OA2=0C2,
AP.PB=PC.PD.
Q. E. D,
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THEOREM 58
[CoNVERSE OF THEOREM 57]

If two finite straight lines iniersect, cither both inter-
nally or both externally, so that the rectangle contained by
the segments of the one is equal to that contained by the
segments of the other, the extremities of the lines are
concyclir.

Let AB and CD be two str. lines which intersect, inter-
nally as in fig. 1, or externally as in fic. 2, at P; and
let AP.PB=CP.PD.

It is required to prove that the pis. A, B, C, D arc concyclie.

Proof. If not, suppose the circle drawn through A, B, C
cuts CD, or CD produced, at E.
Then. AP.PB=CP.PE; Th. 57.
hut AP.PB=CP.PD, Hyp.
”.  CP.PD=CP.PE,
PD=PE, which is impossible unless D and E
coincide,
Hence, A, B, C, D lie on the same circle.
Q E. D
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THEOREM 59

If a tangent and @ secand be drawn. to a cirele from o
point outside it, the square on the tangent is equal to the
rectangle contained by the ahole secant and the part of it
outside the cirele.

1)

Let ABC be a © whose cenfre is O3 from the point P,
outside the ©, let PT be drawn a tangent touching the ®
at T and PBA, a secant cutting the © at B and A.

It is required to prove that PT2=PA.PB.

Join OP, OA, OT.
Proof. PA.PB=0OP2-0A? Th. 57.
=OP2-0T2, *° OA=OT;
=PT2, . OTis-L toPT.
Q. E. D.
By the method of Limits

Let the sccant PDC cut the & in D and C. Suppose PC
to be turned about P, so thatthe pls. C and D continually
approach each other.

In every position of the secant PC, we have PA.PB=PC.PD;
hence, ultimately, whenthe pts. C and D coincide at T and
the secant PDC becomes the tangent PT, we must have
PA.PB=PT2,

COR. The two tangents drawn, one to each, of two inter-
secting circles from any point on their common chord produced
are equal,

For, if P be any point on the common chord AB produced,
and if PS and PT be the two tangents, PT2=PA.PB=PS2,

s, PT=PS.



278 MODERN GEOMETRY

THEOREM 60
[CoxvERsE OF TurorREM 59]

If from a point without a civele, there be drawn
secant to cut, and another line to meet the cirele, and if the
rectangle contained by the whole seeant and the part of it
outside the circle, be equal to the square on the other line,
then the latter is a tangent to the circle.

Let ABC be a © whose centre is O ; and from a point P
outside the (¥, let PBA be the secant cutting the © at B and
A, and PT, another str. line meeting the & at T, such that
PA.PB=PT2

It is required to prove that PT fouches the ® at T.

Proof. Join OP, OA, OT.
PA.PB=O0P2 - OA2 Th. 57.
=OP2-0T?, ‘. OA=OT, being radii
of the same -
But PA.PB.=PT2,
s OP2-OT?=PT2,
or, OP2=0T2+PT?,
S the LOTPisart £.
Hence, PT touches the @ at T.
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SECOND METIIOD

If PT do not touch the ® at T, let PT produced cut
the @ again in some other pt. 8. Then, PT.PS=PA.PB; but
PA.PB=PT?; .. PT.PS=PT? which is impossible unless
S and T coincide.

Hence, PT cuts the © in two coincident points at T, i.e.
touches the © at T.

EXERCISE 4.

1. Chords AB and CD of a circle intersect at P. If AP=6",
CP=8"and DP=3", find BP.

2. Chords AB and CD of a circle interseet externally at P, If
PA=8", PB=3", PC=0", find the length of PD.

3. From a point P, outside a circle. a secant PBA is drawn to
cut the circle at B and A. If PT be the tangent to the circle and
PT=0", PB=4", find the length of AB.

4. A chord AB passes through a given point P within a circle
whose centre is O and radius is 5”. If PA=8", PB=2", show that.
the length of the chord bisceted at P is 8",

5. Show that the tangents, drawn from any point on the common
chord produced, to two intersecting circles, are cqual.

6. 'The rectangle under the segments of a chord through a given
point within a circle is cqual to the square on half the chord bisected
at that point.

7. If from the vertex A of a right-angled triangle ABC, right-
angled at A, a perpendicular AP be drawn to the base BC, show that
(i) BP.PC=AP1, (ii) BP.BC=BA?and (iiij CP.CB=CA.

8. ABC is a triangle in which AX, BY, CZ are the per‘pendi-
culars from the vertices to the opposite sides. If the perpendiculars
meet at O, prove that

AO0.0X=B0.0Y=CO0.0Z.
9. A, B, C arec three points on a straight line. Find the locus

of points of contact of tangents drawn from A to the circles passing
through B and C.
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10. Show that the points from which tangents to two given inter-
secting circles are equal lie on their common chord.

11. Show how to draw from any point P on a chord AB, a str.
line to meet the circumference at R, so that PR*=PA.PB.

12. Prove that each of the common tangents to two intersecting
circles is bisected by their common chord produced.

MISCELLANEOUS EXERCISES

1. Draw figures to illustrate the following identities :
(i) a(b-c)=ab—ac;
(ii) (a+b+c)?=a?+b2+c?+2ah+2ac+2bc ;
(iii) (a+d)z+y)=azx+ay+br+by.
2. State and prove the geometrical theorem corresponding to the
identity
(a+b6)? —(a —b)* =4ab.
3. Btate and prove the geometrical theorem corresponding to
the identity
(@+b8)*+(a=0)*=2(a?+b%).

4. TIf a straight line AB be bisected at C and P be any other
‘point in AB, or AB produced, then PA* 4+ PB?=2PC?+4+2CA?.

5. Four points A, B, C, D arc taken in this order on a straight
line ; show that
AD?+BC?=AC”+BD?+2AB.CD.
6. C is the middle point of a straight line AB and D is any point
in AB, or in AB produced. If AD > BD, prove that
AD?-BD?=2CD.AB.

7. D is the middle point of the side AB of the triangle ABC, and
CN is the perpendicular from C to AB. If AC>BC, prove that
AC?-BC?*=2AB.DN.

8 Disany point on the base BC produced, of a triangle ABC,
in which AB=AC ; prove that
AD?=AB”+BD.CD.

9. A straight line AB is divided at C, so that AB.BC=AC’.
Prove that
AB’+BC?=3AC?,
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10. Divide a given straight linc into two parts, such that the
rectangle contained by them may be the greatest possible.

11. Prove that of all rectangles which have a given perimeter, one
of the greatest area is a square.

12, Explain how to find a point Y in AB produced, such thdt the
rect. AY.YB may be equal to a given square one of whose sides is
equal to e.

[Biscct AB at C. Draw BD L to AB and =¢. With centre
C and radius CD, draw a © to cut ABin Y.]

13. Find a point X in a given straight line AB, or in AB pro-
duced, such that the sum of the squares on AX, XB may be equal
to a given square whose side is ¢.

[Draw a str. line BY at B making /ZABY=45°; with centre
A and radius ¢ draw a circle to cut BY in Y and Y’ ; the foot of the
perp. from Y or Y’ is X.]

14. Find an expression for the length of the perpendicular drawn
from the vertex of a triangle to its base in terms of the lengths of its
sides.

15. Find the area of the triangle whose sides are 10”, 17" and
217,

16. Calculate the length of the median drawn to the longest side
of a triangle whose sides are 77, 24" and 25", .

17. Find the length of the base of a triangle whose sides are 7 cm.
and 9 em. and the length of the median hisecting the base is 8 em.

18. Prove that the sum of the squares on the diagonals of a
parallelogram is equal to the sum of the squares on the sides.

19. Show that in any right-angled triangle the sum of the squares
on the medians is cqual to one and a half times the square on the
hypotenuse.

20. If P, Q be the points of triscction of the base BC of a
triangle ABC, prove that
AB? +AC?=AP” +AQ?+4PQ’.
21. The chord of.an arc of a circle, whose diamcter i8 d, is ¢ and
the height of the arc is 2. Show that 42 (d—-/)=c?.

[Definition : The height of an arc of a circle is the straight
line joining the middle point of the arc to the middle point of the
chord on which the arc stands.]
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22, In a circle of radius », the chord of an arc is 2m and the

2 2
height of the arcis 2. Show that r=m—-2';1f :

23. 1In acircle of radius 7, the chord of half an arc is » and the

an?

height of the arc is 2. Show that »= ; ";L

24. 1If the radius of the circular arch of a bridge be 32 ft. and the
height of the bridge be 12 ft., show that the span of the bridge is
very nearly 50 ft.

25. A brick 4 thick is placed so as to block a carriage wheel. If
the distance of the brick from the point of contact of the whecl and
the ground is 10”, find the radius of the wheel.

20. 1f d denotes the shortest distance from an external point to a
circle and ¢ the length of the tangent from the same point, show that
d(d+2r)=t2,

27. Cis the centre of a given circle and PQ is any chord through
a fixed point O, within the cirele. The tangents at P and Q meet
at T. Prove that T lies on a fixed str. line perpendicular to CO.
[Draw TN L to CO. Join CT meeting PQ at M. Prove that
CO.CN=CT.CM=CP1}

28. 1If in Ex. 27, CT meets PQ at M and TN be the perpendicular
on CP, show shat the points O, M, T, N lic on a circle.

~ 20. AB is a chord of a circle whose centre is C and tangents at
A, B meetin T, Join CT cutting AB at N. Through N draw any
chord PNQ. Prove that the points C, P, T, Q are concyclic.

30. AB is the common chord of two given circles ; and through
any point in AB, two chords arc drawn one in each circle. Prove
that the four estremities of these chords all lie on & circle.



CHAPTER V
PROBLEMS ON AREAS (Contd.)

1. On Construction of Squares and Rectangles
PROBLEM 42

To construct a square equal in area to a given rectangle.

A F B E

D c
~ X
T.et ABCD be the given rectangle, of which the side AB
is > the side BC.

It is required to construct a sguare cqual in area to the
rectangle AC.

Construction. Produce AB to E, making BE=BC.

Bisect AE at F; with centre F, and radius FA, or FB,
describe a semi-circle.

Produce CB to meet the O™ in H.
Then, the sy. described on BH is the required square.

Proof. Join FH.

Now, since the ZFBH is a vt. £.

. BH2=HF2-FB? Th. 45.
= AFZ - FB?
=(AF+ FB)(AF - FB) Th. 52.
=(AF+FB)(EF —FB)
=AB.BE
=the rect. AC. (*.* BE=BC.) Q.E.F.

COR. Construct a square equal to a given rectilineal figure.

All that we have to do is (i) to construct a triangle equal
in area to tho given rectil. figure ; and then (ii) to construct a.
rectangle equal in area to the triangle and finally (iii) to
construct a square equal in area to the rectangle.
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PROBLEM 43

Divide a given straight line internally so thal the
rectangle contained by the tico segments may be equal to a
gtven square, o side of the square being less than half the
given straight line.

F*X\H c

> o
X S
¥ /= X o
/
1 4"
A E K B D
X

Let AB be the given straicht line, and CD a side of the
given square.

It is required to find @ pt. K in AB so that the rect. AK.KB
may be = the sq. on CD.

Construction. Bisect AB at E.
With E as centre and EA as radias, describe a semi-circle.
Draw AF L to AB, and from it cut off AF=CD.

Draw FH || to AB, and let H be one of the points where
FH cuts the sewmi-circle.

Draw HK L to AB; then K is the reqd. pt.

Proof. Join EH.
FK is a rectangle; .. HK=FA=CD.
Now, AK.KB= AE? — EK? Th. 52, Cor. 1.
=EH?2 -EK?
=HK?2
=CD?2. Q. E. T,

Nore. Hence, given the area of a rectangle and the sum of its
adjacent sides, we know how to construct the rectangle.

If the area be given as equal to that of a given rectangle, we have

first of all to construct a square equal to this rectangle (Problem 42),
and then proceed as above.
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PROBLEM 44

Divide a given straight line externally so that the

rectangle contained by the two segments may be equal to
a given square.

E Cc
X
[ \
A F ' B 1 D
X

Let AB be the given str. line, and CD a side of the given
square.

It is required to find a poinl H in AB produced so that
the rect. AHLHB may be=the sq. o CD.

Construction. Draw BE L to AB, and from it cut off
BE=CD.

Bisect AB at F, and join FE.
Produce FB {0 H, muaking FH=FE.
Then, H is the required pt.
Proof. AB is bisected al F and divided externally at H ;
.. AH.HB=FH?-FB?

=FE? - FB?
= gR?
=CD3. Q. E.F.

Noti. Henee, given the area of a reetangle and the differcnce of
its adjacent sides, we know how to construct the rectangle.

If the arca be given as cqual to that of a given rectangle, we have
first of all to construct a square equal to this rectangle and then

proceed as above.
II. Medial Section

4. Definition: A straight line is divided in mediak
section when the rectangle contained by the whole line and
one of the parts is equal to the square on the other part.
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PROBLEM 45

To divide a given straight line internally into two scg-
ments such that ihe vectangle contoined by the achole line
and onc of the seqgiments is equal to the square on the other.
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Let AB be the given straicht line.
It is required to find an internal point H in AB, so that
AB.BH=AH?2,
Construction. On AB describe the square ABCD.
Bisect AD at E, and join EB.
Produce EA to F, making EF=EB.
From AB cut off AH=AF; then H is the reqd. pt.
Proof. Through H draw GHK | to FD, meeting DCin K
and draw FG || to AB, mecting KH produced in G.
Now FK is a rectangle, which =DF.FG, /., =DF.FA; and
FH is the sq. on AH.
Since DA is bisected at E and divided externally at F,
Cor. 1, Th. 52
.. DF.FA=EF2-EA2=gB?-EA?
=AB2 ('.° the LEAB is right).
Thus, the rect. FK=the rect. AC.
Taking away the common part AK, we have
the sq. FH=the rect. HC
=the rect. AB,BH (. CB=AB).
That is, AH2 = AB.BH. Q. E. I
5. Definition: The point H, so found out, is called the
point of medial section.
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PROBLEM 46

To divide a given straight line externally into two seg-
meils so that the vectungle contained by the whole line and
one of the segmends is equal to the square on the other.
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Let AB he the given straight line.
1t is required to divuele AB externally at P, such that
AB.AP=PB2.
Construction. On AB. describe a square ABCD.

Disect BC at E and join AE. I'rom BC produced, cut off
EF=EA. On BF, describe a square FBPG.

Then, P is the reqd. ptl. of medial section.

Proof. FB.FC=(FE+ EB)FE - EC)
=(FE+EB)FE-EB), ['. EB=EC.]

=FE?-EB?
== EA2 —EB?
=AB?,

Now, PB2=lig. PF=fig. PC+{ig. HF
=rect. PB, BC+rect. FC, CH
=PB.BC + FC.FB
=PB.BC+AB?
=PB.BC+ AB BC
=AP.BC= AP.AB. Q. F. F.




CHAPTER VI

EASY APPLICATION OF GEOMETRY TO
ALGEBRA

1. To cxtract geometrically the square-root of a number.

At-=% - —g- -y BE |=C
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Let a be the given number.
It is required to find a value of a.
Construction. et AB be a str. line containing @ units of
length.
Produce AB to C, making BC=1 unit of length.

On AC as diameter, describe a semi-circle to meet the
perp. through B, to AB at D.

Then, the number representing the length BD is the reqd.
$q. root.

Proof. Evidently, the angle at D, on the semi-circle,
subtended by the diameter AC is a right angle ; the 2 ADC
=art. £ ; and DB is perp. to the hyp. £C.

<. BD?=AB.BC=g,
<. BD = Ma.
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2. Solve the equations x+y= b}

xYy=a
Let AB be a str. line s ST N
containing b units of ," X R
»
length, and K the str. AR \
line representing the ey H
AN 7 B8
sq. root of the number P
a. %

Draw a semi-circle on AB as diameter.

Through A, draw AQ perp. to AB and =K. Through Q
draw QC par’ to AB, mecting the © at C. Then, if P be the
foot of the perp. from C to AB, AP and PB represent the roots
of the equations. For, AP+PB=AB=0b; and AP.PB=CP?
=K2=gq.

8. Solve the equations x~y="h

2y=a’

Let AB be the
given straight line e AR

containing b units of g S oo \"‘
length ; and K the str. ;' Y /’:/' \‘\ H
line representing the P R ,/

sq. root of the num- A o ~i..--"B P
ber a. X

Draw a semi-circle on AB as diameter, and let O be its
centre. From the perp. BC, to AB, cut off BC=K. Join OC.
From 0B produced, cut off OP=0C. Then, AP, PB denote @
and ¥ respectively.

Proof. PB.PA=0P?-0B2=0C2?-0B?*=BC2=K?=g,
and AP-BP=AB=b).
19
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Obs. Any quadratic equation may be solved with the help of the
above two j; for, a quadratic cquation can always be reduced to one
or other of the forms g=x(b-x) or e=x(x~b); and replacing b—ax
or, x—b in:the above two, by y, the equations reduce to the case of
either Art. 2 or Art. 3.

EXERCISE 5
1. Construct a square equal in area to ‘a rectangle whose sides
are 8" and 3",

2. A rectangle whose length is 5" is equivalent to asquare whose
side is 25" Show by geometric construction that its breadth is
125",

3. Show, by geometrical construction, that the numbers, whose
sum is 13 and product is 42, are 6 and 7.

4, Solve the equations geometrically (i) z+y=1})

xy="20)
(i) a+y=13
x1/=40}
5. Solve the cquations geometriendly (i) x—y=0 )
xy _/*405
(i) x— _/"() 1

. xy =(u

6. Extract geomcrically the square root of the following
numbers (i) 7; (ii) 8; (iii) Y.

7, Solve the following cquations geometrically (i) #® —3x+42=0;

(i) z*+2x~1=0.

8. Draw a line 2:3" long and divide it internally so that the rect-
angle contained by the segments contains 1 sq. inch aren.

9. Draw an equilateral triangle on a base 3" long. Construct an
equivalent square and show that its sides are each 197" long.

10. On a given straight line AB construct a rectungle cqual to
a given square.

11. On a given straight line AB construct a rectangle equal to
a given rectangle.

12. Show that if a rectangle be equal to a square, the porimeter
of the square is less than that of the rectangle.




CHAPTER VII
CONSTRUCTION OF REGULAR PENTAGON
Lemma

PROBLEM 47

Lo construct an isosceles riungle having each of the
angles at the base double of the vertical angyle.

Construction. Take any str. line AB and divide it at D
so that AB.BD=AD?2,

With A as ceutre and AB as radius describe the ©HBK.
In this @ place the chord BC=AD.
Join AC.

Then, ABC is the A reqd.
Proof. Join CO and circumseribe a ® about the AADC.

Since BC2=AD?, .. BC?=AB.BD,

.*.  BC touches the © ADC at C. Th, 60.
Hence, the £ BCD=the ZDAC, in the alt. segment.
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Hence, the /BDC=the £BCA,
because each of them=the sum of the £’ DAC, ACD.

But the ZABC=the /BCA; (*." AC=AB)
.. the £ ABC=the /. BDC.

Hence, DC=BC=DA;
and .°. the Z DAC=the /DCA.

Hence, DC is the bisector of the ZBCA,
and .*. the /BCA=twice the ZBCD

=twice the ZBAC.}
Hence, the £ CBA also=twice the ZBAC.)

Thus, ABC is the required A.
Q.E. P

Analysis : Assume ABC to be a A such that each of its
Z'°'B and Cis double the ZA.

Let CD bisect the £C. Then the £BCD=13 the ZBCA=
the /BAC. Hence, BC must touch the circum-® of the
AADC at C. Th. 48, Cor.

.~. BC=AB.BD. The ZDAC=the £ZDCA, (because each
of them is 4 the £BCA); .*, DC=DA ; also since the ZDBC=
the sum of the /* DAC, DCA=twice the Z DAC=the L ABC;
.. BC=DC. Hence, BC=DA, and .. AB.BD=AD?; which
determines the position of D. Then the position of C also is
determined, because the distance of C from A=AB, and its
distance from B=DA.

Obs. Evidently 5 times the Z A=two rt. Z*. Hence the LA=
one-fifth of two rt. £*, and .. each of the 2* ABC, ACB=two-
fifths of two rt. Z’=one-fifth of four rt. L*.
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RecurLar PENTAGON

PROBLEM 48

To construct a regular figure of five sides (2) in or (i)
about a given circle.

D~_.__~—C

Let the ® with centre O be the given .

It is required to consiruct an equilateral and equiangular
pentagon (i) in or (@) about the circle (O).

Construetion. Construct an isosceles APQR having
each of the ~2* at Q and R double of the £ at P. Prob. 47.

Draw any radius OA, and then draw the radius OB making
the £ AOB=the ZQ.

Now, successively draw the radii OC, OD, OE making the
Z'BOC, COD, DOE each=the £ Q.

(i) Join AB, BC, CD, DE, EA. Then, ABCDE is a regular
pentagon inseribed in the given ©.
Proof. FEach of the £2* at Q. R is one-fifth of four rt. £°.
Prob. 47, Obs.
Hence, each of the Z* AOB, BOC, COD, DOE is one-fifth
-of four rt. £

s the £ EOA, which together with these four ~2* makes

> up the four rt. £’ at O, must also be = one-fifth of four
AN
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Thus the five £ * at O are equal
.~ the five chords AB, BC, CD, DE, EA are equal.
Hence, the pentagon ABCDE is cquilateral.
Again, the arc AEDC=the arc BAED ;
(*.* each of them=3 times the arc AB),
. the ZABC=the 4BCD. Th. 43, Cor. 5.

Similarly, every two consecutive £°* of the pentagon are
equal.

Hence, the pentagon ABCDE is both equilateral and
equiangular, and it is also #nseribed in the given . Q. E. F.

(ii) Draw tangents to the © at A, B, C, D, E forming the
pentagon HKLMN. Then HKLMN is a regular pentagon
circumscribed about the <.

Q

Proof. Join OH, OK.

It may be proved, as before, that the five radii OA, 0B,
OC, OD, OE divide the four rt. £° at O into five equal parts.

Also the £*at A, B, C, D, E are rt. £". Th. 45.
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Now, since the tangents AH, BH meet at H,
o, AH=BH. I
the ZAOH=the £/ BOH, Th. 48.
and the ZOHA=the £ZOHB. J
Hence, the ZBOH="1 the £ AOB, }
and  the £ OHB=1 the £ AHB.
Similarly, {the £BOK=1 the £BOGC, }
and the £ OKB=1 the /BKC.
In the A" OBH, OBK, we have
the ZOBH=the £0BK, (heing 2t. £%);
the £BOH=the £ZBOK. (halves of the

equal £° AOB, BOC)
and the side OB common ;

the two A° are congruent.

Hence, BH=BK..tttteiaerirririireinenieieiienrannes ()
and the ZOHB=1the ZOKB.wiviiiieririenieiiiiieinnises 8
From (&), HK=2BH ; and in the same way it may be
proved that
NH=2AH,
NH=HK (*.© AH=BH);
similarly, HK=KL, KL=LM, LM=MN, and MN=NH.
Hence, the pentagon HKLMN is equilateral.
Agaiv, from (B), £ AHB and BKC are equal,t.e., ZH= LK.
Similarly, ZK=/L=/M= /LN,
S the pentagon is also equiangular.

Ilence, it is regular. Q. E. F.



CHAPTER VIII
MISCELLANEOUS CONSTRUCTIONS
I. On Circles

PROBLEM 49

1. To construct a circle, with o given radius louching a
given circle and o given siraight line.

Let the ® with centre O be the given ©, AB the given
str. line, and K the given radius.

It is required to describe a circle which shall touch the circle
(0) as well as the straight line AB, and have a radius= K.

Construction. IDraw OD L to AB, and from DO cut off
DE=K; through E draw EH | to AB.

Take a radius 0Q of the given ©® and produce it to N,
muking QN=K. Then ON is the sum of the radii of the
given and the required ©°.

‘With O as centre and ON as radius describe an arc cutting
EH at C. .

Join OC cutting the given © at P, and draw CF .L to AS.

Then the © described with C as centre and CP as radius
will be the reqd. ®©.
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Proof. Since OC=O0N, of which OP=0Q.
.. CP=NQ=K;
also, since DC is a rectangle, by construction,
CF=ED=K.

Hence, CP=CF; and .. the ® dcscribed with C as centre
and CP as radius will also pass through F.

Now, since the two @ meet at P which is a pt. on the line
joining the centres.
e the ®’ touch each other at P.  Th. 47, Nole 2.

Also, since AB is L to the radius CF at F,
AB touches the © at F.
Th. 45, Cor. 2.
Thus, the © PFG touches each of the given © and the
given str. line, and has its radius=K;
this is the required ©.
Q. E. F.
Note 1. The cirele described with O as centre and ON as radius
will also cut HE produced at some pt. With that point as centre

another & may be constructed satisfying the conditions of the
problem. This is left as an exercise for the student.

Nore 2. If the reqd. @ is asswmed to be drawn, it is easy to see
that the distance of its centre from O is equal tothe sum of the radii,
and the distance from AB=K. 1llence follows the construction.
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PROBLEM 50

To construct a circle touching a given cirele and also
touching a given siraight line at a given point.

Let AB be the given str. line and D the given pt. in it,
and let the () with centre O be the given ©.
It is required to describe a circle toucling the circle (0O) and
also touching AB af D.
Construction. Draw OG L to AB cutting the ©® at F,
and produce GO to meet the ) in E.
"~ (i) Join ED cutting the ® at P ; join OP.
Through D draw a perpendicular to AB, mecting OP
produced in C.
Then, the ® described with C as centre and CP as radius
will be the reqd. ©.
Proof. Since EG and CD are both L to AB,
». they arc parallel ;
.. the LOEP=the 2CDP; (all. £°)
also, the LOPE=the £CPD. (uvertically opp. L°)
But the L OEP=the 2 OPE; (*.* OP=OE)
.. the ZCDP=the £LCPD;
and ., CP=CD.
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_Hence, the ® described with C as centre and CP as radius
will also pass through D.

Again, since the two © meet at P which is on the line
joining the centres, they touch cach other at P.
Th. 47, Note 2,
Also; since AB is -L to the radius CD at D,
<. AB touches the ® at D. Th, 45. Cor. 2.

Thus, the ©@PDH touches the given ®, and also touches
the given str. line at the given pt. D ;

.~ this is the reqd. &. Q. E. F.

(i1) Join DF and produce it to meet the ® at P.
Join PO.

A G D B

Through D draw a L to AB, meeting PO produced in C.
Then, the ® described with C as centro and CP as radius
will be the required @©.
[The proof is left as an exercise {or the student.]

Notr: 1. Let the required cirele be asswied to be drawn, as in
the first diagram ; lct C be its centre and P the pt. where it touches
the given 9. Then OC passes through P, and CD is L to AB. Join
DP and produce it to meet the given ) in E ; join EO. Now, it is
easily scen that the L CDE=the LOED ;.. EO is|| to CD, and
». EO produced cuts AB atrt. 2% We thus find that the pt. of
contact of the two ) lies on the line DE, where OE is that radius
of the given & which, when produced through O, cuts AB at rt. £+
The position of R being known, that of C is found at once, for it
lies on OP produced and also on the L to AB through D.

Notr 2. Let the reqd. circle be asswneed to be drawn, as in the
second diagram ; let C be its centre and P the pt. where it touches
the given (). Then CO produced passes through P, and CD is L
to AB. Join DP cutting the given ) at F; join OF. Now, it is
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-casily seen that the L CDP=the LOFP ;... OF is|| to CD, and
o OF produced cuts AB at rt. 2°. We thus find that the pt. of
contact of the two (* lies on the line DF produced, where OF is
that radius of the given (9 which, when produced through F, cuts
AB atrt. 2° The position of P being known, that of C is found
at once, for it lies on PO produced and also on the .L. to AB
through D.

PROBLEM b1

To construct a circle passing through two given points
and touching a given circle.

Let A, B be the two given pts. and let the ® with centre
O be the given ©.

It is required to describe o circle passing through A and B,
and also touching the circle (O).
Join AB and draw FC, the L bisector of AB.

Then FC may pass through O or may not.
(i) Let FC not pass through O.
Construction. With any pt. C on FC, as centre and CA

or CB as radius, describe a © cutting the givefi © at D and
€. Join DE and produce it to meet AB produced at H.

Draw HP to touch the given © at P. Problem 32.

Construct a © through the pts. A, B, P; then this will be
the reqd. ®
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. Proof, Since the chords AB, DE of the (DABD intersect
in H,
HA.HB=HD.HE. Th, 57,

Again, since HP touches the given ® at P and HD euts it
in D and E, ’

HP2=HD.HE. Th. 59.
Hence, HA.HB=HP?2,
and .. HP touches the ) ABP at P. Th. 64,

Now, the ® ABP and the given ® have a common tangent
at P,

.*. the two ©° touch each other at P.
Th. 47, Cor. 3.
Hence, the @ABP is the reqd. ©.

[Similarly, if the other tangent HQ to the given ® be
drawn, it may be proved as above that the ® through A, B, Q
is another © satislying the given conditions.]

(ii) Let FC pass through O.

Q

AN/

Construction. Let FO cut the given © at P.

Describe a ® passing through the pts. A, B, P ; then thisg
will be the reqd. ®,

Proof. Since FP is the -L bisector of AB,
. the centre of the (DABP lies in FP.
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Ience, Pis a pt. on the line joining the cenires of the
two &,
and since the o meet at P
oo dhey touch cach other at P. Th. 47, Note 2.
Hence, the ©APB is the reqd. <. Q R F
[If FO be produced to meel the given ‘2 in Q. it may be

proved as ahove, that the = throush ABQ is another ©
satisfying the given conditions.]

Analysis :  dssume the required = 10 be drawn, touching
the given =) at P. Then the two /<. have a common {tangent
at P; lot this tangent meet AB produwced in H. . HP2
=HAHB, (Th. 59). Through H let any sccant be drawn
cutting the given © m E and D : then HD.HE=HP2 (Th. 39).
Hence, HA.HB=HD.HE, which shows that the pts. A, B, E, D
are coneyclic (Th. B8).  Hence, if a © be constructed passing
through A, B and also cutling the given + in two pts. D, E,
then the pt. in which DE intersccts AB is the pt. in which
the common tangent 1o the given and the reqd. ' intersects
AB ; whence the construction follows.

If the common tangent at P be || to AB it will not meel AB
produced.

B

Join PA,PB. Since PHis Il to AB, .. the ZHPB=tho
£LPBA; also the ZHPB=1he £ PAB, in the alt. scgment.
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Hence, the £ PBA=the ZPAB, and .. PA=PB. Hence, P
is on the L bisector of AB. The centre C of the @ APB also
lies on the L bisector of AB. Henece, both C and P lie on the
L hiscelor of AB, and .°. PC produced bisects AB at rt. 2°.
But CP produced also passes through 0. Tlence, OP produced
hiscets AB at rt. Z°.  1In this ease therefore the L bisector of-
AB passcs through O and cuts the given © in the pt. at which
the reqd. © touches it ; whence follows the construction.

PRoOBLEM B2
To construct a cirele passing through lwo given points
and touching a gircie straight line wwhich is not parallel
to that joining the given poits.
B €

c H P D F .

Let A, B be the two given points and CD be the given str.
line intersecting the str. linoe AB, when produced, at H.

It is required lo draw a circle through A, B and touching the

str, laine CD. '

«Construction. Iind a str. line EF the square on whieh is

ecqual in area to the rect. BH.HA.
From HD cut off HP=EF,

Then the © passing through the pts. A, B, P will be the
reqa- (ON

Proof. Since HP2=HA.HB,
*HP touches the O at P. Th. 60.
Hence, ABP is the reqd. ©. Q. B T

Note. «HP may as well be cut off from HC produced. Thus
there are two (©° satisfying the given conditions.



304° MODERN GEOMETRY

II. On Triangles
PROBLEM B3

To construct a triangle, having given the base, the
altitude and the sum of the other tiwo sides.

RS

Let s, b, p (fig. above) - denote respectively the lengths of
the sum of the two sides, the base and the altitude of a triangle.
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1t is required to comstruct the triangle.

Construction. Draw any str. line AB=b. With centre
A and radius s, draw the ® OPE ; draw a str. line LM par’ to
AB and at a distance ‘p’ from it. From B, draw BN perp.
on LM and produce it to D, making ND=BN. Draw a ® DPB
through B and D and touching the ® OPE. If P be the
point of contact, join AP and let it cut LM at C. Then,
ACB is the reqd. triangle.

Proof. Bccause the two ©* OPE, DPB touch at P, inter-
nally, their centres are collinear with P, the point of contact.

Therefore, the centro of the © DPB must lie on AP.

Also, its centre must lie on the perp. bisector, LM, of the
chord DB.

.. the centre of the ©®DPB is the pt. C, at which LM and
AP intersect.

Hence, because AC+CB=AC+ CP=AP=s, and the perp.
distance of C from AB=p (for, C lies on LM), the AACB is
the reqd. triangle.

Obs. It may be easily verified that in the above construction
if the given altitude be such that the point D (where BD =2p) is
outside the ®OPE, the point K will be inside the same @ ; hence,
the (©DPB which passcs through D, B and P (the pt. of contact of
the tangent to the QOPE from K) cannot be drawn. Hence, the
counstruction fails.

Exercise : Show that there are two A® satisfying the given
conditions.



CHAPTER IX
MISCELLANEOUS PROPOSITIONS

1. On Rectilineal Figures and Cirecles

1. If the biseclors of the base angles of a triangle be equal
then the triangle is isosceles. (B. C. 8. Exam.)

L

Let ABC be a triangle and BD, CE be the bisectors of the
base £° B and C.

If BD=CE, 9 1s required to prove that the A ABC is isosceles.

At C draw CN, making the ZECN=the ZBDC ;and cut
off from CN, CF=CD. From B and F,draw BL,FM perp*
on FC and BA (produced if necessary) respectively.

Join EF, BF. :
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Proof. In the A’ BDC, ECF,

** BD=CE Hyp.
CD=CF Cons.
and the ZBDC=the ZECF Cons.

.. the A’are congruent.
(i) EF=BC; (ii) the £ DBD=the ZFEC.

Now, from the ABOE,
the ext. ZBOC=the L OBE+ the L OEB
=the /£ OBC+ the L OEB
[** BD bisects the £ B]
=the Z CED +the £ OEB, from (1) above
=the £ BED.

Again, from the A 0ODC,
the ext. £/BOC=the £ ODC+the £ OCD
=the ZOCF+the £0CB
=the £ BCF.
.. the ZBED=the £ BCF.
.. the LZFEM=supplement of the LBED
= supplement of the / BCF=the £BCL.
Hence, in the rt. £°* A* FEM, BCL
' BC=EF, from (¢)
and the /FEM=the 4ZBCL
.. the A®are congruent.

.~ (i) EM=cCL (iv) FM=BL.
Again, from the rt, £°¢ A* BFM, BFL,
. FM= BL,

and the hypotenuse BF is common
.. the A* are congruent,
s (v) *BM=FL.
.~ from (i.ii) and (v),
BM-EM=FL -CL,
2., BE =CF. .
But CF=CD, by construction.
P BE=CD.
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Hence, in the two A° BEC, BDC
**  BD=CE Hyp.
BE=CD
and BC is common ;
.. the A’ are congruent.
.. the LEBC=the £ DCB,
i.e. the ZABC=the / ACB,
7.6. the A ABC is isosceles.
2. Of dll triangles inscribed in a given acule-angled iriangle
@ ds the pedal triangle alone which has two of its sides equally
inclined to that side of the given triangle on which they meet.

Let the APQR inscribed
in the acute-angled AABC be
such that its sides RP, QP are
equally inclined to BC, the
sides PQ, QR are equally
inclined to CA, and the sides
QR, RP are equallyinclined to
AB, as shown in the accom-
panying diagram. B P c

It is required to show that the APQR is the pedal (riangle of
the AABC.

Proof. Now, the six Z* marked at P, Q, R, together with
the £° at A, B, C make up six rt. £°; hence, those sitx £* are
together=4 rt. £°. Hence the three £° AQR, ARQ and QPC
(one being taken from each pair) are together=2rt. 2°;
and .. the ZQPC=the /£ A, which shows that the quadl.
ABPQis cyclic. Similarly, each of the quadls. BCQR and
CARP is cyclic. Hence, if AP, BQ and CR be joined, it is
easy to see that the LAPQ=the £ ABQ=the £RCQ=the
LAPR; whence the ZAPC=the ZAPB; and .. AP is
L to BC. Similarly BQ is -L to CAand CR is -L to AB.
Hence, the APQR is no other than the pedal triangle. Thus,
of all the A’ that can be inscribed in the A ABC, it is only
the pedal A that has the above property. Q. E.D.
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8. The circum-circles of the four triangles formed by four
given straight lines, of which no two are parallel, have one
point common to them all,

F

A B E

Let the four str. lines AB, DC, AD, BC form the four
A' ABF, DCF, ADE, BCE. C s clearly one pt. of intersection
of the ' DCF, BCE ; let their sccond pt. of intersection be P.
It is required to prove that P is a pt. on the DABF and also
on the = ADE.
Proof. Join CP, BP, DP.
The quadl. BCPE heing cyclic, the ZPBE=the £PCEj;,
Th. 37,
and the quadl. DCPF being cyclic, the Z PCE=the £ PFD.
Th. 39, Cor. 1.
Hence, the ZPBE =the £ PFA,
and .°. the quadl. ABPF is cyclic. Th. 40, Cor.
Thus, P is a pt. on the ®ABF.
In the same way, it can be shown that P is a pt. on the
® ADE.
COR. 1. If the four givem sir. lines are such that the
quadl. ABCD s cyclic, then the three pts. F, P, E are collinear..
For, in that case, the ZCDA=the ACBE: .'. the
Z*FPC and EPO are together=the /' CBE and EPC=two
rt. £°*. Hence, FP and PE are in the same str. line.
COR. 2. If from P the L' PH, PK, PL, PM be drawn to the
lines ABE, DCE, BCF, ADF respectively, then the four pts.
H, K, L, M are collinear.
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Since P is a pt. on the circum-® of the ABCE, and PH,
PK PL are the perp’ from P on the sides of the triangle,
o the three pts. H, K, L lie in one str. line. (SxmsonsLme,
Page 239). Slmlla.rly, the three pts. K, L, M are in one str.
line. Thus, the str. line that passes through K and L also

passes through H and M ; which shows that all the four pts.
lie in one str. line.

4. The line joining the ortho-cenire O of o iriangle ABC
to any point P on the circum-circle is bisected by the pedal line
of P with respect to the iriangle.

F

A

(o)

G
In the above diagram, let DEF be the pedal line of
the pt. P.
It 43 required to prove that OP is bisected by the line DEF.
Proof. Produce AO to meet BCin L and the circum-®.
in G. Join PG, cutting BC at H, and the pedal line at K.
Join OH, PC. The line AOL is -L to BC.
Thus, if BO, BG be joined, '
the'Z GBC=the £ GAC=the complement of the ZACB
=‘the / CBO.
.. from the A’ LBO, LBG, in which the ‘£ BLO
=the 4BLG,the 2 GBL=the 2LBO and BL is
common, we have, OL=LG.
Hence, the A* OLH, GLH are congruent ;
and l.b the LLHG=the LLHO-
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Now, the quadl. PEDC being cyclic,
the LEDH=the £LEPC
=the complement of the ZPCA
=the complement of the ZPGA
=the LLHG
=the LLHO;
.. DFis || to HO.
Again, the £/ KDH=the ZLHG Proved above,
=the £ KHD }
.. the /L KDP=the /£ KPD.
Hence, KH=KD =KP.

Thus, K is the mid-pt. of the side PH of the AOPH, and
the line DKF is || to the side HO ;

.". the side OP is bisected by the line DEF. Q. E. D.

B. P is any point outside a circle of which the cemire is O ;
PM, PN are tangents to the circle, and MN the chord of contact.
If OP intersocts MN at R, then OR.OP=AM2,

Va

N

[=]

Proof. Since the £* OMP, ONP are supplementary, each

of them being a rt. £,
.*. the quadl. OMPN is cyeclic.

Hence, the ZOMN=the ZOPN ~ Th. 37,

=the £ OPM. Th. 46, Cor,

Hence, OM touches the ® circumscribed about the A PMR

at M; Th., 48, Cor,

. OR.OP=0M2 Th. 59,
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Obs. PM being=PN, the L bisector of MN passes through P ;
for a similar reason, the L. bisector of MN passes through O. Hence,
OP is the .L bisector of MN. Thus, the chord of contact of tangents
drawn to a cirele from an external pownt s bisected perpendicularly
by the line joining that point to the centre.

6. Definition : If two points are sorelated to a circle that
they lie in a straight line passing through the centre, and the
rectangle contained by their distances from the centre is equal
to the square on the radius, then each of these points is said
to be the inverse of the other, with respect to the given circle.

Thus, in the preceding diagram, the points R and P are a
pair of ¢nverse points with respect to the circle whose centre
is O and radius=OM.

Obs. If A and B are a pair of <nwverse points with respect to
a circle whose centre is P and radius=PQ (that is, if P, A, B are
collinear and PA.PB=PQ?), and if L
through A a straight line HK be
drawn L to the line PAB, then the
point B is said to be the pole of the
line HK, and the line HK, is said to
be the polar of the point B. Also, if
LM be drawn through B perpendi-
cular to the line PAB, then A is the
pole of the line LM, and the line LM
is the polar of the point A. Thus,
in the preceding diagram, the point
P is the pole of the line MN and MN
is the polar of the point P.

II. Orthogonal Circles

7. Definition : Two circles are said to be orthogonal, or
to intersect orthogonally, when the two tangents at either
point of intersection are perpendicular to each other.

In the diagram of page 311, M is a pt. of intersection of the
given ® and the ©® about the APMR;dlso MP and MO
which are the tangents at M to those two ©°, respectively, are
1 to each other. Hence, the given ® and the ® about the
APMR intersect orthogonally. Similarly, the given © and
the © about the APNR intersect orthogonally.
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1. The angle between the tangents o wny two intersecting
circles at ome of their points of intersection 'gﬁ equal to the angle
between the tangents at the other point.

: () D

Let ABC, DBC be any two @, intersecting each other at B
and C ; and lgt the tangents at Band C to the two ®’intersect
at E and F respectively, as is shown in the diagram.

It is required to prove that the L EBF=the LECF.

Join BC.

Proof. Since the tangents at B and C to the ®BDC
intersect at E,

EB=EC.
the ZEBC=the LECB.
Similarly, FB=FC.
the £FBC=the ZFCB,
o the LEBC+the £FBC=the £/ ECB+the £FCB,
ote., the ZEBF=the LECF.

COR. 1. EF bisects the angles BEC, BFC.

COR.2. If the ©' ABC, DBC bs orthogonal to each othef,
the four points E, B, F, C are concyclic.
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2. If two circles intersect orthogomally, the tangents at.
their points of intersection to either of them pass through the
centre of the other.

Let ABC, DBC be any two (@ intersecting orthogonally
at B, C and let P and Q be their centres respectively.

It is required to -prove t‘hat (%) the tangents at B and C to
the ©®DCB pass through P ;
and (i3) the tangents at B, C to the ©ABC pass through Q.

Proof. Because BL is a tangent at B to the ©DBC, and
BM is prep. to BL through the pt. of contact,

BM must pass through the centre Q of the ©DBC.
\ But BM is.a tangent to the DABC;
.. the tangent at B to the ©®ABC passes through Q, the
centre of the ©®DBC.

Slmlla.rly, the tangent BL to the ©®DBC passes through P,
the centre of the ©ABC.

In like manner, it can be shown that the tangents at C to
either of the two ©° pass through the centre of the other.

COR. The anmgles subtended by the common chord of any
two orthogonal circles at their cenires are supplementary. .
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3. The square on the distance between the centres of any two
orthogonal circles is equal io the sum of the squares on thewr

A A\ ,
\'r

Let P, Q bo the centres of two orthogonal circles ABC,
DBC, which intersect at B and C.

It is required to prove that the sq. on PQ=swm of the squares
on the radii of the two ©°.

’ Join PQ, PB, QB.

Proof. Since the ®* intersect orthogonally,

PB, QB are tangents to the two ©’, one to each ; and they
include a rt. Z between them. Prop. 2, p. 814,

s’ the APBQisart. £ A, of which PQ is the hypo-
tenuse.

s, PQ2=PB2+QB?2 Pythagoras’ Theorem
=sum of the squares on the radii of the
two ©°,

because, PB and QB are the radii of the two ®°,
Obs. 1f d be the distance between P and Q, and »,, 7, be_the
radii of the two circles, the above relation is : —
die=r,24r,?
or, 2d?=2(r,3+r,?)
* =(ry+ry) - (r,—r,)?
ie. >(r,+7,)%;
whence, 7, +#,</2.d,
t.e. the sum of the radii of two orthogonal ®* is less than
N/ 2-times the distance between their centres.
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1. Maxima-Minima

1. Of all triangles that can be tnscribed in an acute-angled
driangle, the pedal triangle is that which has the least perimeter.

Liet ABC be an acute-angled A.

It is required to show that -thd pedal iridngle of the AABC
has the least perimeter. ;

Proof. Now, of all the A* that can be inscribed in the
AABC, either the pedal A, or some one of the others, must
‘have the least perimeter. Let PQR be any of the inscribed
A other than the pedal A, as in the above diagram. Since
PQR is not the pedal A, it must have af least one pair of sides
that are nof equally inclined to that side of the AABC on
which they meet; let RP, PQ be that pair. Suppose then
that S is the pt. in BC such that RS, SQ are equally inclined
to it ; then RS+SQ is < RP+PQ, and .. the perimeter
of the ARSQ is < that of the ARPQ. The APQRis ., not
one having the least perimeter. Hence, the A of minimum
perimeter is clearly no ¢fher than the pedal A ; or, which is
the same as, it is the pedal A that has the minimum peri
meter,
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2. Of all triangles standing on the same base and having
the same vertical angle, the isosceles is that which has the greatest
area and the greatest perimeter.

P

Vi

5\

(o]

IO0

C
(¢]

Let the isos. AAPB stand on the base AB ; and let AQB
be any other A on the same base, having the vertical Z AQB
=the £ APB.

(¢) It ds required to prove that the area of the AAPB "
greater than the area of the AAQB. R

Proof. Since the ZAPB=the LAQB,
. the four pts. A, P, Q, B are concylic. .+ Th. 38.,
Let O be the centre of the ® passing through these four
points, and draw OC, QD -L to AB.
Then OC is the L bl‘sector of AB ;. o Th. 33.
and since PA=PB, .'. OC produced must pass through P.
Draw OH L to QD produced ; join OQ.
Now, in the rt., £ AOQH, the hypotenuse OQ > QH.
Hence, OP > QH, }
and, CH being a rectangle, CO=DH;
AR PC!> QD.
Now, the arew of the 4 APB=} the rect. AB.PC; . ..
and that of the A AQB=1 the rect. AB.QD.
Hence, the area of the A APB >'the area of the A AQB,

Q. E.D.
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(5) Ris required to prove that the perimeter of the AAPB
greater than the perimeter of the A AQB.

Proof. Produce AP to C making PC=PB, and AQto D
making QD=QB,

Join CB, DB, CD.
Since AP=PB=PC, .. the ® described on AC asg dia-
meter will pass through B ;
.. the LABCisart. £.

Now, since PC=PB; .. the LPBC=the ZPCB,

and .. the 2 APB=double the LACB'; }
similarly, the 2 AQB=double the £ ADB.

Hence, the ZACB=the £ ADB ;
and .. the quadl. ACDB is cyclic. Th. 38.

Hence, the £ ADC=the Z ABC
=art. £. Th. 41.

Now, in the rt. £ AADC,
the hypotenuse AC > the side AD ;
S. AP+PB > AQ+QB. ¢

Hence, the perimetor of the A APB is > the perimeter of
the AAQB, .

Q. E. D.
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3. Of all triangles that can be inscribed in a given circle, that
which has the greatest area, or the greatest perimeter,is equilateral.

Let ABC be the given © of which the centre is O.

(1) It is required to prove that of all A° that can be
inscribed in the OABC, that which has the greatest area is
equilateral.

Proof. The A which has the greatest area must be either
equilateral o non-equilateral.

Let ABC be any non-equilateral A inscribed in the given ®.

It must then have af least one pair of unequal sides; let
AC, CB be that pair.

Draw OD -L to AB, and produce DO to meet the ® in P.

Join PA, PB.
Now, PD is the L bisector of AB.
. <. PA=PB.

Hence, of the two A® APB, ACB, which stand on the same
base AB and have equal vertical angles, the AAPB is
isosceles.

Hence, the area of the AAPB is greater than that of
the AACB. '

Thus, so long as the AACB has got a pair of unequal sides,
another triangle of greater area can always be found.

Hence, the A of maximum area inscribed in the ® cannot
be non-equilateral ;

».. 1t must be cquilateral. Q. E. D.

(i) To prove that of all A° that can be inscribed in the
®ABC, that which has the greatest perimeter is equilateral.

[The proof is similar to the above and is left ag g.n exer-
cige for the student.]
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4. Two circles whose centres are O and P cut each other at
the points A and B ; of all the lines drawn through A or B and
terminated by the two circumferences, the greatest is that which
s parallel to OP,

Let HK bo the line through A Il to OP, and let EF be any
other line through A, as in the above diagram.

It is required to prove that HK is > EF.
Proof. Draw OC, PD L to HK; OL, PM .L to EF,
and PN L to OL.
Since OC is L to HA.
HA=2AC. Th. 83.
Similarly, AK=2AD ;

. HK=2CD. }
In the same way, EF=2LM.

Now, CP and NM are evidently rectangles;
co=op,}
and LM=NP.
But, in the rt. 2% AOPN,
the hypotenuse OP > the side NP;
S €D >LM,and .. HK > EF.
Q. E. D.
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IV. Radieal Axis

) 1. Find the locus of points from which tangents to two
gwen non-intersecting circles are equal.

Let therg'be two non-intersceting circles whose centres
are C and C’, and whose radii aro » and »/; respectively, as
shown in the diagram.

Suppose P to bo such a point that the tangents PT, PT’,
drawn from P to the circles, are equal.

It is required to find the locus of P.
From P, draw PN L to CC’. Join €T, CP, C'T/, C'P.
Bisect CC’/ at O. )
Proof. Because the £°* CTP, CNP arc rt. 27,
s, PT2=CP2-CT2=(CN2+PN2)~»2,
Again, *.° the £° C'T'P, C'NP ave rt. £,
S PT2=C'P2-C'T'?2=(C'N2+ PN2)—4'2,
CN2+PN2—72=C'N2+PN%2~¢/2,
[ PT=PT}
2.6, CN2 = C'N2 =32 -2, taking away PN? from both sides.
S (CN+C/NYCN—-C'N)=r2 —p'2,,.. ... vaens (1)
But CN+C'N=CC’;and CN~C'N=(CO+ON)~(C’0-ON)
=20N, *.* CO=C0.
. (1) becomes 2CCLON=12~-7"2 . ......ccceeeen(2)
o1
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Similarly, if P’ be another point such that tangents to the
two ®" from P’ are cqual and if P/N” be the perp. to CC/, it
may be shown that

9CC.ON'=72 1'%, ovveirirnne )

fr9n1 .('_)).and (3), ON=ON’, which is impossible, unless
N and N’ coincide.

Thus, PN, PN’ are both perps to CC’ through the same
point, N, which is impossible, unless PN, P/N coincide entirely.

.. P’ must lie on PN.

Hence, all points from which tangents to the two (&* are
equal, lie on the same str. lino @iz the perp. through N to CC/,
the line of centres of the two ©°.

Hence, the required locus is a str. line perp. to the line of
contres of the two circles.

8. Definition : The locus of points from which tangents
to two given circles are equal is called the radical axis of
the two circles.

It is clear from what has been shown in the last proposi-
tion that the radical axis of two given circles is al right angles
to the line of their centres.

9, The radical axis of two given indersecting circles is the
saime as their common chord.

Let there be two
intersecting circles
whose cornmon
chord is AB; and of T
which the centres
are C, C' and radii P
are r, r’ respectively. .

It is required to
show that the radical
axis of the circles
will  coincide with
AB.
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Proof. T.et P be any point outside the two given ®* such
that the tangents PT, PT’, drawn {rom P to the two (©° are
equal. If PN be the perp. from P to CC', then, by the last
proposition,

2CC.ON=r2—r2 where O is the mid-pt. of CC/.
Let the common chord AB mect CC' at N/, so that AN’ is L
to CC’. Suppose P’ to be any point in AB. Join CP/, C'P".
Now, CP'?-CA2=AP.PB=C'P'2~C'A2
S. CP2—-CP2=CAZ—-C'A%=r?-¢'2 .. Crrreetr e 1)
But CP/2=CN'Z+P'N'? and C'P2=C/N'2+ P'N/2
(1) becomes CN'2—C/N'Z=r2—y2;
or, (CN'+C/N)(CN'=C'N')=r2~1'2,
or, 2CC/.ON =¢2 —¢'2,
Hence, 2CC.ON=2CC.ON’, (each=12—1'2),
<. ON=ON’, which is impossible, unless N and N’
coincide.

.*. the perp. drawn to CC' from the point P mecets CC’
at the same point where the common chord meets it.

Also, since the common chord, also, is perp. to CC/,
P must be a point on the common chord, AB, produced.

Similarly, all points from which tangents to the two
<ircles are equal lie on the common chord produced.

Hence, the radical axis of two given circles is the same
as their common chord.

P

Obs. Although 70 tangent can be drawn to any two interseéting
circles from any point on their common chord, and as such it does
not satisfy the condition of being a radical axis, the entire straight
line obtained by producing the comemon chord bothways is still called
the radieal axis of the two circles,
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8. 1he radical ames of anmy three monm-intersecting circles,
taken in pairs, either meet tn a point or are all parallel.

c 8 A
z X Y
N " L
Fig. 2,

Let X, Y, Z be the centres of three non-intersecting circles;
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and let the vadical axis of the circles X, Y be AL, that of Y, Z
be BM and that of Z, X be CN.

It is required to prove that (i) if two of the radical axes, say
AL, BM, meet at a point O, then the third one, CN, must pass
through O ;

or, (i) if AL, BM be parallel, CN is also par' to them.

Proof. (i) First suppose AL, BM meet at O. Draw OP,
0Q, OR tangents to the circles X, Y, Z respectively.
Then, *° O isa pt. on AL, S OP=0Q;
also, . Oisa pt. on BM, S 0Q=O0R.
. OP=O0R; and these being tangents to the circles X,
Z, O is a point on the radical axis of the circles X, z.
i.e. O is a point on CN.
. AL, BM, CN all pass through O.

(ii) Secondly, suppose AL, BM are parl.

Since the radical axis of any two circles is at right angles
to the line of their centres,

AL is L to XY ; and BM is -L to YZ.

Hence, since AL, BM are par), the str. lines, XY, Y2, both
of which have the pt. Y common, are in one and the same
str. line.

X, Y, Z lie on the same str. line.

Again, since the radical axis, CN, of the ©' X,z is L to
Xz,

». AL, BM, CN are all paralle] because they are perp’ to
the same str. line.

Obs. If the circles be such that only one of them intersects the
other two, which are themselves non-intersecting, the truth of the
above theorem may be cstablished in a similar manner.

But if the circles intersect cach other, two by two, the above
theorem reduces to one which proves that the common chords of
three circles, which iy.ltcrsect each other in pairs, are concurrent.

9. Definition: The point at which the radical axes of
any three circles, taken in pairs, meet (if at all), is called
their radical centre.

The pt. O In fig. 1 is the radical centre of the ®* X, Y, Z.
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4. To construct the radical axis of two given circles, whick
do not intersect.

P T

Let TAB, T'A’B’ be the given circles, which do not inter-
sect ; and let their centres be O and O’ respectively.

It is required lo construct their radical axis.

Construction. Draw any other ©®BAB’ to cut the given
@ at A,B and A, B". Join AB, A'B’; and produce them to
meet at P.

Then, the str. line through P at right angles to 00’ is the
reqd. radical axis.

Proof. Let PT and PT/ be the tangents from P to the
given "

Then, PT2=PA.PB ; and PT'2=PA'.PB’.
But, BA and B'A’ are chords of the ©BAB’ and are pro-
duced to meet at P ;
.. PA.PB=PA’.PB,
S PTZ=PT?
s PT =PT) ¢
1.6 P is a pt. on the radical axis.

10. Definition : If there be a systom of circles such that
the radical axis of any fwo of them is the same for any other
pair, the circles are said to be co-axial.
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1. Show that the middle points of the chords of a circle which
pass through a given point all lie on the circumference of another
circle.

2. If a quadrilateral be circumscribed about a given circle,
prove that the sum of any pair of opposite sides is equal to the sum
of the other pair. Hence, prove that any parallclogram circum-
seribed about a circle is a rhombus.

3. Drove that the triangle formed by joining the three points in
which the in-cirele of a triangle meets the sides, is acute-angled.

4. The diagonals AC, BD of a parallelogram ABCD intersect at
O. Show that the circum-circles of the triangles AOB, COD touch
ecach other at O.

h. Show that the greatest quadrilateral that can be inscribed in
a cirele is a square.

6. On the sides BC, CA, AB of a given triangle ABC, any three
points D, E, F respectively are taken. 1’rove that the circum-circles
of the triangles EAF, FBD, DCE meet in a point.

7. If the ‘in-circle of a triangle ABC touches the sides BC,
CA, ABat D, E, F respectively, prove that BC+AF=CA+BD=
AB+ CE=the scmi-perimeter of the triangle ABC.

8. With the vertices A, B, C of a triangle as centres, construct*
three circles each of which shall touch the other two.

9. DProve that the sum of any three alternate angles of a hexagon
inscribed in a circle is equal to four right angles.

10. AB is the common chord of two circles, and P is any point
on the circumference of one of them o that the straight lines PAQ,
PBR meet the circumference of the other in Q and R. Prove that
the arc QR is of the samnce magnitude for difterent positions of P.

11. The opposite sides of a cyclic quadrilateral are produced to
meet in P and Q, and about the triangles so formed without the
quadrilateral circles are described, which mect in R. Prove that the
points P, R, Q are collinear.

12. ABC is a friangle; BCA/, CAB/,, ABC’ are equilatcral
triangles so that the points (A, A’), (B, B’) (C, C') arc on opposite
sides of BC, CA, AB respectively. I’rove that the circum-circles of
the three equilateral triangles meet at a point which is also the point
of concurrence of the lines AA’, BB', CC'.
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13. If an equilateral triangle be inscribed in a circle, and the
adjacent arcs cut off by two of its sides be bisccted, prove that the
line joining the points of bisection is trisected by the sides.

14. P is any point on the circum-circle of a given triangle ABC;
PA', PB', PC’ are chords of the circle perpendicular respectively to
BC, CA, AB. 8Show that the triangles ABC, A’B’C’ are congrucnt.

15. If S he the circum-centre of a triangle ABC, and if the
perpendicular from S on BC meets the circum-circle in K and L,
L being on the same side of BC as A, prove that AK and AL bisect
the interior and exterior angles at A.  Also, if | he the in-centre,
prove that K is the circum-centre of the triangle BIC.

16. ABC is a triangle ; C is the point of intersection of the per-
pendiculars AD, BE, CF upon the sides of the triangle; G, H, K
are the middle points of the sides, and L, M, N the middle points of
the lines OA, OB, OC. Prove that each of the angles LHG, LKG,
is a right angle ; and hence prove that the circle passing through the
points, G, H, K also passcs through the six points (L, D), (M, E),
(N, F).

17. Given one angle, of a triangle, the side opposite to it, and the
sum of the other two sides, construct the triangle.

18. ABC is any triangle, inscribed in a circle, and AP, BQ are
chords of the circle parallel to BC, CA respectively. Prove that
PQ is parallel to the tangent at C.

10. AB is the diameter of a semi-circle, D and E are any two
points on its circumference. AE, BD intersect at M ; and AD, BE
produced intersect at L. Prove that LM produced cuts AB at right
angles.

20. BC isa given arc of a circle whose centre is O ; A is any
point in BC. AD, AE are drawn perpendiculars to OB, OC. [Prove
that the line DE is of constant length.

21. Prove that an equiangular polygon inscribed in a circle has
its alternate sides equal. Hence, show that an equiangular pentagon
inscribed in a circle is also equilateral.

22. If any number of triangles be on the same base, on the same
side of it, and have equal vertical angles, prove $hat the bisectors
of the vertical angles are concurrent.

23. If two circles interscct and if one of them passes through the
centre of other, prove that the tangents to the latter at the points of
intersection will meet on the former.
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24. Tf P be any point on the circle circumsecribed about a given
equilateral triangle ABC, prove that one of the lines PA, PB, PC is
equal to the sum of the other two.

25, O's the circum-centre of a triangle ABC, and D, E, F are the
feet of the perpendiculars from A, B, C on the opposite sides. Show
that OA, OB, OC are respectively perpendiculars to EF, FD, DE.

26. Right-angled triangles are described on the same hypotenuse.
Show that the locus of the centres of the in-circles is a (uarter of
the circumference of a cirele of which the common hypotenuse is a
chord.

27. Construct a triangle, having given one side and the radii of
the in-circle and circum-circle.

28. ABCDE is a regular pentagon inscribed in a circle, and AC,
BD intersect at O. Prove that AO=DO, and that BC2=AC.CO.

20. ACDB is a semi-circle. AB being the diameter, and the two
chords AD, BC interseet at E. If a cirele be circumseribed about
the triangle CDE, prove that it will cut the former at right angles.

30. 1If I be the in-centre, and 1y, 14, Iy, the ex-centres of a given
triangle, prove that | is the ortho-centre of the triangle 14, 1, 15,
Hence, show,that the circum-circles of the four triangles 1,1y,
Hyly, Hglg and 1, 1,1, arc equal to one another.

31. The diagonals of a given quadrilateral ABCD intersect at O.
Show that the centres of the circles circumscribed about the triangles
OAB, 0BC, OCD, ODA are at the angular points of a parallelogrant.

32. 1f aline BC of constant length have ils extremities on two
fixed str. lines AX, AY, prove that the circum-radius of the AABC
is of the same lengih for all positions of BC. Hence, prove that, as
BC changes its position, the circum-centre of the AABC moves on
the O'vof a ©.

33. In the preceding example, show that the distance of the
circum-centre from the line BC is the same for all positions of BC.
Hence, prove that, as BC changes its position, the ortho-centre of
the triangle ABC moves on the circumference of a circle.

34. ABCis an cquilateral triangle inseribed in a cirele whose
centre is O, and BO is produced to meet the circumference in D.
Prove that the arc AD is onc-sixth of the whole circumference.
Hence, prove that AD=AO, and that AB2=30A2,

35. PM, PN are tangents to a circle, of which the centre is O, and
MN the chord of contact. PEF is any straight line cutting the circle
at E, F. OS is drawn perpendicular to EF and produced to meet MN



330 MODERN GEOMETRY

produced in Q. Prove that 0S.0Q=(radius)?, and hence prove that
QE, QF are tangents to the circle.

36. Through a given point without a given circle draw a straight
linc so that the part intercepted by the circumference may 'be equal
to a given straight linc not greater than the diameter.

37. The internal and external bisectors of the angle A of a triangle
nmeet the base BC in E, E' and the circum-circle in D and D'. Prove
that D is the ortho-centre of the triangle EE'D'.

38. From S, the circum-centreof the triangle ABC, perpendiculars
SA/, 8B, SC’ are drawn to the sides, and these perpendiculars arc
produced to P, Q, R rospectwely, so that SA’=A'P, SB'=B'Q and
8C'=C'R. Prove that S is the ortho-centre of the triangle PQR,
and hence show that A* ABC, PQR have the same nine-point circle.

30. Construct a triangle, having given the ortho-centre, the
circum-centre and one angular point.

40. AB and AC are two given str. lines in which B and C are two
given pts. BD is drawn _L to AC, and DE _L to AB ; in like manner
CF is drawn -L to AB, and FG to AC. Prove that EG is || to BC.

41, If the centres of two circles which touch each other external-
ly be fixed, prove that the external common tangents of the two
circles will also touch the circle of which the straight line joining the
fixed centres is the diameter.

42, AB, AC are the equal sides of an isosccles triangle ABC. P
is a point on AB, and Q a point on AC produced such that BP=CQ.
Prove that, for all positions of PQ, the circum-circle of the triangle
APQ passes through a fixed point on the bisector of the angle BAC.

43. ABC is a triangle, and BE, CF are the perpendiculars from B
and C upon the opposite sides. 1f K be the mid-pt. of BC, prove
that KF=KE, and that each of the Z*KFE, KEF is equal tothe Z A.

44. If two circles touch cach other internally, prove that any
chord of the greater circle which touches the smaller is divided at
the point of contact into segments which subtend equal angles at
the point of contact of the two circles.

45, PA, PB, PC arcany three chords of a circle. Irove that the
circles descrlbed on these chords as diameters will intersect agam in
three points which are collinear.

46. A series of circles touch a fixed straight line at a fixed point.
Show that the tangents at the points where they cut a parallel fixed
straight line all touch a fixed circle.
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47, AD, BE, CF are the perpendiculars of the triangle ABC.
Prove that the fect of the L' from D on AB, AC, BE, CF are
collinear.

48. Q is the ortho-centre of a AABC, and P, Q, R the circum-
centres of the A* BOC, COA, AOB respectively. Prove that O is
the circum-centre of the APQR. Prove also that each of the quadls.
OPCQ, and OQAR, ORBP is a rhombus, and that the A* ABC,
POR are congruent.

49. Having given the basc and the vertical angle of a triangle,
prove that the nine-point circle touches a fixed circle whose radius
is equal to that of the circum-circle.

50. A man standing on the deck of a ship in the middle of a
calm occan looks around with a telescope. Show that the distanee
from him of the farthest object he can see on the surface of the
ocean is very nearly o+ onile, wherc 1 <nch is the height of the
observer’s eyc above the water, assuming the radius of the earth to
be 4000 milcs,

51. If from a point P on the radical axis of two given circles a
tangent PT be drawn to one ol them, prove that the circle whose
centre is P and radius is PT cuts the two given circles orthogonally.

52, Any‘ cirele which cuts two piven non-intersccting circles
orthogonally, pass through two fixed points. [a () whose centre is
C and radius is r is sometimes denoted by (C, 7).]

{Let P be the centre of a (@ cutting the given O (C, #), (C', #")
P

orthogonally ; and let it cut CC', the line of centres at L, L'
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Bince PT, PT’ touch the given ¢ and PT=PT', .. P is on-the
radical axis PX. Since, CT touches the ® TLL/, .. CL.CL'=CT?
=7? Now X bisects LL/,

s XC'=XL?=CL.CL'=¢?,
oo XL2=XC?mr?,
<~ L,L’ are fixed points.

53. In the diagram of Ex. 52, show that C'L.C'L'=7"%.

54. If two circles touch, show that their radical axis is the
tangent at their point of contact.

55. Show that the radical axis of two circles bisects their
<common tangents.

56, Find a point, by geometric construction so that the tangents
drawn frem it to threc given non-intersecting circles are equal.
What is the case of failure ¢

57. If PT, PT' are tangents from any point P fo two eireles (C, r),
{C, 7") and PM 1s the perpendicular from P to the radical azis of the
eircles, then

PT?-PT?2=2CC".PM,

4t being assumed that PT > PT'.

Proof. Let the radical axis
meet CC' at X. Draw PN
perpendicular to CC'.

Because /2* PTC, PNC are
right angles,
& PT?4+CT?=CP®

=CN?+PN?,

o PT34+7?=CN?+PN?2,

8imilarly,
PT'?+4+72=C/N*+PN?;

, o PT?=PT"?49?-92=CN?-C'N?%.
Also, since MX is the radical axis,
r?—r"?=CX?*=C'X?*=20X.CC’;
and CN?—C'N?=(CN-C'N)YCN+C'N)=20N.CC';
& PT?2=PT/2420X.CC'=20N.CC’;
s PT?=PT?=2XN.CC'=2CC/, PM.

58. As a particular case of (57) let P be any poinf on the circle
{C, 7). In this case PT’ vanishes, and we have
PT?=2CC/, PM,




UNIVERSITY MATRICULATION PAPERS
CALCUTTA

COMPULSORY PAPER
1926
1. Either, (i) If the sides of a triangl
: 9 gle are equal
angles opposite to them are also cqual. aual, prove that

(ii) Prove that the angles at the base of an isosceles triangle
are acute.
oth (ir, (i) Prove that the diagonals of a parallelogram bigect each

er.

(ii) If the diagonal AC of a parallelogram ABCD bis

il A ects th

angle A, ghow that it bisects the angle C ;nd the parallelogram is Z
rhombus.

2. REither, (i) Prove that the sum of the angles of a triangle is
two right angles. :

(i) The sum of the base angles of a triangle is 108° and their
difference is 12°. Find all the angles of the triangle.

Or, (i) Prove that equal chords of a circle are equidistant from
the centre. '

(ii) AB and AC are two equal chords of a circle ; show that thé;
bisector of the angle BAC passes through the centre.

3. [Hither, (i) Drove that the two tangents drawn to a circle
from an external point arc cqual and subtend equal angles at the
centre of the circle.

(ii) Show that the centre of any circle touching two intersecting
straight lines licg on the bisectors of the angles between them,

Or, Bisect a given arc of a circle (statement, as well as justi-
fication, of construction is required.)
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1927

1. [Fither, (i) Prove that any two sides of a triangle are
together greater than the third side.

(ii) Prove that the sum of the distances of any point from the
three angular points of a triangle is greater than half its perimeter.

Or, (i) Prove that the opposite sides and angles of a parallelo-
gram are equal 'to one another.

(i) One angle of a paraltelogram is a right angle. Prove that it
is a rectangle. .

2. (i) Prove that the angle in a semi-circle is a right angle.

(ii) A circle is described on the hypotenuse of a right-angled
triangle as diameter. Prove that the circle passes through the
opposite angular point.

8. Bisect a given arc of a circle. [Only the traces of construc-
tion are required.]

1928

1. Either, (i) If one angle of a triangle be greater than ano-
ther, prove that the side opposite to the greater angle shall be greater
than the side opposite to the less.

(ii) Hence deduce that the hypotenuse is the greatest side in a
triangle.

Or, (i) Prove that the three interior angles of a triangle are
together equal to two right angles.

(ii) If one angle of a triangle is equal to the sum of the other
two, the triangle is right-angled.

2. (i) In equal circles, prove that the arcs which subtend equal
angles whether at the centres or circumferences shall be equal.

(ii) Two cqual circles interscet at A and B ; and through A any
straight line PAQ is drawn terminated by the clrcumferences. Show
that BP=BQ,

8. Prove that the angle at the eentre of a circle is double the
angle at the circumference standing on the same arc.



UNIVERSITY MATRICULATION PAPERS jii

1929

1. Fither, (i) Prove that if two straight lines intersect, the
vcrtically. opposite angles are equal.

(i) Two straight lines AB and CD intersect at E. If the biscc-
tor of the angle AEC be produced, prove that it will bisect the
angle BED.

Or, (i) Prove that two triangles are equal in every respect, if
two angles and the adjacent side of one triangle are respectively
equal to two angles and the adjacent side of the other.

(ii) The triangle ABC has the angles at B and C equal. Show
that the bisectors of these equal angles terminated by the opposite
sides are equal.

2. (i) Prove that if two tangents are drawn to a circle from an
external point, they are equal.

(ii) If the circumference of a circle is divided into three equal
ares, the tangents drawn to the circle at the points of section form
an equilateral triangle.

8. Draw a tangent to a given circle from an external point.
(Traces of gonstruction must be given, but no justification is
required).

1930

1. Rither, (i) Prove that the three angles of a triangle are
together equal to two right angles.

(i) Find in degrees each angle of a regular polygon of five sides.
Qive reasons for your answer.

Or, (i) Prove that the area of a {riangle is half the area of a
parallelogram on the samc base and of the same altitude.

(ii) ABCD is any parallelogram and O is any point within it.
Show that the sum of the areas of the triangles AOB and COD is
equal to half the area of the parallelogram.

2. Fither, (i), stablish geometrically the algebraical formula
a? =b2=(a+b)a-b).

(ii) In a triangle ABC, AD is the perpendicular drawn to the
base BC and O is the middle point of BC. Prove that the difference
AB’~AC?=2BC,0D.
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Or, (i) Prove that the tangent at any point of a circle is at
right angles to the radius drawn through the point.

(if) The radius of a given circle is 15 inches. Prove that all
points from which the tangents drawn to the circle are of constant
length 2 inches, lie on a circle. Draw a diagram as accurately as
you can.

8. Construct a triangle whose basc will be 6 centimetres and
the other two sides 3 and 5 centimetres respectively. Measure as
accurately as possible the altitude of the triangle.

[ Traces and statement of construction are required.)

1931

1. Either, (i) If two angles of one triangle are re%pectwely
equal to two angles of another, and the side adjacent to the angles in
one equal to the side adjacent to the equal angles in the other, prove
that the two triangles are equal in all respects.

(ii) A diagonal of a parallel logram is bisected, and.through the
pomt of bisection a straight line is drawn to be terminated by one
pair of opposite sides. Show that the straight line is bisected at the
point.

Or, (i) Prove that any two sides of a triangle are together
greater than the third side.

(ii) Prove that the difference of any two sides of a triangle is less
than the third side.

2, Either, (i) Prove the geometrical proposition corresponding
to the algebraical formula (¢+0)* =a®+b” +2ub.

(ii) Prove that the square on a straight line is equal to four,
times the square on half the line,

Or, (i) Draw two tangents to a circle from an extemal point.

(i) A quadnlateral is described touchmg a cxrcle Prove that
the sum of any palr of opposite sides is equal, to the sum of the
other pair.,

8. Construct a triangle, given the base, one side, and the area.

———————
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1932

1. Fither, (i) If one side of a triangle is produced prove that
the exterior angle is greater than either of the interior opposite
angles, )

(ii) Show that it is impossible to draw three equal straight lines
from a given point to a given straight line.

Or, (i) Prove that, if a straight line cuts two parallel straight
lines, the corresponding angles are equal.

(ii) Trove that, if the three sides of one triangle are parallel to
the three sides of another triangle, the corresponding angles are equal.

2. Kither, (i) If a straight line drawn through the centre of
a circle bisects a chord which does not pass through the centre,
prove that it cuts the chord at right angles.

(ii) Show how to construct a circle of given radius to pass
through two given points. When is this construction impossible ?

Or, (i) Prove that the tangent at any point of a circlc and the
- radius through the point are perpendicular to one another.

(ii) Show how to draw a tangent to a given circle parallel to a
given straight tine. How many such tangents are possible ?

8. (i) Construct a square on a given finite straight line. (Give
only the traces of a/l your constructions, using a bard pencil, a
straight ruler, and a pencil compass only).

(ii) Divide the arca of a given square into parts from which two
equal squares can be made up.

1933

1. Either, (i) Show that in a right-angled triangle the square
on the hypotenusc is cqual to the sum of the squares on the other
two sides.

(i) Prove that in an cquilateral triangle four times the square on
the perpendicular drawn from a vertex on the opposite side is equal
to three times the sqpare on any side.

Or, (i) Show that in an obtusc-angled triangle the square on the
side subtending the obtuse angle is greater than the sum of the
squares on the other two sides by twice the rectangle contained by
one of those sides and the projection of the other side upon it.

22
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(ii) Prove that a triangle whose sides are 2, 3, and 4 inches is an
obtuse-angled triangle.

3. Hither, (i) Show that equal chords of a circle are equidistant
from the centre.

(i) Find the locus of the mid-points of chords of constant length
in a circle.

Or, (1) Bhow that there is only one circle which passes through
three given points not in a straight line.

(ii) Prove that two different circles cannot cut each other at
more than two points.

8. (i) Describe a parallelogram equal in area to a given triangle

and having one of its angles equal to a given angle. (Traces only
are required.)

(if) Construct a rhombus equal in area to a given rectangle and
having a side equal to a side of thec rectangle. (Traces only are
required).

R

1934

1. Hither, (i) If two sides of a triangle are uneqtial show that
the greater side has the greater angle opposite to it.

(ii) Show that the difference of any two sides of a triangle is
less than the third side. )

Or, (i) Show that triangles on cqual bases 'and of the same
altitude are equal in area.

(i) Show that the straight line joining the middle points of two
sides of a triangle is parallel to the third side.

2. (i) Show that the angle which an arc of a circle subtends at
the centre is double that which it subtends at any point on the
remaining part of the circumference.

(ii) L is any point on the arc PM of a circle. The angles LPM
and LMP are bisected by stralght lines which interseet at O. Find
the locus of the point O.

8, FEither, (i) Draw a triangle equal in area to a given quadri-
lateral,

(ii) Bisect a quadrilateral by a straight line drawn through an
angular point.
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__Or, (i) Construct a quadrilateral, given the lengths of the four
sides and one angle. (Traces only are required.)

_(ii) Bisect a triangle by a straight line drawn through a given
point in one of its sides. (Traces only are required.)

DACCA
1932

1. Rither, (i) Any two sides of a triangle "are together greater
than the third side.

(ii) Show that any two sides of a triangle are together greater
than twice the median bisecting the third side.

Or, (i) The three angles of a triangle are together equal to two
right angles.

(ii} ABC is an isosceles triangle of which the side AB is equal
to the side AC. BA is produced to D so that AD is equal to AB.
Prove that BCD is a right angle.

2. Rither, (i) In any triangle, the square on the side subtending
an acute angle is equal to the sum of the squares on the sides con-
taining that angle diminished by twice the rectangle contained by
one of those sides and the projection of the other side upon it.

(ii) The sum of the squares on the sides of a parallelogram is
equal to the sum of the squares on the diagonals.

Or, (i) The angles which a tangent to a circle makes with a chord
drawn from the point of contact are respectively equal to the angles
in the alternate segments of the circle.

(ii) A tangent is drawn parallel to a chord ; show that the inter-
cepted arc is bisected at the point of contact.

8. Take a straight line AB 2'5” long. At A make an angle BAC
equal to 60°, and at B draw BC perpendicular to BA, meeting AC
in C. Bisect AC at D. Measure BD.

[NVo proof is required but traces of construction must be left on the
paper. Owly ruler and compass are to be wsed.)

1933
1. Exther, (i) If two angles of a triangle are equal, the sides
-opposite to these angles are also equal.
(ii) Prove that the hypotenuse of a right-angled triangle is
double the median which bisects the hypotenuse.
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Or, (i) Equal triangles standing on the same base and on the
same side of it are between the same parallels.

(ii) Prove that the line joining the middle points of any twe
sides of a triangle is parallel to the third side.

2. (i) Enunciate and prove the geometrical theorem correspond-
ing to the algebraical identity

a?—b?=(a+b)(«—-0b).

(ii) TIf a straight liné is bisected and also divided into two
unequal segments, the rectangle contained by these segments is
cqual to the difference of the squares on half the linc and on
the line between the points of section.

8. KEither, (i) The tangent at any point of a circle is perpendi-
cular to the radius through the point.

(ii) Find the locus of a point which moves in such a manner
that tangents from it to a fixed circle are of the same constant
length.

Or, Bisect a quadrilateral by a straight line drawn through an
angular point.

[ Traces of construction as also proof arc neccssary.}

1934

1. Prove that if a straight line cuts two parallel lines, it makes.
(i) the alternate angles equal to one another, (ii) the exterior angle
equal to the interior opposite angle on the same side of the cutting
line. Hence deduce: (i) the exterior angle of a triangle is equal
to the sum of the two interior opposite angles of the triangle;
(ii) three angles of a triangle are together equal to two right angles.

Or, Prove that the angle at the centre of a circle is double of an
angle at the circumference standing on the same are, Hence deduce
that (i) angles in the same segment of a circle are equal, (ii) the
angle in a semi-circle is a right angle.

2. (i) Prove any two sides of a triangle are together greater
than the third side. o ‘

(ii) Prove that the perimeter of a triangle is greater than the
sum of its medians.

Or, (i) If two circles touch one another, the centres of the circles.
and their point of contact are collinear.
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(ii) Find the locus of the centres of circles which touch two
concentric cireles.

8. (i) Prove that the straight line which joins the middle peints
of two sides of a triangle is parallel to the third side and divides the
triangle in the ratio of 3 : 1.

(if) Prove that the parallelogram obtained by joining the middle
points of the sides of a quadrilateral is equal to half of the quadri-
lateral.

Or, Enunciate and prove the geometr'ica] theorem corresponding
to the algebraical identity (v—b)2=0a?+b*—2ab, and hence prove
that in any triangle the square on the side subtending an acute angle
is equal to the sum of the squares on the sides containing that angle
diminished by twice the rectangle contained by one of those sides
and the projection of the other side upon it.

4. Construct a triangle having given two sides and an angle
opposite Lo one of them.
Discuss the cases when there will be: (i) one solution, (ii) two
solutions, and (iii) no solution.
[ Traces of construction should be left in each casc]

Or, Reduce a qudrilateral to an equivalent triangle, and bisect it
by a straight line threugh an angular point.

ALLAHABAD
1931

1. (i) If there are three or more parallel straight lines, and the
intercepts made by them on any transversal are equal, then the
corresponding intercepts on any other transversal are also equal.

(ii) In a triangle ABC, if a sct of lines Pp, Qq, Rr.....drawn
parallel to the base, divide one side AB into equal parts, they also
divide the other side AC into equal parts.

2. (i) Prove that if oppositec angles of a quadrilateral are
supplementary, its vertices are eoncyclic.

(ii) ABC is an isosceles triangle, and XY is drawn parallel to the
base BC cutting tie sides in X and Y, show that the four points
B, C, X, Y lie on a circle.

8. (i) Show that in any triangle the sum of the squares on two
sides is equal to twice the squares on half the base together with
twice the square on the median which bisects the base.
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(ii) In any triangle the difference of the squares on two sides is
cqual to twice the rectangle contained by the base and the intercept
between the middle point of the base and the foot of the perpendi-
cular drawn from the vertical angle to the base. .

4. (i) Prove that the distance of cach vertex of a triangle from
the ortho-centre is double of the perpendicular drawn from the centre
of the circle eircumscribed round the triangle to the opposite side.

Or, (ii) Construct a triangle, having given a vertex, the ortho-
centre, and the centre of the circle circumseribed round the triangle.

1932

1. Prove that two tangents can be drawn to a circle from an
extcrnal point. Further prove that these two tangents are equal
and subtend equal angles at the centre.

2. (i) In aright-angled triangle, prove that the square on the
hypotenuse is equal to the sum of the squares on the other twosides.

(ii) ABCis a right-angled triangle, A being the right angle;
and the sides AB, AC are intcrsected by a straight line PQ at P
and Q respectively, and BQ, PC are joined. Prove that BQ?+PC?
=BC'+PQ*. »

3. (i) If two chords of a circle are equal they are equidistant
from the centre ; conversely, two chords which are equidistant from
the centre are equal.

(ii) If a chord of a circle subtends a constant angle at the centre,
show thal the locus of its middle point is a concentric circle.

4. Prove the concurrence of—

Dither, (i) the perpendiculars drawn from the vertices of a
triangle to the opposite sides ;

Or, (ii) the perpendiculars drawn to the sides of a triangle from
their middle points.

PATNA
1933

1. A straight line intersects two parallel straigt lines. Describe
experiments to cstablish any relation that exists between (1) the
alternate angles, (2) the corresponding angles, (3) the interior
angles on the same side of the intersecting lines.

State the general truths you may deduce from these experiments,
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2. Construct a triangle whose base is 65 cm. and one of the
angles at the base is 60° and the sum of the other two sides is 10 cm.
Measure the lengths of these two sides separately.

o [Traces of construetions only are required.]

8. (i) A chord is drawn from the point of contact of a tangent
to a circle. Prove that the angle between the tangent and the
chord is equal to the angle in the alternate segment of the cirele.

(i) Two circles touch internally at A. PQ, a chord of the outer,
touches the inner at R.  Prove that AR bisects the angle PAQ.

Or, (i) Prove that, in an obtusc-angled triangle, the squarc on
the side opposite to the obtuse angle is greater than the sum of the
squares on the other two sides by twice the rectangle contained by
one of the two sides and the projection on it of the other.

(ii) D is a point in the basec BC of an isesceles triangle ABC,
Prove that AB2=AD?4-BD.CD.

' 4. Explain what is meant by ‘the locus of a point’.

Find the locus of a point which moves so that its distances from

two fixed points are always equal.

1934

1. Two straight lines intersect at a certain point. Obtain
experimentally the relation betwecn the pairs of (1) opposite angles,
(2) adjacent angles, formed by thesctwo intersecting lines; and
state in general terms the result of these experiments. .

2. (@) DProve that two triangles arc equal in all respects, if two
angles and a side of the one triangle are respectively equal to two
angles and the corresponding side of the other.

(b) Prove that the perpendicular bisectors of the sides of a
triangle are concurrent.

Or, (@) Prove that the opposite angles of a’ cyclic quadrilateral
are supplementary. Enunciate the converse proposition.

(6) Prove that the exterior bisector of the vertical angle of a
triangle mects the circum-circle in a point equidistant from the ends
of the base.

8. Define a chord and prove that a diameter is the greatest
chord in a circle.

4. Construct a triangle ABC, having given AB=92 cm.,, AC=7
cm., ZA=120°; and on AC construct an isosceles triangle of the
same area.

[ Traces of construction only are required.]
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1. The sides AB, BC of a triangle ABC arc 28 and 21 inches
respectively and the angle BAC is 30 degrees. Construct two
different triangles with the given data. Mecasure the length of the
perpendicular from B to the opposite side, and verify.

2. (¢) Prove that in a right-angled triangle the square
described on the hypotenuse is equal to the sum of the squares
described on the other two sides.

(b)) If ABC be an equilateral triangle, and AL the perpendi-
cular from A to BC, show that AL?=3BL?,

8. () BShow that if two angles of a triangle are unequal, the
greater angle has the greater side opposite to it.
(6) Hence, prove that the sum of two sides of a triangle is
greater than the third.
(¢) If AD be the median, bisecting the base BC of a triangle
ABC, show that the sum of the sides AB and AC is greater than
twice AD.
4. (a) Prove that the perpendiculars from the vertices of a
triangle to the opposite sides meet in a point (called theortho-centr.,.
Also, prove that the distance of each vertex from the ortho-centre
is twice the perpendicular distance of the circum-centre from the
side opposite to that vertex.
Or, (b) Prove that an angle in a semi-circle is a right angle.
If AL, BM, CN be the perpendiculars from the vertices of a
triangle ABC to the opposite sides mceting in O, prove that
OA.OL=0B.OM=0C.ON.
[Hint;: Prove ABLM concyclic, etc.]

Part II

5. (@) Draw two circles of radii 3 em. and 45 cm., whose centres
are 57 cm. apart. Draw their common chord and a common
tangent. Measure the length of the common chord?

(b) Bisect a given triangle by drawing a straight line paral-
lel to the base.
. 6. (a) If two triangles are equiangular, prove that the side
opposite to the corresponding angles are proportional.
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(b)) ABCD is a parallelogram. Through C a straight line MN
is drawn outside the parallelograty, and AL, BM, DN are drawn
perpendiculars to MN. Show that BM+DN=AL.

[Hidt: Through B draw a straight line parallel to MN, etc.]

7. (@) If a straight linc touch a circle, and from the peint of
contact a chord be drawn, prove that the angles which this chord
makes with the tangent are equal to the angles in the alternate
segment.

(b)) Two circles touch internally at P, and a straight line
ABCD mcets the outer circle in A and D and the inner circle in B
and C. Prove that ZAPB= /. CPD.

8. (a) Show that the angle which an arc of a circle subtends at
the centre is double that which it subtends at any point on the
remaining part of the circumnference.

If any number of angles be inscribed in the same segment of a
circle, prove that their biscctors pass through a common point.

Or, (6) Prove that the interior angles of a triangle are together
equal to two right angles.

1f two straight lines are perpendicular to two other straight lines,
each to cach, show that the acute angle hetween the first pair is equal
to the acute angle between the second pair.

1934
Part I

1. Draw a circle of radius 1'2 inches with centre O ; draw any
diameter AOB and produce it to C, making BC equal to BA; draw
CD perpendicular to CA and cut off CD equal to CA. - Construct
another circle touching CD at D and also touching the first circle.
Measure its radius.

(You are not allowed to use protractor or set-squares or
to change the scale.)

2. Prove that if two right-angled triangles have their hypo-
tenuses equal and one side of the one equal to one side of the other,
the triangles arc congrucnt.

If the bisector of the vertical angle of a triangle bisects the base,
show that the triangle is isosceles.

8. Prove that equal chords of a circle are equidistant from the
centre.

If two cqual chords of a circle intersect, show that the segments
of the one are respectively equal to the segments of the other.
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4. Prove that angles in the same segment of a circle are equal.

If a given straight line subtends equal angles at a number of
points on the same side of it, prove that all these points are coneyelic.

5. Show that the internal bisector of an angle of a triangle
divides the opposite side internally in the ratio of the sides contain-
ing the angle.

The'median AD biscets the base BC of a triangle ABC in D
DB/, DC’ are drawn bisecting the angles ADB, ADC respectively,
meeting the sides AB, AC in B', C'. Prove that B'C’' is parallel to BC.

’ Parr II
6. Draw a triangle whose sides arc 3'4 em., 4 cm. and 4'5 em.
‘Construct another triangle of equal area on a base 5 cm. long.
Divide a straight line 2'5 inches long cxternally in the ratio of
2:3,
(You are not allowed to use protractor or sci-squares
or to change the scale.)

7. Show that if AD be the median bisecting the base BC of a
triangle ABC, then AB?+AC*=2AD?4-2BD"®.

Henee, prove that if the angle A be a right angle, then AD=}BC.

8. If two chords of a circle interscct inside the circle, prove
that the rectangle contained by the parts of the one is equal to the
rectangle contained by the parts of the other.

. ABC is a right-angled triangle having the right angle at A; AD
is drawn perpendicular to BC. Prove that AD?*=BD.DC.

9, Prove that the locus of a point which is cquidistant from
two intersecting straight lines is a pair of straight lines.

In a triangle ABC find a point in BC equidistant from AB and
AC.

10. Prove that the opposite angles of a quadrilateral inscribed in
a circle are supplementary.

ABCD is a cyclic quadrilateral, whose opposite sides AB, DC
produced meet in P, and BC, AD produced meet in Q. Prove that
if the bisectors of the angles AQB and APD meet in O, then POQ
is a right angle.

[Hint : Prove LOPQ=}(LCPQ+ £LAPQ) etc.]









ANSWERS

TO
NUMERICAL EXERCISES
BOOK I
EXERCISE 2. [Pages 19-20.]
1. (i) 130°; (i) 135°; (iii) 113°; (iv) 60°;
(V) tofart Z; (vi) 61037 (i) 154°9'25";
(viii) 44° 28' 13", (ix) zofastr. £. 2. (i) 60°;

(ii) 4b6°; (iii) 30°; (iv) 3ofart. Z; (v) %ofart. £
(vi) tofart. £ (vii) 54°10°; (viii) 28° 27 45";
(ix) 84213 3. (i) 135°; (i) 120°; (i) 94° 25/,

4 () 60°; (i) 75°; (iii) 45° 5. (i) 80°; (i) 45°;
(iii) 60°. 6. 180°; 90°. 10. ©0°.

EXERCISE 3. [Page?2l.]
LAOC=30° ; £BOC=/DOA=150°.
£AOC=60°=/BOD; £DOA=120°,

LAOC=/£BOD=45°; .LCOB=/DOA=135°,
£BOC=/£BOD=90°.

Lol

EXERCISE 11. [Page 48.]

5. £BQP=00°=/AQR; £ZBQR=/AQP=120% 2 CRQ=120°;
LDRQ=60°; LCRS=(0*; /DRS=120°; /ESR=120°;
LFSR=(0°; LEST=60°; £FST=120°

EXERCISE 18. [Page 58.]

2. 45°,45°,90°. 4. 90°. 6. yes.

EXERCISE 14. [Pages 60-63.]

1. 54° each. 2. 36° 8. 60°. 4. 120° 5. 20°, 40°, 120°.
6. (i) 95°; (ii) 7v°; (iii) 49°. 9. 5l1° 7%4°, 55°,
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EXERCISE 15. [Page 67.]
1. (i) Ort. £s; (i) 14 rt. L.'s'; (ili) 121t Zs; (iv) 18r1t. Zs;
(v) 26rt. £s. 2. (i) 3; @) 4; (i) b5 (iv) 6; (v) 12
8. (i) 40°; (i) 30°; (i) 2t°; (iv) (257)° 4. (i) 18;
(i) 10; (iii) 05 (iv) 4; (v) 3. 5. () 35 (i)4; (i) 5;
(iv) 103 (v) 12 6. The least £ =0(0°; the other four
£.s arc each=120". 7. 3. 8. 4.

EXERCISE 18. [Pages 89-90.]
1. () 60°,120°,120° ; (ii) 135°, 45°,45°; (iii) 150°, 30°, 30"
2. £LBAD=75°; £BCD="75"; LADC=/ABC=105°.

MISCELLANEOUS EXERCISES. [Pages 113-116.]
17. 80°, 60°, 40°. 18. G0°, 30°, 90°. 19. 40. 20. 14. 21, 21.

BOOK 1II

EXERCISE 1. [Page 121.]
3. 10sq. cms.

EXERCISE 2. [Pages 129-13L]

1. 42 sq.cms. 2. 12, 8. B’ 4. 225 sq. ft. 5. 5 cms.

6. 135 sq. ft. <.c., 15 sq. yds. 7. (i) 70 sq.cms. ;
(ii) 68 sq. ft. ; (iii) 10 sq. yds. 8. (i) 70 sq. cms.;
(ii) 115 sq. £t.; (iii) 702sq. f6. 9. (i) 25 sq. inches;
(if) 49 sq. cms. ; (iii) 9 sq. yds. 10. (i) 24'5sq. ft.;
(ii) 72 8q. ems. ; (iii) 815 8q. yds. 80. 4% ft.

31, (i) 80sq.ft.; (i) 96 sq. ft.; (iii) 45 sq. cms.

EXERCISE 4. [Pages 148-150.]

1, @) b5 (i) 13; (i) 17; (iv) 263 (v) 25;
(vi) N4I0 d.e., 20248, nearly. 2. (i) 24; (i) 15,
(iii) 24; (iv) 7; (v) 83, nearly. 4. 13 miles.
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5. 35 ft, 6. 25ft. 7. GOft. 8. Onue foot.

9. (i) D657 feet nearly. (ii) »24/2 ems. (iii) 1564/2 yds.;
(iv) ayz ft. 10. () 13{t.; (i) 17 cms.
(i) N 4b? cms. 11, 240 sq. ft. 12, 375 em.

13. 51 em., cach. 14, T2 ft. 5 1512 sq. ft.

15. 1209 ft. nearly ; 97125 sq. ft.

MISCELLANEOUS EXERCISES. [Pages 1653-157.%

M -
29. (1) Ner40t; (i) dab; (iil) abyJa?+0 5 (iv) 307407
38. (i) Sisq.em.; (i) 30 sq. 8. ; (iii) 1859 sq. em. ;
(iv) '3® 89 sq. ft. 39. Sisq.ft.: 672 fl. 40, 324 sq. ft.

BOOK III

EXERCISE 2. [Page 170.]
4. 25 inches.

EXERCISE 3. [Page 173.]
2. 8inches.

EXERCISE 11. [Page 217]

2. Two solutions. 6. Tour solutions. 10. Four solutions.

EXERCISE 12. [Page 222.]

4. The reqd. distances are each=4-87 cms. nearly. 10. Two
solutions. 18. There is only one transverse common tangent
(¢¢x. the one at their pt. of contact because the two ' in this case
touch externally.)

EXERCISE 14. [Page 230.]

2. 29" 4. 1:73", nearly.:

EXERCISE 15A. [Page 234.]

8. Circumscribed regular hexagon=4 x inscribed regular hexagon,
in arca.
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BOOK 1V

EXERCISE 1. [Page 261.]
2, 3750 sq. ft. each.

EXERCISE 4. [Pages 279-280.]
1. 4% 2. 4. 3. 5"
&
«»  MISCELLANEOUS EXERCISES. [Pages 280-582.]

10. When the two parts are cqual.  14. —(ZZ Ns(s—a)(s=b)(s—¢),

where a, b, ¢ denote the sides of the A, s its semi-perimeter (e being
the base). 15. 84 sq. inches. 16. 125”. 17. 2". 25, 145",

EXERCISE 5. [Page 290.]

4. (i) 7.6;6 7 (i) 85;58. 5. (i) w=10, y=4;
(x=—4, y=-10); (i) =12, y=6; (x=~0, y=-12).
6. (i) 264, nearly ; (ii) 2:82, nearly ; (iii) 3. 7. () 1,2

(ii) 1236, or, (~3236), ncarly.












